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We start with the linearized plasma equations containing an isotropic pressure term, plus extra source 
terms J* and p* in the Maxwell equations. The fields of (J*,o*) can be decomposed into two modes. The 
electromagnetic (EM) mode has all the magnetic field and no charge accumulation; it is the ordinary EM 
field of (J*,o*) in a dispersive medium of relative dielectric constant ¢,=1—(w,/w)*. The plasma (P) mode 
has all the charge accumulation and no magnetic field; at great distances from the source, it becomes a 
longitudinal (radial) plasma wave with the usual dispersion relation for plane plasma waves. Various 
potentials for the EM and P modes are given by the inhomogeneous Klein-Gordon equation. The fields 
of a uniformly moving charged particle are found by a Lorentz transformation. When (1/2) <1 (u=particle 
velocity, vo==rms thermal velocity), the EM and P fields are exponentially screened outside oblate spheroids 
foreshortened in the direction of motion. When (u/v) >1, the P field exists only within the Mach (Cerenkov) 
cone trailing the particle. The frequency and angular spectra of the Cerenkov radiation are found, and the 
total radiated energy is found by assuming an arbitrary high-frequency cutoff due to Landau damping. 
The expression for total radiated energy agrees with that given by Pines and Bohm, except for the loga 


rithmic terms. 


I. INTRODUCTION 


HIS paper is part I of a series' in which a linear 


continuum theory of radiation in a plasma is 


departure from usual practice is the addition of source 
terms to the equations. The source so represented is 
arbitrarily set by an external agent. The source gener- 
ates the disturbances in the plasma but is itself un- 
changed by the reaction of the fields. 

In Secs. II and III of this paper we discuss the basic 
equations, which are the usual linearized Maxwell and 
Euler equations for the electron fluid, with source terms. 
We show that the disturbance can be broken into two 
components. One contains all the magnetic field and no 
charge accumulation; it is an ordinary electromagnetic 
field in a dispersive medium of relative dielectric 
constant €,=(1—w,?/w’). The other component has no 
magnetic field and all the charge accumulation. It is an 
electrified sound-wave field which, at great distances 
from the source, becomes a radial plasma wave with 
the usual dispersion relation found in plane plasma 
waves. 

* Supported, in part, by Air Force Cambridge Research Center. 

+ Guggenheim Memorial Foundation Fellow; on leave from 
Cornell University, Ithaca, New York. 

1M. H. Cohen, Phys. Rev. (to be published). 


Various potential functions for these two components 
satisfy the inhomogeneous Klein-Gordon equation of 
quantum-field theory. This equation is peculiarly well- 
suited to plasmas, for screening phenomena occur 
simply and automatically. It has also been used by 
others. Schatzman,? in particular, used its property of 
being invariant to a Lorentz transformation, when 
discussing the charge distribution around a_ slow 
particle. In Sec. IV we discuss the slow particle, by 
using the Lorentz transformation. In Sec. IV we also 
find the Cerenkov field of a fast particle, which exists 
in the form of a plasma-wave component confined to a 
cone trailing the particle. In Sec. V we discuss the 
frequency and angular spectra of the Cerenkov radi- 
ation, and the total radiated energy. 

Gould has also considered the radiation from sources 
in a plasma. He worked with the total fields, rather 
than breaking them into the two simple components as 
we have done, and so his potential functions and 
equations are more complicated than ours. The Klein- 
Gordon operator does appear in his equations, however. 

Of the results in Sec. IV and V, concerning uniformly 


2 E. Schatzman, Suppl. Nuovo cimento 13, 166 (1959). 

3R. Gould, Technical Report No. 4, Electron Tube and Micro- 
wave Laboratory, California Institute of Technology, November, 
1955 (unpublished). 
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moving particles, only the Cerenkov spectra appear to 
be new. In particular, Pines and Bohm‘ have computed 
the screening fields and the total radiated Cerenkov 
energy. Our result concerning the spheroidal screening 
is identical with that of Pines and Bohm; and our 
expression for total energy differs only in a minor way, 
in a logarithm which depends on an arbitrary frequency 
cutoff. 

Our point of view in making these calculations is 
that the plasma is a continuous fluid. Pines and Bohm, 
on the other hand, start with a particle point of view, 
and work with Fourier components of electron-density 
fluctuations. In Sec. VI we discuss their work briefly. 
We show that their “random phase approximation”’ es- 
sentially reduces their equation to one similar to ours. 


II. BASIC EQUATIONS 


We assume that we deal with a plasma containing a 
bounded electric source consisting of current J* and 
charge p*, where V-J*+0p*/dt=0. The source is inde- 
pendent of the plasma and may be arbitrarily pre- 
scribed. It exerts an electrical force on the plasma, 
which responds in some fashion. The problem is to 
compute the response. 

We make the following simplifying assumptions. The 
plasma is homogeneous and neutral, and the ions are 
uniformly distributed and stationary. The source is so 
weak that the linearized equations are applicable, and 
all magnetic forces are negligible. There are no electron- 
ion collisions. Finally, the electrons behave as a con- 
tinuous fluid, and the effect of all electron interactions 
may be represented by an isotropic pressure. 

The system then obeys the four linearized Maxwell 
equations, which we write in mks rationalized units as 


VX E= — yw (0H/ 2), (2.1) 
VX H= «)(d0E/dt)—enov+ J‘, (2.2) 
V-H=0, (2.3) 


ev: E= —en,+p". (2.4) 


The source terms J* and p* have been inserted in their 
usual places in Eqs. (2.2) and (2.4). mp is the mean 
electron density and nm, is the systematic variation in 
density due to the action of the source; v is the system- 
atic velocity imparted to the electrons by the source; 
and —e is the charge of an electron. 

The system also obeys the linearized Euler equations. 
The continuity equation is a consequence of Eqs. (2.2) 
and (2.4): 


noV-v+0n,/dt=0. (2.5) 


We write the force equation as follows: 


nym(dv/ dt) = —nyeE— mveVn, (2.6) 


where m is the electron mass and wt is a velocity 
connected with the thermal motion of the electrons. 


‘D. Pines and D. Bohm, Phys. Rev. 85, 338 (1952). 
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For v% we shall use the rms velocity (assuming a 
Maxwellian distribution) : 


v2=3kT/m. (2.7) 


This is the commonly used value in cases where one 
assumes that the pressure variations are adiabatic, 
collisions are infrequent, and one is dealing with plane 
waves, with a one-dimensional compression.® The waves 
with which we are dealing, however, are spherically 
diverging, and close to the source more than one 
degree of freedom may be excited. This lack of justifi- 
cation points up further the approximate nature of the 
pressure term in Eq. (2.6). 

A generalization of Poynting’s theorem may be 
obtained by manipulating the quantity V-(EXH) as 
shown by Field.* The result is 


v- (EX H+ moe2n,v) +0 Of eo? +4 yol? 
+ 3nome?+3nomo?(ni/no)? |= —E-J*. (2.8) 


Equation (2.8) displays the symmetry between 
electrical and mechanical energy storage and power 
flow terms. The right-hand side represents the rate at 
which the source works on the plasma, per unit 
volume. An integral over a volume containing the 
source gives the total power expended by the source. 
The 0/0¢ term gives the rate of accumulation of energy 
in the volume, in electric, magnetic, kinetic, and 
potential forms. The integral of EXH gives the power 
flow out of the volume in electromagnetic waves, and 
the integral of mvgn,v gives the power flow out of the 
volume in mechanical waves. 


III. SEPARATION OF THE FIELD INTO 
COMPONENTS 


A. Definitions 


We are dealing with the three vector fields E, H, 
and vy, and the scalar field m,;. It turns out that we can 
effect a great simplification by separating these fields 
into two groups. For reasons which will appear obvious, 
we call them the electromagnetic (EM) and plasma 
(P) components, and denote them by the subscripts e 
and p. The EM component consists of the quantities 
(E.,H,v,); i.e., parts of E and vy, and all of H. The P 
component consists of the quantities (E,,v,,7); i.e., 
the rest of E and v, and all of m;. 

Let 
(3.1) 


E= E.+E,, 


V=V.+ Vp. 


We shall ultimately specify the divergence and curl of 
each component; this uniquely specifies E and vy, 
provided we require all components to vanish at 
infinity. Since the P mode has no magnetic field, we set 


vXE,=0, (3.2) 
and, since the EM mode has no charge accumulation, 


5L. Spitzer, Physics of Fully Ionized Gases (Interscience 


Publishers, Inc., New York, 1956), p. 59. 
6G. B. Field, Astrophys. J. 124, 555 (1956). 
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we set 


(0?/d?+w,")V: E.= (0? Of) (p*/€), (3.3) 


where w, is the plasma frequency, w,?=me?/eom. The 
motivation for this definition can be seen by examining 
the oscillating case. When 0/0t= —iw, V- E.=p*/eve,, 
where €,-(= 1—w,?/w*), is the relative dielectric constant 
appropriate for plane electromagnetic waves in the 
plasma. 

In accordance with the above definitions, the EM 
mode is now defined by a sequence of equations 
obtained from Eqs. (2.1)—(2.6): 


oH 
VX E, = ie 9 (3.4) 


al 


OE, 
vx H = €g ; 


—enyv + Js, 


Ce 
+w ’) Vv ‘Vv, 
or 


OV, 
nym——= — nyeE,,. 
al 
The P mode is defined by 
VX E,=0, 
dE, 
O= €9-——- — ENoVp, 
al 


o 
= -«( +o )acteros 
On, w,” Op* 
) ‘) + - : 
al e al 


— nye E,— mve?Vny. 


(3.10) 


(3.11) 


(3.12) 


(3.13) 


nom 
al 


(3.14) 


It may readily be verified that these sets of equations 
are self-consistent, and that the components which 
satisfy them add to form total fields satisfying Eqs. 
(2.1)-(2.6). There is, however, one exception: The 
description is not valid at the plasma frequency, and 
we must exclude any time dependence of the form 
exp(—tw>t). The plasma is resonant and can support a 
standing wave for w=». 

Equation (3.4) defines VXE,; Eq. (3.12) defines 
V-E, in terms of p* and m, for which we shall later 
have an inhomogeneous differential equation, The 
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velocity components, v, and v,, are defined by Eqs. 
(3.5) and (3.11). This completes the specification of 
the electromagnetic and plasma components. They are 
generated by the same source, but otherwise are 
independent. 


B. Electromagnetic Component 


By Fourier analysis, any source may be regarded as 
the sum of oscillating components. With the time 
dependence exp(—iwt), Eqs. (3.4)—(3.9) reduce to 

VX E.= iwpuoH, V-H=0, = (3.15) 
VX H=—iwere-E.4+- J’, eve-V-E.=p', 
where 


€,=1-— (Wp w)*. 


We see that the EM mode is the ordinary electro- 
magnetic field that the source would radiate into a 
homogeneous dispersive dielectric medium, of relative 
dielectric constant ¢,. This field is transverse at great 
distances from the source. The solutions to the homo- 
geneous version of Eqs. (3.15) include the usual plane 
electromagnetic waves which can propagate in a 
plasma.’ 

We may develop Poynting’s theorem for the set of 
Eqs. (3.15), and thereby find that the power flow 
connected with the EM mode is given by the vector 
E.XH. We shall show below that the P mode has a 
radial electric field at great distances from the source. 
Therefore, at great distances from the source, the 
radial component of the electromagnetic power flow 
in Eq. (2.8) is contributed entirely by the EM mode. 
Moreover, since v, is parallel to E., the radial compo- 
nent of the mechanical power flow term in Eq. (2.8) 
must be contributed entirely by the P mode. At great 
distances from the source, we have 


r-EXH=r-E. XH, moeniv-r=mvenvp:r. (3.16) 


C. Plasma Component 


For the time dependence exp(—iw/), Eqs. 
(3.14) may be rearranged to yield 


(3.10)- 


— iweoE,= enoV p, (3.17) 
(3.18) 


(3.19) 


€€rE, = (€1?/w*) Vy, 


(V?-+,7)m= — (wp"/ev0*)p’, 
where 
(3.20) 


k 2= (w’—w,2)/0?. 


The homogeneous version of Eq. (3.19) has solu- 
tions which include the usual plane plasma waves 
with a dispersion relation given by Eq. (3.20).7 The 
particular solution of Eq. (3.19) is proportional to 
SS S dv p*e'*»"/r. The electric field is proportional to 
the gradient of this expression by Eq. (3.18), and for r 
sufficiently big the radial component of the gradient 


J. F. Denisse and J. L. Delcroix, Théorie des ondes dans les 
plasmas (Dunod, Paris, 1961). 
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will be dominant. We therefore conclude that, at great 
distances from the source, the P mode is a simple longi- 
tudinal (radial) plasma wave, with the usual dispersion 
relation for plane plasma waves. 

The velocity field of the P mode is proportional to 
E, by Eq. (3.17). This field carries the mechanical 
energy away from the source, as shown in Eq. (3.16). 

From Eqs. (3.4)-(3.14), we see that we have defined 
the components in such a way that the field of a'static 
charge distribution is called a plasma, and not an 
electromagnetic, mode. If a source has p*=0, it will not 
excite the plasma mode. A uniform neutral ring of 
current is a source of this type. Such a current ring is 
the usual idealization of a small loop antenna. We 
might expect that a small loop antenna in a plasma 
will be weakly coupled to a plasma wave field, and will 
behave very differently from a dipole antenna. The 
radiation from an antenna, however, is a boundary 
value problem, and one cannot extrapolate readily. from 
the free-space case. This will be discussed in a later 
part! of this series. 


D. Evaluation of the Fields 


We now derive the inhomogeneous differential equa- 
tions for the fields and their potential functions. By 
eliminating v, between Eqs. (3.11) and (3.14) we obtain 


e Vere 
+w,” p= — — Vn. 
Or €0 


(3.21) 


When »; is known, E, may be found from Eq. (3.21) by 
Fourier analysis. The function m essentially acts as a 
scalar potential for E,, since each frequency component 
of E, is proportional to the gradient of the correspond- 
ing component of #;. The equation for m;, itself is found 
by taking the divergence of Eq. (3.14), eliminating v, 
with (3.11), and eliminating E, with (3.12). This gives 


1 & 1 p* 
(v- J _- ° 
ty OF Dp eD* 


PP=10¢?/w "= 3kT €9/ noe? = 3X p’, 


where 
(3.23) 


by Eq. (2.7) and the customary definition for the 
Debye length Ap. 

Equation (3.22) is the inhomogeneous Klein-Gordon 
equation of quantum field theory, with v» replacing the 
velocity of light, and D replacing the Compton wave- 
length. This equation has as the solution for a static 
point source the Yukawa potential®; in our case this be- 
comes the screened Coulomb potential [exp(—r/D) ]/r. 
We shall also make use of the property that the Klein- 
Gordon equation is invariant with respect to a Lorentz 
transformation, in finding the field of a slowly moving 

5S. Schweber, H. Bethe, and F. de Hoffmann, Mesons and 


Fields (Row, Peterson and Company, Evanston, Illinois, 1956), 


Vol. I, p. 116. 
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charge by transforming the static solution to a moving 
coordinate system. 

It is convenient to define potentials for the electro- 
magnetic components. In view of Eqs. (3.6) and (3.4), 
we set 

oH = VX A, E, 


=—dA 0t—Vo. (3.24) 


Substitute Eqs. (3.24) into (3.5), and eliminate v, with 
(3.9). Then let 


OA 1/78 

vi +—( +u,' )o=0, (3.25) 
dt Xd 

where c is the velocity of light. Equation (3.25) specifies 

the divergence of A, which so far has been arbitrary. 

Apart from a static term, this gives 


1 Oo Wp 
et... — )a=—od (3.26) 
C oF c 


The equation for ¢ is obtained by eliminating A in 
Eq. (3.25) by using (3.26). This gives 


2 1 0 Wp 1 dp° 
( +o,')( , : )o-- . 
or cor Cc €) OF 


E. Coupling Between the Modes 


The independence of the two modes follows from our 
original assumption of linearity. But, in fact, wherever 
the disturbance is not infinitesimal, there will be some 
coupling between the modes. One way of regarding this 
coupling is to say that the electromagnetic wave 
scatters off the variations in electron density caused by 
the plasma wave. This furnishes a criterion: If, in 
some volume of interest, such scattering is negligible, 
then the two modes may be regarded as independent. 

We have also assumed that the unperturbed medium 
is homogeneous. A real plasma, however, will have 
gradients of electron density and temperature as well 
as fluctuations in density due to thermal motions. 
These variations will produce a coupling between the 
two modes. The processes by which the coupling occurs 
are of great interest in radio astronomy, since there is 
reason for expecting some solar bursts to originate as 
plasma waves in the corona. These must couple to 
electromagnetic waves, which can propagate to the 
earth. There have already been a number of papers 
discussing the coupling arising from plane discon- 
tinuities or gradients in electron density,®* and from 
random fluctuations of electron density.’ 

In later parts of this series' we shall consider the 
problems of reflection at a plane metal boundary, and 


9D. A. Tidman, Phys. Rev. 117, 366 (1960); A. H. Kritz and 
D. Mintzer, ibid. 117, 382 (1960). 

VY. L. Ginsburg and V. V. Zhelezniakov, Soviet Astron.—AJ 
(translation) 2, 653 (1958); 3, 235 (1959); Paris Symposium on 
Radio Astronomy, edited by R. N. Bracewell (Stanford University 
Press, Stanford, California, 1959), p. 574. 
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scattering by a small plasma bubble. In both these cases 
we shall find coupling between the modes. 


IV. FIELD OF A UNIFORMLY MO¥#NG 
CHARGED PARTICLE 


Let the source consist of a single particle of charge q 
constrained to move with uniform velocity « along the 
z axis. This source, in principle, is different from the 
test particle used in other papers, for the latter is a 
free plasma particle and subject to acceleration. There 
are, however, many problems where the free motion is 
nearly uniform, and one then assumes that the test 
particle is a source in our sense. 


A. Zero Velocity 
First, consider a stationary charge at the origin of 


the xyz coordinate system: p*=q6(x)6(y)6(z). With 
0/dt=0, Eq. (3.22) becomes 


1 1 
(v- Jr = gd (x)d(y)6(z). 
Dp eD 


The solution to Eq. (4.1) is well known: 


(4.1) 


g r/D 
ny= 
dreD> 
where 
P=P+y4+2, 


From Eq. (3.21) we see that the electric field also 
contains the factor e~’’”. The stationary charge is thus 
screened, in a distance on the order of a Debye length, 
by a distribution of charge of opposite sign. (By 
definition, 2; is an excess of negative charge.) 

This result has been derived from statistical consider- 
ations by Pines and Bohm‘ and others. From the point 
of view of randomly moving particles, the stationary 
charge is surrounded by a cloud of particles of opposite 
sign which, on the average, effectively neutralizes the 
charge at distances greater than the Debye length. 
From the point of view of the continuum theory, the 
Coulomb force displaces the fluid until the electrostatic 
force is balanced by the pressure. The excess fluid 
density then has the exponential dependence, and the 
total electric field, of source plus excess fluid, dies out 


ae o-r/iD 
as e~ 7/2, 


B. Nonzero Velocity 


Equation (3.22) is invariant with respect to a 
Lorentz transformation, modified by exchanging 7 for 
c. The field of the uniformly moving charge can there- 
fore be found from the known solution for a static 
charge by transforming to a moving coordinate system. 

Let 


p*= q5(x)d(y)b(s—ul). (4.3) 


This represents a point charge moving with velocity 
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along the z axis. For the case u?<0,’, let 


, 


x, 2 =(s—ul)(1—B*)~, 


(4.4) 


’ 


=y, U=(t—su/r1e)(A—)“, 
where 6?= (u/v»)?. This is the Lorentz transformation, 
with inverse 


o= (2/+ut')(1—B8?)-3, 
t= (t'+-2'u/v9?) (1—B?) 


t=, 2 
P (4.5) 


y=y’, 


Under the transformation (4.5), Eq. (3.22) reduces to 
the static equation 


1 
(v:- Jrsta’ys 
D? 


qY : 
5(x’)5(y’)d[2’(1—6?)*], 
eD? 


(4.6) 


which has the solution 


q 1 


n(x’ y's’) = 
4reD? (1—B?)!  p 


where 
p= 2?+y-t+ (s—ut)?/ (1-6). 


Thus, the excess electron density still has the shielded 
Coulomb form, but the equal-density surfaces have 
been compressed in the direction of motion and are 
oblate spheroids. The identical result has also been 
found by Pines and Bohm.‘ Schatzman? has also used 
the Lorentz transformation in dealing with a slow 
particle in a plasma. 

There will also be an electromagnetic mode which 
comoves with the particle. We may write the current 
density as 

J/{=J,'=9, = quo (x)d(y)d(z—ut), 
so that, by integrating Eq. (3.26) in the manner just 
used, we find 


fey 1 exp(—w)p-/C) 


4dr [1—(u/c)?]}} p. 


(4.8) 


where 
p2=ve+y+ (s—ul)?/[1— (u/c)? ]. 


The vector potential, and therefore the total electro- 
magnetic component, is also spheroidally shielded. The 
shielding is different from that for the plasma mode 
however, for ¢ replaces %. The spheroids are nearly 
spheres, and the shielding distance is c/w,<D. 

The shielding of the electromagnetic mode comes 
about because the electrons move in response to the 
electric field of the electromagnetic mode. This motion, 
however, results in zero accumulation of charge; and 
the shielding is effective only at great distances, because 
the electrons can not squeeze in upon the source, as 
they do when shielding the plasma wave. 





MARSHALL 


C. 8?>1 


Equation (4.3) still represents the source, but now 
the particle velocity « is greater than the rms thermal 
velocity. The Cerenkov field is usually not found from a 
Lorentz transformation, because the character of the 
transformed equation changes." In our case, however, 
this method yields the desired results as quickly as a 
direct integration of Eq. (3.22). 

It is necessary to modify the Lorentz transformation. 
Let 

z—ut)(@—1)-}, 


' 4.9 
= (t—su/r 9?) (@—1)-4, sae 


which has the inverse transformation 


s= — (2’+ut’)(8?—1)- 
= — (t/+2'u/09?) (8°—1)-! 
(4.9), Eq. 


(4.10) 


Under the transformation ( 
the static equation 


e fe o 1 
- — — — }m,(x’y’2’) 
Ox”? dy? 02” DP 


(3.22) reduces to 


(4.11) 


q 
= — —i(x’)5(y’)6[—2’ (6?—1)5]. 
eD* 


Equation (4.11) is a two-dimensional Klein-Gordon 
equation. As shown in Appendix A, the appropriate 
Green’s function is 


g(r’—fo) 


2 cos{[(z’—20 )?— (x’— x9)?— (y’— yo)? }!/D} 


[(2’—29)?— (x’— xo)?— (y' — yo) }! 


for (2’—2)?> (x’—x9)?+(y’— yo)’; 


=0 for (2’—29)?< (x’—x»)?+(y’—yo)?, (4.12) 


where xo, Yo, Zo are the coordinates of the Green’s 
function source. The solution to Eq. (4.11) is, therefore, 


, q 
n(x’ y's’) = Sf fee-o 
4reD? 


X5(x0)5(yo)d[ — 20(82— 1)! Jdxod yodzo, 
gq cos[(z?2’—x?— 
n(x’ y'2’)= - 
2reD? (8°—1)'(2"2*—x"— y” 
for 2?>x?+y", 


=f) for Zt<x/2+y"2, 


The final result is obtained by transforming back to the 
"W. Panofsky and M. Phillips, Classical Electricity and 


Magnetism (Addison-Wesley Publishing Company, Inc., Reading, 
Massachusetts, 1955), p. 309. 
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ie) 





(x,y,z,t) 


Fic. 1. Cerenkov cone. 
(vyst) coordinate system 

gq  cos{1/D[(s—ut)? 
2reD? 


(8?—1)—x*— y? ]}} 
n(xyzl) = 


[(s—ul)?/(6?—1)—x?—y* ]}! 


for (s—wt)?/(@—1)>x22+y’, 


=0 for (s—wt)?/(@—1)<x#+y*. (4.13) 

The solution (4.13) is very different from that 
obtained above for a slow particle. The field consists 
of damped waves which die out as z~' for 2? very large, 
and at a fixed point die out as ¢' for f very large. 
The Debye length now controls the wavelength, rather 
than the space rate of decay. 

At great distances, the field is oscillatory and dies 
out as z~'. This allows for the radiation of power. This 
is the Cerenkov radiation, in the form of plasma waves 
whose phase velocities are slower than the particle 
velocity. The familiar confinement of the field to a 
cone trailing the particle is explicitly contained in 
Eq. (4.13). The field is zero unless 

(1/8*) (z—ul)?> (27+ y*)cos*ym, (4.14) 
where 


Sin*Wm = 09?/U 


Now, add (z—wut)? to both 
rearrangement gives 


cos*W> cos*Ym, 


sides of (4.14); a little 


where 


cos*y = (—wl)?/[a?+ y+ (s—ul)*]. 
The retarded solution is 


V<Ym- 


The cone is depicted in Fig. 1. 

The cone in Fig. 1 is, of course, the Mach cone 
containing the disturbance of the fluid, for mn; is zero 
outside the cone. Our particle is supersonic and runs 
ahead of its disturbance, in the usual way. The cone is 
determined by the requirement that the front face of 
the disturbance travel with the velocity 2%, which is 
the fastest group velocity for plane plasma waves. 

The particle will also be surrounded by an EM 
component, but since u<c, this component is still 
given by Eq. (4.8). This field is shielded and dies out 
exponentially outside a spheroid which is convected 
along with the particle. When the particle velocity 


(4.15) 
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approaches the velocity of light, the spheroid becomes 
a disk, with radius c/w». 


V. CERENKOV SPECTRUM 


A. Frequency Spectrum 


To find the spectrum of the plasma mode Cerenkov 
radiation, we follow, as far as possible, the treatment 
for the ordinary Cerenkov effect in optics." We revert 
to the original equation for m; and use the method of 
Fourier analysis. 

Let 


x 


pray) = f pwe i*tdy, 


x 


1 x 
pu (xysw) = f prei*'dt, 
Td» 
From Eq. (4.3), 


¢ 
pw (xyzw) = — ——ei*?!"§(x)6(y). 
2ru 
The density m, also can be expressed as a Fourier 
integral as in Eq. (5.1). From Eq. (3.22), the Fourier 
components n,, satisfy the equation 


(V?+k,")to= e'#?/"5(x)8(y). (5.2) 
2rueD* 


Equation (5.2) has the particular solution 


q L D L 
ts ff sianite 
82° ueD? x no —L 
etkpR 


X5(20)5 (yo) = dx od yodzo, 
R 


where 
2— ( > ba xo)?+ (y—yo)?+ (s—2p' . 


and where the integration on zo is taken from —L to 
+ZL to avoid a singularity in the field"; we require 
wlL/u>>1. Since we are interested in the radiated power 
only, we may evaluate this integral by using the 
far-field approximation : 


[x?+ y?+ (s—z9)? ]!=r— (s—zo) cos8, (5.3) 


where @ is the polar angle from the positive z axis, and 
the term (s—2») cos@ may be neglected in the denomi- 
nator. The integral is readily evaluated, giving 

gL e‘*e" sin(w/u—k, cos0)L 


- (5.4) 
drueD? r 


(w/u—k, cosd)L 


In the far field, the r~ term of the electric field is 
dominant, so we have, from Eq. (3.21), 
1k yev9" Stabe 
E.= NoK, (5.5) 

€o(w*—w,") 


where r is a unit radial vector. 
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Fic. 2. Dispersion relation for longitudinal plasma waves 
c/vo=7. In the dashed region, Landau damping inhibits the wave 
propagation. 


Since wl/u>1, mn. has a sharp maximum when 
w/u=k,cosé, or cosd=v,/u, where vy is the phase 
velocity for plane plasma waves of frequency w. This 
is the familiar result from optics. There is a difference 
from the optical case, however, which comes from the 
fact that the medium is very dispersive. The dispersion 
relation is shown in Fig. 2. At a frequency a little 
greater than wy, v,=4, and the radiation is forward. 
Higher frequencies are projected at various angles, and, 
if the particle velocity is very high, the radiation 
persists nearly to 90°. This angular spectrum is dis- 
cussed below. 

As discussed in Sec. IIIB, the energy flux density in 
the plasma mode is given by S,= m1 ?n1v, w/m?. The 
usual Fourier transform relation for the total radiated 
energy [Panofsky and Phillips,'! Eq. (13-36) ] must 
be modified for our present use. The result we need, 
derived in Appendix B, is that the radial energy flux 
density is 


f S,(0)dl=etmesta f Foku*(1—X)!/Xdw, (5.6) 


where X =w,*/w*. Integrate Eq. (5.6) over a sphere to 
obtain the total radiated energy 


wis f ff srecutez21—x) Xr°dwdQ. 


Now, define the spectrum /, as the total radiated 
energy per unit frequency interval per unit length of 
path by 


x 


wi=f 2LTwdw, 
= 2reovol ] f EokEu*(1—X)'/XrdQ. 


(5.7) 


so that 
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Fic. 3. Cerenkov frequency spectrum. In the dashed region, 
Landau damping inhibits the wave propagation. The spectrum 
has a low-frequency cutoff at w u)? |. 


=wp/Li— 


Substitution from Eqs. (5.5) and (5.4) gives 


e& dp (w Wp) 
I= B, 
trey 


: (Ww Wp)*— 1 


B=r f {-? sin*/dt, 


2 


a= (wl /u)(1—u/v,), b= (wl /u)(1+4u/1 


}—} , . , 
{e/a t "= phase veloc ily. 
function B has the value 3 if 


¢), and r,=t%L1 
When (wl/u)>1, the 


u=ve; if (u/v,—1) goes 


positive, B very rapidly approaches unity, and if 


u“ t,—1) goes negative, B very rapidly approaches 
zero. It has the character of a unit step function 
B=1 
B=0 


for u>vte,; 


for u<vy. 


This is another statement of the fact seen above, that 
the particle excites only those frequencies whose phase 
velocities are less than the velocity of the particle. 

The spectrum, Eq. (5.8), can finally be written as 
W> We, 


for 
2] 


for w<a,, 


where w.=w,/[1—(1/m)? }!. In cgs units, this is 


te Cc (w Wp) 
I4=.1.62X 10 ( ) ) 
i0° u? J (w/w,)?—1 


ergs/cpscm, (5.10) 
where f,=w,/2z. 

The spectrum is shown in Fig. 3. It has a maximum 
at the cutoff frequency w.. When (v/)*<1, w, is very 
close to the plasma frequency w-~w»|_1+4(v/u)?}. 


B. Total Radiated Energy 


The total energy radiated, per unit length of path, 
is written from Eq. (5.7) as W= {(*/ dw. If we use 


H. COHEN 


the spectrum as it stands in Eq. (5.9) we derive an 
infinite radiated energy, because the spectrum drops off 
only as w' as w— &. We now avoid this situation by 
assuming that the Landau damping inhibits the 
propagation of a plasma wave when its phase velocity 
is close enough to v.’ We assume, arbitrarily, that the 
spectrum is zero unless 7,2 V279, or equivalently, unless 
w@ LWmax=V2w,. Since vy<u, this also implies u > V2z. 
The regions where the Landau damping is effective 
are shown dashed in Figs. 2 and 3. 
The energy thus becomes 


CW p w max (w Wp) 
i — dw, 
dre? Joe = (w/wp)?—-1 


ew — u 2 
W= In 


Srrepu? 


—1 


In cgs units, this result is 
Fe 2s € 
W=5.1X10-% ) 
10° u 


The logarithmic factor in Eq. (5.11) varies very slowly 
with wmax, SO that the arbitrary nature of our selection 
for ®max Is NOt too important. 

Note that the radiated energy is approximately 
inversely proportional to the square of the particle 
velocity. This point may be of importance in the 
discussion of solar radio bursts. It means that 
energy particles, which the sun produces in abundance, 
are more efficient in producing electrical waves than are 
relativistic particles. 

Pines and Bohm‘ have shown that a charged particle 
with velocity greater than the rms thermal velocity 
will excite a Cerenkov field. The expression they 
deduced for radiated per unit length is 
(e%w,?/2u*) In(1+2u?/n?) (cgs) [their Eq. (58) ]. Our 
result is the same, except for the logarithmic terms. 
When (u/v)*>1, the difference is negligible. The 
calculations of Pines and Bohm are discussed in Sec. 


VI. 


—j 


ergs/cm. (5.12) 


low- 


energy 


C. Angular Spectrum 


We now discuss the angular distribution of the radi- 
ated energy. Since the radiation is symmetric around 
the z axis, we define the angular spectrum, /,,, by 
2xle., sinddd=1.dw. From Eq. (5.4) we have the 
relation between @ and w. At the sharp peak of the 
function n,, Ccos0= (1/u)[1— (wy/w }-4, so that 


dw sind w* ( 1 ) 
d@~ cos*é Wp \u , 


Substitution from Eq. (5.9) gives, after a little rear- 
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Fic. 4. Cerenkov angular spectrum. The high-angle cutoff 
results from Landau damping. 


rangement, 
Cows cosé 
lee joule sr m. 


» 


Sr eyu? cos’?O— (v)/ 4)" 


(5.13) 


The angular spectrum has a singularity at cosé 

(v/u). This occurs at infinite frequency, and corre- 
sponds to the infinity in the expression for total radiated 
energy, which is discussed above. By using the same 
arbitrary upper frequency cutoff, @nsx=V2w,, we find 
an angle cutoff; 9< @max where 


COSO max = V2U0/ 4. 


The angular spectrum, for three values of (2/79), is 
shown in Fig. 4. This figure may be contrasted with 
Fig. 3. The frequency spectrum (Fig. 3) has a maximum 
at the lowest frequency, where the radiation is forward. 
The angular spectrum (Fig. +) has a maximum at its 
largest angle, where the frequency is highest. When 
(u/vo)>>1, both spectra are sharply peaked; the fre- 
quency spectrum has a sharp maximum near the 
plasma frequency, and the angular spectrum has a 
sharp maximum near 90°. 

This peculiar situation comes about because the 
low-frequency part of the frequency spectrum is spread 
very thinly in angle, so that there is actually a minimum 
at @=0, corresponding to the maximum in the frequency 
spectrum. The high-frequency tail of the spectrum is 
concentrated very much in angle, giving the maximum 
of the angular spectrum. 

The angular spectrum is different from that obtaining 
in the optical Cerenkov effect, because the dispersion 
formulas are different. In the optical case, the visible 
light is emitted in a cone determined by the index of 
refraction. To keep the energy finite, one assumes that 
the index of refraction drops to unity in the ultraviolet 
region, so that the high-frequency components are 
concentrated near 6=0°. 


D. A Numerical Example 


To see the order of magnitude of some of these 
quantities, we consider a high-energy particle traversing 
the solar corona. Take u~c, v7=6.710° cm/sec (for 
T=10°°K), and f,=10° cps. The spectrum has a 
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low-frequency cutoff at w/w,=1+2.5X10™, Le., at a 
frequency only 25 kc/sec above the plasma frequency. 
The spectrum is reduced in intensity by a factor of 10 
at a frequency 250 kc/sec above the plasma frequency. 
The high-frequency Landau cutoff, according to our 
assumption, occurs at V2f,, so that the total spectrum 
has a bandwidth of 40 Mc/sec. 

At the peak of the spectrum, the radiated energy is 
3X10 ergs/cps cm. At the high-frequency cutoff, 
the intensity is reduced by a factor of 1400. The total 
radiated energy is 4+X10~" ergs/cm. If we assume a 
total path of 10!° cm, the total radiated energy is 
4x<10-” ergs, or about 3 ev. This estimate is rough, 
for the spectrum changes as the electron density 


decreases, but it should give the order of magnitude. 
The Cerenkov radiation thus will have a negligible 


effect on the slowing down of a single energetic particle 
in the corona. The situation may be different when there 
is a beam of particles, as discussed in the next section. 

In the above example, the angular spectrum has a 
flat minimum at 6=0°, and a sharp maximum at the 
cutoff @=88.2°. The angular spectrum is reduced in 
intensity by a factor of 10 in 7.5°, at @=80.7°. 

In the ionosphere, 2? is smaller than the value for 
the corona by about 10°. The low-frequency cutoff for 
the Cerenkov spectrum for a relativistic particle will, 
(1+2.5x10-"). This value 
clearly is unreasonable, since the fluctuations in electron 
density are bigger than 1 part in 10’, and the medium 
cannot be regarded as homogeneous on this scale. In 
cold plasmas, a proper discussion of the Cerenkov 
spectrum near the low-frequency cutoff must take 
account of the fluctuations. In any event, such effects 
will not affect strongly the angular spectrum and the 
total radiated energy, since these are mainly derived 
from the large part of the spectrum well away from 
the plasma frequency. 


therefore, occur for w/w): 


E. Bunching 


Equation (5.11) gives the energy radiated per unit 
length by a single charged particle constrained to move 
with uniform velocity. If the particle is free, it will be 
decelerated by the radiation reaction; but Eq. (5.11) 
is still approximately true if #>>v. If, however, there 
are n free particles, forming a beam with velocity u, 
it will, in general, not be even approximately correct to 
say that the total radiated energy is m times the value 
given by Eq. (5.11). The beam will be unstable, and 
the particles will bunch. 

The first particle of the beam is in a homogeneous 
plasma and radiates according to the picture developed 
in the previous sections. The trailing particles, however, 
are affected by the plasma wave fields of the particles 
that precede them. These fields are convected along 
with the radiating particles, and so appear constant to 
any trailing particle within the Cerenkov cone, provided 
the trailing particle has some velocity. 
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The total field acting on a constrained trailing 
particle is the sum of all the fields of the front particles; 
each component is constant, and, in general, the sum 
will not be zero. The trailing particle is, thus, subject 
to a constant force. If the trailing particle is free, 
instead of being constrained to move with velocity u, 
it will oscillate about a potential minimum. If ail the 
trailing particles are free, the total field will reach some 
equilibrium configuration, with nearly all the particles 
oscillating about potential minima. The bunched 
particles will then radiate in a partially coherent 
fashion, greatly increasing the total radiated energy. 

This bunching process, with the possible great 
increase in radiated energy, is a manifestation of the 
twin stream instability.’ Our discussion shows why 
there is a sharp difference between beams with u>1 
and those with «<t. The latter do not excite large- 
scale plasma oscillations because there is no Cerenkov 
radiation for u< vp. 

Ginsburg and Zhelezniakov'® have discussed the 
generation of solar radio bursts by coherent and inco- 
herent emission of Cerenkov plasma waves. They have 
also discussed the reabsorption of the plasma waves by 
the beam. 


VI. DISCUSSION OF PINES AND BOHM 


Our results, where comparable, have agreed with 
those of Pines and Bohm,‘ although the methods have 
been very different. We assumed at the beginning that 
the plasma was a fluid containing an isotropic pressure. 
Pines and Bohm analyzed the Fourier components of 
electron density fluctuations and introduced approxi- 
mations as needed to simplify the mathematics. Their 
“central approximation” is the ‘“‘random phase approxi- 
mation,” in which a certain sum is assumed to be 
negligible because the terms have phase factors de- 
pending on particle positions. It is just this random 
phase approximation which reduces their analysis to 
one which is essentially the same as ours. 

After they first make the random phase approxi- 
mation, they have their Eq. (9), which we rewrite here 
as follows: 

d*p, 


E =-> (k-v.)2e-ik Ti— wp, 
df 


(6.1) 


where x, and vy, are the position and velocity of the ith 
electron, and p; is the &th Fourier component of the 
electron density distribution. (The ions are assumed 
stationary and uniformly distributed.) We recover the 
fluctuation in electron density distribution, m, by 
multiplying Eq. (6.1) by e™* and summing over k, 
leaving out the term k=0: 


d’ny 


- =— > > (k-v,)2e-** *—w,?m. 
dal- k#0 i 


(6.2) 


12 4. V. Haeff, Phys. Rev. 74, 1532 (1948). 
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Since px= Do; e~** * and Vp.= — px, Eq. (6.2) is very 
close to Eq. (3.22), our Klein-Gordon equation for m. 
The results one obtains from Eq. (6.2) may thus be 
more or less close to what one obtains from Eq. (3.22), 
depending on what one assumes for the velocity distri- 
bution function, and how one approximates the double 
sum. The subsequent approximations which Pines and 
Bohm did make were such that their results for the 
screening field were identical with ours, and the total 
Cerenkov energy was nearly the same. 

Pines and Bohm found the radiated Cerenkov energy 
by integrating along the path of the particle itself, 
whereas we integrated over a distant sphere. We 
essentially have used the opposite sides of the volume 
integral of Eq. (2.8). 
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APPENDIX A. TWO-DIMENSIONAL 
KLEIN-GORDON EQUATION 


The Green’s function we seek satisfies the equation 


e 8 1 & 
ote ae) 
07 Oy ¢ OF 


= 445 (x—x0)5(y—yo)b(t—to). (A.1) 
The equation is two-dimensional, but we may regard 
the field as existing in a three-dimensional space, and 
having for its source a line through the point (x0,yo) 
parallel to the z axis. The solution for go then is the 
three-dimensional solution for a line source, and is 
obtained by integrating the three-dimensional Green’s 
function along the line." 

The Green’s function for the three-dimensional 
Klein-Gordon equation is given by Morse and Fesh- 
bach" as follows: 


6(r—R/c) kK 
ga=—— - — - 
R [7?—(R c)?}! 
XJ i{xe[r?— (R/c)?]!}ul(r—R/c), (A.2) 
where 
tr=l—bh, R?=(x—2X0)*+ (y— yo)? + (s—20)?, 
x>0, 
x<0. 


u(x)=1 for 
=Q for 


Equation (A.2) is the retarded solution. The ad- 
vanced solution is equally valid, and we must allow for 
it also. This is necessary because, at this point, we do 
not know which solution will ultimately correspond to 
the retarded potential in our final coordinate system. 
The choice must be reserved for Eq. (4.19). The 


13 P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), pp. 
842-844. 
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advanced Green’s function is obtained from Eq. (A.2) 
by replacing 6(7—R/c) with 6(7+R/c), and by re- 
placing u(r—R/c) with 1—u(r7+R/c). 

Our desired function ge is given by 


a= f £3d2Zo. 


The first term in Eq. (A.2) is the Green’s function for 
the three-dimensional wave equation; when integrated 
it gives the Green’s function for the two-dimensional 
wave equation": 


*~6(7—R/c) 
. R 


(A.3) 


dz 


2c 
a for 


(c2x?— P?)! 


=0 for 


(cr)?> F*. 
(cr)?<P?, (A.4) 
where 

P?= (x—2x0)?+ (y—yo)?. 


In writing down Eq. (A.4) we have generalized and 
allowed for both retarded and advanced solutions. 
The second term from Eq. (A.2) gives the integral 


* Sill — P—j*)*) 
T2,= —ac f u(r7—R/c)de, 


” (cre P?—<)} 
where 
€ =Z0— 2. 


The integrand is zero unless (4<¢<{s, where 


- 


f= — f= (Cr*— P*)!; 


cr> P. 
Consequently, 7:,=0 for cr<P; and, for cr>P, 
| » 


- 


T2,= — 2c dé 


f Jilk(er— pe—¢)h) 
0 (2r?— P2—¢)! 


(c2?72— p2)} 


J()dé 


= 2xc f ° 
xP [x2 (cr? — P?)— &}} 


This integral is in a standard form.'* We thus have 
2c 
[1—cosx(c?r?— P?)!] for cr> P, 
(c272— P2)3 


at for cr<P. (A.5) 


When we evaluate the corresponding formula for the 
advanced potential, we have that the integrand again 
is zero unless {,<¢<fs, where now (,=—fa= (C7? 
— P*)}, for —cr>P. The second term for the advanced 
potential thus is 

2c 
T 24 [1—cosk(c?7?— P*)'!] for —er> P, 
9» 9 A 
(c?7r?— P?)) 
=0 for —cr<P. (A.6) 


4 A. Erdélyi, W. Magnus, F. Oberhettinger, and F. G. Tricomi, 
Tables of Integral Transforms (McGraw-Hill Book Company, Inc., 
New York, 1954), Vol. II, p. 18. 
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Combine Eqs. (A.4)-(A.6) to obtain the final result 


2c cos[_«(c?7?— P*)* | , 
L2=— -— for (crf> fF. 
p?)s 


(c?7? ome 


=() for (cr)?<P*. (A.7) 
Equation (4.12) is obtained from Eq. (A.7) by setting 


c=1, t=z, and «=D. 


APPENDIX B. RADIATED ENERGY 
The radial component of the mechanical energy flux 
density is given by Eq. (3.16) 
(B.1) 


S(t) = mve?n1V >, 


and we need an expression for the total radiated energy 
per unit area /_,”S,(/)d/, in terms of the Fourier 
components E, for the plasma mode electric field. 
From Eq. (3.12) we may write 2;= — (€/e)V- E,, since 
p*=0 in the far field. Substituting this expression, and 
the value of v, from Eq. (3.11), into (B.1) gives 


€yV 07 dE p 
S,M=- (WE) ) 
Wp ot 
E,(= f E.we-i*'dw, 


dE, (t) t= [ — iwEwe‘'dw, 


x 


so that 


D 
tkEwe~'*'do, 


D 


v-E,= 


by Eq. (5.5), and the far-field approximation. Thus, 
the radial energy flux is 


J S:0d= rete, f arf wwe dw 


x 


xf k(o" ) we iw’ tay’, 


. 
Changing the order of integration and performing the 
integration on ¢ gives 


D 


f S,()dt= —r2reqvo*wy f wk(—w) Fok_wodw 


x 


[ wk(w) Bw 


"e@ 


Fu*dw, 


= r4reyi VW p 2 


since E_.=E,*, and k(—w)=—k(w). The latter is 
necessary if we are to have outgoing waves. Substitution 
for k(w) now gives Eq. (5.6). 
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It is shown on the basis of the Boltzmann equation that in the absence of a dc magnetic field, an electric 
field alone can produce anisotropies in electron diffusion and conductivity in a weak inhomogeneous plasma. 
These anisotropies have their origin in the ac component of the electron density resulting from the inter- 
action between the electric field and electron density gradients. Electron diffusion is reduced in the direction 
of the field, while the induced ac current acquires an additional component in the direction of the gradient 
of the ac electron density. This component will in general lie in a direction different from that of the exciting 
field. Although these effects are usually small, they may become significant under suitable circumstances 


I. INTRODUCTION plasma, the first-order equations take the form, 


HE effect of a steady magnetic field on electron — 
flow in a weak plasma is well known, the general 4V- f,'—- —(vE,-f,,!) 
result being the introduction of characteristic anisotropy 6mi* dt 
terms into the flow parameters. In particular, both the 
diffusion and conductivity coefficients become tensors.' 
The purpose of this paper is to show that in the absence 
of a magnetic field, an alternating electric field alone 
can alter the properties of an inhomogeneous plasma jofP+}oV-f'— 
in a somewhat similar way. 3m dt 

We will consider a weak, inhomogeneous plasma 
imbedded in the gas from which it is created by partial yfol-Eov f°— 
ionization. With this model, it may be assumed that : 2m 
while the ion densities are functions of position, the 
electron collision frequency is not. This implies that ' 
electron—neutral particle collisions dominate, and thus (jotve)fi' +0¥ f— 
gives a measure of the required diluteness of the plasma. 
The effects to be considered here will involve the inter- 
action between an alternating electric field and sta- 
tionary electron concentration gradients. Accordingly, 
we will restrict our attention to the steady-state case 
in which the concentrations are maintained by con- 
tinuous ionization; thus we might have in mind a 
microwave-induced gas discharge in a cavity, or the 
region behind a hypersonic shock front. 

The behavior of the electrons will be described by 
the electron distribution function, approximated on 
the basis of the familiar decomposition of the Boltzmann 
equation which results from the expansion of this 
function in spherical harmonics in velocity space and 
in a Fourier series in harmonics of the frequency of the 
applied field. For electrons in the presence of an ac 
electric field of sufficiently high frequency, the rapid 
convergence of this expansion permits us to describe 
our model by means of the first-order equations given 
by Allis.' The ac electric field will be written E= E,e’**, 
where E, is constant in magnitude and direction over 
the region of interest. There will be no magnetic field. 
Assuming an applied field of this form to permeate the 


_ Bo, in+ 
\ 


The subscripts 0 and 1 designate the zeroth and first 
Fourier amplitudes of the symmetric, f°, and asym- 
metric, f', components of the electron distribution 
function, thus the above set represents eight partial 
differential equations for the two functions f/f,’ and /,° 
and the six scalar components of f;' and f)'. Since some 
of these may be complex, the additional subscript r is 
used to indicate that the real part only is to be taken. 

Bo, in 1s the inelastic collision term, e is the charge on 
the electron, m and M are the masses of the electron 

and gas molecule, respectively, v. is the collision fre- 

quency for momentum transfer, and 7, is the tem- 
perature of the neutral gas. The components of the 
distribution function depend on r and v only, the 
integration over angles in velocity space having already 
been performed. The equations above are incomplete, 
since certain terms have been ignored. The elastic 
collision term B,°, which would appear on the right of 

(2), has been neglected under the assumption that 

w>v.(m/M). Imposing the further requirement that 
the energy exchanged per collision between the electron 
and the field be small compared with the random energy 
* This work was supported in part by the Electronics Research of the electron, the second-harmonic mieteadetoyeg f; 

Directorate of the Air Force Cambridge Research Laboratories and fi normally appearing in the last terms of (2) and 

Air Force Research Division (ARDC), and by the Office of Naval (4), respectively, have also been neglected. 

Rameteh aan Oe See Peet Hees ee we The macroscopic quantities associated with the 
'W. P. Allis, Handbuch der Physik, edited by S. Fliigge : 1 € 
Springer-Verlag, Berlin, 1956), Vol. 21, p. 404 ff. various components of the distribution function will 
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be defined as follows: 
the zeroth-order (stationary) electron density, 
ot 
n(e)= | fo? (1,2) 40" ; (5) 
0 


the first-order ac component of the electron density, 


x 


m()= f fi’ (1,2) 4rd? ; (6) 


the stationary flow vector, 


I(r) -f fo! (r,v) (4r/3)0*dv; 


the first-order ac electric current, 
x 
ji(r) -ef £,)(r,v) (4ar/3)0%do. (8) 


In order to find these quantities, Eqs. (1)—-(4) should 
be solved for the two scalar and two vector components 
of the distribution function. For many purposes, how- 
ever, it is unnecessary to go this far. By obvious 
manipulations, Eqs. (2)-(4) can be transformed into 
three new equations, each relating one of the com- 
ponents /;", fo', or f,' to fo’ alone. If these new equations 
can be solved, then the integrands of (6)-(8) will 
involve only fo’. Moreover, the assumption that the 
electron collision frequency is independent of position 
permits us to write fo’(1,v)=o(r)Fo(v), where the 
velocity distribution Fo(v) is normalized by (5). In 
this way, the integrals in (6)-(8) are reduced to 
products of the stationary density mo(r) and its de- 
rivatives, and sums of terms of the form 


f g(v) Fo(v)4are*de 


where g(v) is some function of v only, and (g) is its 
mean value relative to the velocity distribution Fo. 
Even with this simplification, the velocity integrals 
can be quite complicated when », is a function of 
velocity, as it usually is. Therefore, in order to display 
the basic features of the results as clearly as possible, 
it will be assumed in what follows that v, is independent 
of velocity. Thus the results to be given could also be 
obtained, apart from numerical factors, from a con- 
tinuum formulation. (See the reference in footnote 2 
for a particular example.) 


= (8), 


II. ELECTRON DENSITY COMPONENT ni (r) 


If an alternating electric field is applied over a region 
in which the plasma is inhomogeneous, Eq. (4) may 
be solved for f,' in terms of /," and /,". Substituting 
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this into (2), one obtains 

v (e/m)t 

jon ir ee Vit. Vv 
3 jw(jw+v-) 3(jwot+v.) 


0 fo" > @ 
(E. ) ~ (v?E,: fy'). 
On 3m" dt 


If the second term on the left side of this equation is 
ignored, and the resulting solution for /;" inserted into 
(6), the integral of the second term on the right will 
vanish at the limits, and the remaining term gives an 
approximation for m;(r) in the form 


(e/m) _ v OF y 
ny(r)=— VV: E.no(e) f dard 
( { ] 


3 jw jwt+v.) o 


(10) 


(11) 


Doing the integral by parts (for constant »,) and 
recalling that E, is independent of position, we obtain 
the simple expression 


(e/m) 


E,:- Vio(r). (12) 


The alternating component of the electron density 
therefore arises as a result of the interaction between 
the applied ac electric field and the steady-state flow 
associated with electron density gradients. This ob- 
servation has, in one form or another, been made 
before.* It is of particular interest because the 
dependence of ”; on the applied field provides a non- 
linear mechanism through which first order mixing of 
two electromagnetic waves may occur.?* 

The validity of the approximation depends upon the 
conditions under which the second term on the left of 
(10) may be neglected. If we estimate v* by its mean 
value (2"), and write \= (27c/w) as the nominal wave- 
length of the applied field, then we must require that 


Vf? (v* 
pe —| = 10 (13) 
ISjw(jwotry.) fi? | 


Since the spatial dependence of /;° enters through f° 
only, the ratio V*/,°/ fi" has been approximated by 
1/A°, where A is a diffusion length characteristic of the 
given concentration. The term in question may there- 
fore be ignored in a nonrelativistic plasma, provided 
the ratio \/A is not too large. This condition must be 
examined with particular care in certain situations, as 
in the case of ionization by a hypersonic shock wave, 
where the electron temperature is high and the electron 
concentration changes rapidly over a few mean free 
paths. 

2 L. Wetzel, J. Appl. Phys. 32, 


L 327 (1961) 
V. L. Ginsburg, Soviet Phys. 


JETP 8, 1100 (1959) 


3 
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III. PERTURBATION OF THE FLOW VECTOR [,(r) 


The electric field intluences the stationary diffusion 
current through the last term of Eq. (3), where E, 
appears with the real part of /,°. This represents the 
dc component of the second-order interaction between 
the applied field and the ac perturbation of f°. (The 
ac component of this interaction appears in f,', which 
was left out of the original equations.) To determine 
the effect of this term on To, let us assume that the 
condition (13) is satisfied, so that (10) can be solved 
for f;° in the form 


(e/m)t 0 fo" 
fr= = = Vv: (t. ) 
3 jw(jot+y-) Or 
je 0 


(?E,-fo'). 


3wmr Ot 


(14) 


Since fy! is real, the last term of (14) is pure imaginary, 
so the real part of /,° is just the real ‘part of the first 
term. Thus (3) yields fy' in the following form: 


t (e/m)* 
fix — -V f+ E.E. 


v 6 
lor Of 
|| (15) 
v. OVL(w*+rv2) Ot 
The flow vector I, obtained by putting (15) into 
(7), consists of two parts. The integral of the first term 
on the right of (15) gives 


\e 


r, —Vny(r)= —DoVno(r), 


? 


3v- 


(16) 


where Dy denotes the unperturbed diffusion coefficient 
for the electrons. The second term may be integrated 
by parts to give the additional contribution, 


(e/m) 
ry? (r)= 


2V-\wW 


E.E,- Vno(r). 


P+ p.*) 


(17) 


Since these two vector components do not, in general, 
lie in the same direction, their sum can be written in 
tensor (dyadic) notation in the form 
Vo(r) = Po (r) + Po (r) = —DB-Vno(r), (18) 
with 
3 (e/myPE? .. 
D=D,j1—- RR, 


2 (v?) (a? + v7) 


(19) 


where I is the unit tensor and E, has been written as 
E,k, k being a unit vector in the direction of the 
applied field. This interesting result shows that an ac 
electric field alone can cause a plasma to behave 
anisotropically. Since the coefficient of RR in (19) is 
negative, the effect of the electric field will be to reduce 
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diffusion in the direction of the field, leaving the trans- 
verse diffusion unaltered. A recent calculation of body 
forces in a plasma concentration suggests a similar 
conclusion.4 

The magnitude of the anisotropy term may be 
simply expressed in terms of two energy parameters. 
Let U'4=  4m(v*) be the random energy of the electrons, 
and Uc=eE,"/2m(a*+ 7) the average energy gained 
by an electron from the electric field between collisions. 
Using these parameters, (19) can be written 


D=D 1-3 (U. U s)kk}. 


(20) 


The magnitude of the anisotropy is therefore measured 
by the ratio of the average energy gained from the field 
per collision to the random energy of the electron. 

In general the random energy Ll’, is a function of 
lL’ which depends upon the various ways in which the 
electron can lose the energy it gains from the field. 
For example, if the electron undergoes only elastic 
collisions with the gas molecules, then U4 is of the 
order of U¢/é, where 6 is the energy loss parameter 
2m/M. In this case the anisotropy will be of order 10 
a negligible effect. However, if the electrons are allowed 
to excite or ionize the gas molecules with which they 
collide, fast electrons are replaced by one or more slow 
electrons, thereby changing the energy distribution 
and causing U’, to increase less rapidly with U¢. This 
situation has been considered by Reder and Brown,° 
who calculated the average electron energy in helium 
as a function of F,/p (£, is the effective electric field 
detined by F2=(E,*v2)/2(w*+v), and p is the gas 
pressure). The nature of the dependen¢ eof U, on Uc 
strongly affects the magnitude of the diffusion ani- 
sotropy, as can be illustrated in the following example. 
Consider helium at a pressure of 2 mm Hg in an ac 
electric field of rms amplitude /,/v2=300 v/cm at a 
frequency of 3000 Mc/sec. If we were to assume elastic 
collisions only, then U'¢/U 463X100, 
of the anisotropy term in this case would be only about 
410-4. Now, using the value v.=5.1X10%/sec for He 
at 2mm Hg, we find that E,=78 v/cm and U¢=0.4 ev. 
Referring to Fig. 6 of reference 5 for the random energy 
when inelastic collisions are taken into account, U4 is 
found to be 11 ev for E,/p=39, and the anisotropy 
term becomes 5X10-*, or two orders of magnitude 
greater than when such collisions are ignored. Thus in 
an actively ionized gas, where £,/p is sufficiently high 
that the electron energy loss is mainly through ioni- 
zation and excitation, one might expect the ac electric 
field to produce diffusion anisotropies of at least a few 
percent. In the usual microwave discharge, effects of 
this size would be difficult to verify by the indirect 
methods used by Lax, Allis, and Brown® in studying 


’ 


so the size 


*L. M. Kovrizhnykh, Soviet Phys.—JETP 6, 54 (1958) 

5 F. H. Reder and S. C. Brown, Phys. Rev. 95, 885 (1954) 

° B. Lax, W. P. Allis, and S. C. Brown, J. Appl. Phys. 21, 1297 
(1950). 
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the analogous behavior in a de magnetic field. The 
electric field effects would probably require a more 
direct experimental confirmation. 

The stationary electron density may be determined 
from the diffusion equation. That is, multiplying (1) 
by 4iv®, integrating over 2, and introducing My from 
the definition (7), one obtains® 


x 


V- Iy(r) = f Bo. indav*dv= yino(r), 


(21) 


where »; is the effective collision frequency for ioni- 
zation. Using (20) for Io, the resulting equation in 
no(r) may be solved subject to the boundary conditions 
appropriate to the given enclosure. The effect of the 
anisotropy is to produce an effective dilation of the 
enclosure in the direction of the electric field. (See the 
discussion in reference 6 for the analogous case of a 
magnetic field induced anisotropy.) 


IV. PERTURBATION OF THE AC 
ELECTRIC CURRENT j, (r) 


The ac electric current is given in (8) in terms of 
f,', which can be found by eliminating fo! and /,° from 
(2)-(4). Let us first substitute fo' from (3) into (2), 
whence 


v (e/m) 0 fv. 
- V -f,!:————__- ( E.-Vf) 
3 jw 3 jwr" OvN\ py, 


fr= 


(e/m)? Afr? Ofi,® 
~~ (—z “). (22) 

6 jwr” OvX\ pv, Ov 
The contribution of the last term to the perturbation 
of j; can be shown to be of order Uc/U 4 smaller than 
that of either of the other terms.’ Since Uc/U 4 is 
generally small, we are justified in ignoring this term 
in what follows. Substituting (22) into (4), we may write 
the latter in the form 


v (e/m) _ df 
(1 vv) {'=— ie 
3 jw( jut vr.) (jat+v.) dv 


(e/m) oe ie i 
[-ve.-vie} (23) 


Ve 


3 jwr( jot.) dv 


where tensor notation has been used on the left. It 
might be expected that the second term in the tensor 
could be ignored on the basis of (13). If this were done, 
however, it would be found that the perturbation of J, 
contributed by the last term of (23) would have the 
magnitude of the neglected term. Therefore we cannot 
neglect terms of this size, although we will assume that 
we may ignore their squares. With this mind, we 
perform a scalar multiplication of (23) on the left by 


7L. Wetzel, Brown University Scientific Report No. AF4561/9 
(1960), (unpublished). 
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the tensor [1+2°VV/3jw(jw+v.)], ignore terms of 
order higher than the first, and obtain the following 
approximate solution for f;': 


(e/m) _ dfy® 
f! ~ E.- 3 


(jatv.) ov 


9 


v r (e/m) _ dfo’ 
+— vv-| E, 
3 jw(jot+r-.) (jat+v-) dv 


(e/m) ory 
| veE.-v/0)| (24) 
3jwr(jot+v,) dvly, 


It has been assumed that fo°=mo0(r)Fo(v), and since 
E, is a constant vector and Vao(r) is irrotational, the 
space-dependent factors of the last two terms of (24) 
are both equal to E,-VVmo(r). Substitution of (24) 
into (8) leaves three velocity integrals which can be 
reduced to the form of (9). After a few algebraic 
manipulations, the approximation for the ac electric 
current becomes 


. (e?/m) 
ji(r) = 


(v) 
: E.-[1+5(0)— vr ft, (25) 
(jwtyv.) L 


VW 
where 


$(r)=[Srt+ j(772+2) /9(72+1), (26) 


/ 
T= V_-/W. 


The tensor in (25) is symmetric, so the current can be 
written 


ji(r) ~ C-E,, (27) 


with the conductivity tensor defined as 


(e2/m) {v*) 
g=.-— [1+-56) ont (28) 


(ja+v.) Vw 


For the reasons given above, the spatial dependence 
of the perturbation term in (25) may be written 
V(Eq: Vo) «Vn, showing that the ac current has 
acquired a component in the direction of the gradient 
of the ac electron density. This implies the possibility 
of induced currents perpendicular to the direction of 
the applied field. It is clear from (13) that in most cases 
these perturbation currents will be quite small. How- 
ever, under suitable conditions of temperature, fre- 
quency, and inhomogeneity, this term should become 
large enough to predict a detectable transverse current 
distribution. 


V. CONCLUSION 


The anisotropies appearing in the perturbations of 
the steady state flow vector and the ac electric current 
are seen to have their origin in the distribution function 
component fi", (or, if one prefers, in the ac electron 
density component m; defined by it), which exists only 
in the presence of plasma inhomogeneities and is 
generally neglected. Although these effects are small, 
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they are not beyond detection. For example, it was 
mentioned earlier that 2; should give rise to nonlinear 
interaction between two electromagnetic waves. Ex- 
perimental verification of this interaction appears to 
be feasible in the sharp electron density gradient 
existing behind a hypersonic shock front, and such an 
experiment is being planned.* 

The effect of a dc magnetic field on the perturbations 
produced by the ac electric field is examined in the 
Appendix for a few simple cases. It is shown that when 
the magnetic and electric fields are parallel, both 1 
and the ac field induced perturbation of Ty are un- 
affected. Thus in this case the transverse and longi- 
tudinal flow retardations, produced, respectively, by 
the magnetic and electric fields, are simply super- 
imposed on one another. 


APPENDIX 


In the presence of a dc magnetic field Bo, the only 
change in Eqs. (1)—(4) is the addition of the term 
—w, Xf! to (3), and the term —w,Xf,' to (4), where 
w,= (e/m)Bo. Using the abbreviation (jw+v.)=», the 
modified form of Eq. (4) becomes 


(v—wpX fy = —-oV f+ (e/ mE, (0 fide). (A.1) 
The inverse of the vector operator multiplying f,' has 
the form!‘ 

(°+ wpws° + wr X ) 


O= (A.2) 


py pet 


@s-) 
Therefore, we may write 


f,'= —rOV f+ (e/m)OE,(0f.°/dv), (A.3) 


and substitute into (2). Since the operator O is of 
order (jw+? we will again ignore the term in 
[(22)V2/w? ] on the left of (10), and write 


e Of e oa 
V-OE,—+ 


3jwm On 


(v°E,-fo!). (A.4) 


fi=— 
3m Ot 

Putting this into (6), assuming that v, is constant, and 
observing that the last term vanishes upon integration, 
we obtained, finally, 


(€ m) 


Ny(T)= v- 


+ ven X 


E,no(r). (A.5) 


® Note added in proof. In recent experiments at Los Alamos, 
H. Dreicer (private communication) has observed interactions 
two ac electric fields which indicate the existence of the 
oscillations given by m. I would like to thank 
Dr. Dreicer for communicating these results, which will be de- 
scribed at the IAEA Conference on Plasma Physics, Salzburg, 
September, 1961. ; 
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For convenience consider the cases in which E, and 
w, are either parallel or perpendicular. 
E, parallel to wy. Here w,X E,=Oand ww, Ea=,7Ea, 
so (A.5) becomes 
(e/m) (v?+w>") 
n(r) = E.no(r) 
jw v(v*+w,7) 


(e/m) 
E,:Vno(r), 
Jw( jot v-) 


(A.6) 


which is the same as (12). 

E, perpendicular to w». Here w- E, 
@;,=w,é, and E,=E£,é,, 
this case (A.5) becomes 


=0, and if we let 
then o,XE,=—w,E.é;. In 


—w,k,é, 


(e/m) vEé 


ny(r) = Vv: no(r) 


(A.7) 


ny(r)= 


This reduces to (A.6) when w,=0, but when w,#0 the 
dependence of m; on spatial variations of my becomes 
considerably more complicated, and magnetic reso- 
nances can occur. 

In the case of parallel E, and By, (A.4) reduces to 
(14), and the equation for fy! corresponding to (15) 
may be written 


(e/m)* 
f.'= —00,.V fi?+- 0.E.E. 


(A.8) 


where QO. is defined by (A.2) with » replaced by »,: 
Just as in (A.6), O.E,=E,/»., so the second term on 
the right of (A.8) is identical to the second term on 
the right of (20). This means that the diffusion ani- 
sotropy generated by the electric field is unaltered by 
the application of a parallel magnetic field. The first 
term on the right of (A.8) contains the magnetically 
induced anisotropy found in reference 6, [see their 
Eq. (25) ]. This term results in a retardation of diffusion 
in directions normal to the magnetic, hence also electric, 
field, so we conclude that for parallel fields, these two 
anisotropies are uncoupled and add independently. 
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Recent investigations of superfluidity by a study of the mo the Landau critical velocity for a body moving through the 


bilities of ions in liquid He 1 have been extended to the liquid 
under pressure. At a fixed temperature the positive-ion mobility 
decreases appreciably as the pressure is increased, particularly at 
low temperatures. At a fixed pressure the mobility increases less 
rapidly with decreasing temperature at higher pressures. The 
negative-ion mobility, smaller than that of the positive ion at 
zero pressure, becomes equal to that of the latter above 7 atm. 
In high electric fields and at high pressures, the drift velocity of 
the negative ions approaches a limiting value roughly equal to 


I. INTRODUCTION 


E have recently reported'~* experiments designed 

to investigate the superfluidity of liquid helium 
on a microscopic scale by a study of the motion of ions 
immersed in the fluid. The ions were produced by a 
particles from a Po*"’ source and their drift velocity 
in the presence of an applied electric field & was meas- 
ured directly by a time-of-flight method. The tempera- 
ture dependence of the mobility w=, & could be in- 
terpreted in terms of-the scattering of the ions by the 
various elementary excitations (quasi-particles) which 
characterize the quantum fluid. In order to subject 
this interpretation and the quasi-particle description 
to a further check, it seemed of interest to extend our 
measurements to liquid helium under pressure. In going 
to 25 atm, the melting pressure of liquid helium at 
O°K, the density of the liquid increases by about 18%, 
and the dispersion relation of the elementary excita- 
tions is appreciably affected. As a result, significant 
changes of ion mobilities can be expected as the pressure 
on the liquid is increased. We here report the results of 
such measurements. 


II. EXPERIMENTAL ASPECTS AND RESULTS 


The apparatus described in reference 2, Fig. 2, was 
modified in the following way. The ;¢-in. tube, which 
had been used to fill the experimental chamber with 
helium from the small gas holder, was replaced by a 
stainless steel capillary of 1 mm 1.d. This capillary was 
then used to connect the experimental chamber with 
a high-pressure He cylinder via a charcoal trap at 
liquid-nitrogen temperature. The pressure in the system 
could be measured by a Bourdon gauge with an ac- 
curacy of +1%. The fact that under these circum- 

* This work was supported in part by the National Science 
Foundation and by the Office of Naval Research. 

'L. Meyer and F. Reif, Phys. Rev. 110, 279 (1958). 

2 F. Reif and L. Meyer, Phys. Rev. 119, 1164 (1960). 

3. Meyer and F. Reif, Phys. Rev. Letters 5, 1 (1960). 


superfluid. The theory, which discusses the mobility in terms of 
ion scattering by rotons and phonons, is reviewed. It is pointed 
out that previously neglected effects concerned with the impor- 
tance of small-angle scattering of the ion ought to be taken into 
account; some earlier estimates of scattering cross sections are 
revised accordingly. It is then shown that this theory, making 
use only of the known change of the roton dispersion relation 
with pressure, can account quantitatively for the observed 
pressure dependence of the positive-ion mobilities. 


stances a filament of liquid helium in the different 
capillaries connected the experimental chamber with 
warmer parts of the cryostat resulted in an increased 
heat leak into the apparatus. The lowest temperature 
which could readily be reached with the He’ refrigerator 
was consequently only about 0.51°K and the tempera- 
ture stability was also somewhat impaired. The elec- 
tronic circuitry was the same as described in reference 2. 

Measurements above 1°K were performed with the 
vacuum jacket removed and the experimental chamber 
in direct thermal contact with the main helium bath. 
Under these conditions the ion mobility could be meas- 
ured as a function of pressure at constant temperature 
because the large heat capacity of the bath absorbed 
easily the thermal effects of pressure changes. Below 
1°K, however, changes in pressure produced pronounced 
changes in temperature so that it appeared preferable 
to make measurements at different temperatures for 
fixed values of the pressure. 

At each temperature and pressure the mobility of 
positive and negative ions was measured in immediate 
succession simply by reversing the polarity of the grid 
potentials. 

The experimental results for the mobility w=«/& 
obtained in the limit of sufficiently small field & are 
presented in Figs. 1 and 2.4 The temperature depend- 
ence of the mobility for various values of the pressure 
is shown in Fig. 1 which is a plot of logy vs T~ of the 
same kind as used in our previous work.?* The points 
below 1°K were measured directly; those above 1°K 
were taken from the curves of Fig. 2 for the correspond- 
ing pressures. Figure 1 shows that, at each pressure, 
Inu is a linear function of 7~'. The slope of these lines 
decreases with increasing pressure, being for positive 
ions equal to 8.8°K at 0 atm, and to 7.6°K at 21.4 atm. 

Figure 2 shows a plot of logiqu as a function of pres- 

‘Several runs at slightly different pressures yielded results 


consistent with those of Fig. 1 but were omitted from the graph 
to avoid confusion. 
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Fic. 1. Temperature dependence of the positive-ion mobility 
at various pressures. The mobility uw is measured in cm? y™ sec!; 
the temperature T is in deg K. At 10.7 and 21.4 atm the mobility 
of the negative ion is equal to that of the positive one. 


sure at various temperatures. The curves for T= 1.23°K 
and T=1.64°K were measured directly; the others are 
derived from cuts at constant T through the curves of 
Fig. 1. The zero-pressure values are taken from Fig. 1 
of reference 3. It is seen that for positive ions Iny is a 
linearly decreasing function of the pressure. For ex- 
ample, increasing the pressure from 0 to 25 atm at 
1.23°K decreases the mobility by a factor of 5; at 
0.57°K the decrease is approximately by a factor of 14. 
Recently Cunsolo and Mazzoldi® have also made meas- 
urements of ion mobilities under pressure for tempera- 
tures above 1.1°K. Their results for positive ions are in 
agreement with ours in the temperature range where 
they overlap. 

At zero pressure, the curves of Inu vs 7—' fall below 
the straight-line relationship at sufficient low tempera- 
tures’ (below about 0.7°K for positive ions). This be- 
havior has been attributed’ to the emergence of another 
ion scattering mechanism (phonon scattering) at low 
temperatures. It is to be noted, however, that at higher 
pressures the curves of Fig. 1 remain straight down to 
0.51°K, the lowest temperature investigated. Further- 
more, extrapolation at low temperatures of curves of 
Inu vs pressure & to zero pressure yields values of yu 
which are not those actually measured at ®=0, but 
which instead lie on the extrapolated straight line of 
Inu vs 7~' for ®=0. These results indicate that at 
higher pressures the other scattering mechanism due to 


®S. Cunsolo and P. Mazzoldi (unpublished). We wish to thank 
Professor G. Careri for sending us some of these unpublished data. 
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phonons does not become important down to the lowest 
temperatures investigated. 

The behavior of the negative-ion mobility is remark- 
able and somewhat surprising. At zero pressure the 
mobility of the negative ion is always less than that of 
the positive one*—at low temperatures by more than 
a factor of 10. On the other hand, one finds that, ir- 
respective of the temperature, the negative-ion mo- 
bility becomes equal to that of the positive ion (to 
within the experimental error of +2%) at pressures 
above about 7 atm. As the pressure is increased at a 
fixed temperature, the negative-ion mobility thus in- 
creases initially so as to approach the larger positive-ion 
mobility, and then decreases like the latter as the 
pressure is increased further. 

Finally we should like to mention some unexpected 
results concerning the drift velocity of ions in large 
electric fields. When the applied field & is sufficiently 
large for the ion to acquire energy in excess of thermal] 
energy, the drift velocity is no longer proportional to 
&. It has also been pointed out? that when & is made 
large enough an ion can lose momentum and energy by 
creating a roton in the liquid, and that its drift velocity 
should then tend to approach a limiting value roughly 
equal to the Landau critical velocity® for a body moving 
through the superfluid, i.e., of the order of A/po=60 
m/sec at zero pressure (or 45 m/sec at 25 atm).’ In 
actual experiments it proved, however, impossible to 
make measurements in the high-field region because 
of the failure of the gating grids to control the ion 





,wVTe8ete eC Cree Te ee Ce 2 ee 











weet Sees oe 
5 10 


5 20 
Atmospheres —> 


Fic. 2. Pressure dependence of the mobilities at various tem 
peratures. The mobility «4 is measured in cm? vy"! sec", the pressure 
& is in atm. The solid curves refer to the positive ion, the dashed 
curves to the negative ion. The point at 0.57°K and zero pressure 
was obtained by extrapolating the curve of Inu vs T"! to this 
temperature, neglecting its bending over due to phonon scattering 


6 See, for example, E. M. Lifshitz, A Supplement to ‘‘Helium”’ 
(Consultants Bureau, New York, 1959). 

7The symbols and numerical values are 
discussion section. 


those used in the 
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current adequately and consequent loss of resolution in 
our time-of-flight method. In some experiments with 
de potentials, this difficulty was traced to a peculiar 
“runaway” behavior of the ions in high fields.* This 
behavior is characterized by the tendency of the ions 
under these circumstances to behave almost like free 
particles which cannot be stopped simply by a retard- 
ing field, but only by a retarding potential greater than 
the accelerating potential. Although this runaway phe- 
nomenon is exhibited by positive ions at all pressures 
and by negative ions at low pressures, we found to our 
surprise that it does not seem to occur for negative 
ions at high pressures, where good measurements of 
the drift velocity are then possible. There appears to 
be a limiting drift velocity which is, at 0.55°K and 23 
atm, about 52 m/sec; and at 0.51°K and 15 atm, 
about 59 m/sec. The experimental data are shown in 
Fig. 3. 
III. DISCUSSION 


A. General Considerations 


In previous work'* we interpreted the temperature 
dependence of the ion mobilities in terms of the scatter- 
ing of ions by the elementary excitations (quasi- 
particles) of the quantum fluid. We now wish to review 
this interpretation and to examine the results expected 
on this basis if the density of the fluid is increased by 
the application of pressure. 

Considering an ion of charge e and effective mass M 
in an electric field €, the expression for the mobility 
can be obtained by equating e&, the gain per second of 
ion momentum from the field, to (P),, the mean loss 
per second of ion momentum along the direction of & 
due to collisions with the excitations of the fluid. Calcu- 
lation of (P),. involves a properly weighted angular 
average of the differential scattering cross section. For 
purposes of a simplified discussion one can estimate 
(P). by multiplying 7~', the probability per second of 
an ion-excitation collision, by f(Mu), the mean ion 
momentum loss per collision. Here Mu is the mean 
ion momentum in the field direction, while f is the mean 
fraction of its momentum which the ion loses in each 
collision. Thus one obtains 


p= (u/&)= (e/M)(7/f). (1) 


taken into account in our 
(where we put f=1) and it 
This factor measures the 
importance of small-angle scattering, i.e., of ‘‘persist- 
ence of velocity” effects. If large-angle scattering is 
predominant (scattering of a ‘light’ ion by a relatively 
“heavy” excitation), then f~1; if small-angle scatter- 
ing is predominant (scattering of a “heavy” ion by a 
relatively light excitation), then f<1. Since the effec- 
tive mass of the ion is likely to be large, the second 


not 
3 


The factor f was 
previous considerations? 


deserves some comments. 


SF. Reif. Seventh International Conference on Low-Temperature 
Physics, Toronto, 1960 (University of Toronto Press, Toronto, 
Canada, 1960). 
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Fic. 3. Dependence of the drift velocity of the negative ion as a 
function of electric field at low temperatures and high pressures. 
Limiting drift velocity at 0.550°K and 23.4 atm about 52 m/sec 
and at 0.505°K and 15.3 atm about 59 m/sec. 


situation is of importance. For purposes of comparing 
theoretical estimates of scattering cross sections with 
experimental results, such persistence of velocity effects 
should, therefore, be kept in mind.*- 

The collision probability 7!=.VoV, where V is the 
number of scattering excitations per cm*, o the total 
scattering cross section between ion and excitation, and 
V the mean relative thermal velocity between these. 
V?=V?2+V2, where V; and V, are the thermal veloci- 
ties of ion and excitation, respectively. Thus Eq. (1) 
becomes 


w= (e/M)(VofN)". (2) 


If the excitation has the classical dispersion relation 
e= p’(2m)"' between its energy « and momentum p 
(e.g., if it is a He® atom in the superfluid), then calcu- 


lation of (P?),. with hard-sphere or 6-function interaction 
between ion and excitation yields approximately f 

m/(m+M). Also V=(3kT)'(M~'+m~)!. Equation 
(2) then reduces, except for the exact magnitude of the 
multiplicative constant obtained by more careful calcu- 
lation of (P)., to the Langevin expression for the mo- 
bility of an ion in a gas"; 


u= (3)(4/2)'e(No)“(kT)-3(M+m)), (3) 


Note that for M>m, the mobility becomes insensitive 
to the value of the effective mass M assumed for the 
ion. The physical reason is that, as M becomes large, 
the electric field is less effective in accelerating the ion, 
but collisions are also less effective in deflecting the 
ion; these two effects tend to cancel each other. Taking 
persistence of velocity effects into account thus leads 


’ Several attempts have recently been made to calculate the 
magnitude of ion-excitation scattering cross sections. J. De Boer 
and A. ’T Hooft, Seventh International Conference on Low-Tem- 
perature Physics, Toronto, 1960 (University of Toronto Press, 
Toronto, Canada, 1960), p. 304; R. Abe and K. Aizu, Bull. Am. 
Phys. Soc. 6, 15 (1961); C. G. Kuper (to be published). 

10 P, Langevin, Ann. chim. et phys. 28, 317, 495 (1903); also 
L. B. Loeb, Basic Processes of Gaseous Electronics (University of 
California Press, Berkeley, California, 1955), p. 42. 
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to estimates of the ion-He’ cross section o;3 larger than 
those estimated previously*® and less dependent on the 
assumed value of M. For an assumed He’ effective 
mass!! m=2My. (My. being the mass of a He‘ atom), 
the experimental results’ combined with Eq. (3) lead 
to estimates ¢,;=1.8X10~-" cm? for positive ions and 
o.3= 1.2 10~-" cm? for negative ions if M>>M ,.. These 
estimates would be increased by 40% if M=m. 

We now consider the scattering of ions by rotons 
whose dispersion relation is 


e= A+ (Quo) '(p— po)”. 


If the ion effective mass M< 10M y., the ion momentum 
P=(3MA&T)' is still small compared to po. In this case 
large-angle scattering of the ion is possible despite the 
small value of the mass parameter yo (up=0.16M x), 
and the roton momentum change will also be small of 
the order of P. If s denotes a unit vector along the 
z axis in the direction of the roton momentum before 
collision, the roton momentum p will throughout the 
collision process be of the form. p=pos+q, where 
q <p». The roton dispersion relation can then be 
approximated by e=A+(2yo)'g2. The roton thus 
behaves analogously to an electron in a solid which is, 
in an ellipsoidal conduction band, characterized by a 
small effective mass wo in one direction and very large 
infinite) effective masses in the other two principal 
directions. An estimate of (P). for a 6-function type 
interaction then yields the approximate value 


, = 


pe? (uctm) |~=2 
3L4THo/ HoT mM) |~3;, 


since wo M. Persistence of velocity effects thus tend 
to increase our previous estimates* of the ion-roton 
scattering cross section by about 30%. 

The number of rotons is given by? 


N=2(29)ih-*(pokT)' po exp(—A/kT). 
The relative ion-roton velox ity is 
V=[(3kT7/M)+(kT /wo) }!= (RT /p0)! 


since uo<M. Hence we obtain the approximate ex- 
pression for the ion mobility in the temperature range 
where roton scattering is predominant: 


u=3(2e)'P(e/M)(kTo) “po? exp(A/RT). (5) 


Our discussion of the pressure dependence of the mo- 
bility will be based on this expression. Note that, 
because of a cancellation of terms, it does not contain 
the mass parameter yp. 

Finally we mention briefly the scattering of ions by 
phonons whose dispersion relation is simply e= cp, where 
c is the velocity of sound in liquid He. The number 
density of phonons is given by* V= (2.4) (49) (Rk7T/hc)® 
and, since the ion velocity is small compared to c, V ~c 
in Eq. (2). The phonon momentum p~k7T/c is appreci- 


‘TI. M. Khalatnikov and V. N. Zharkov, Soviet Phys. 
5, 906 (1957 
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ably smaller than the ion momentum P= (3MkT)!}, so 

that the ion is scattered only through small angles 

¢=p/P with a small momentum change P(1—cos¢) 
Pe. Hence f=}(p/P)?~kT(6MC)"<1 and Eq. 
t 


yecomes, for phonon scattering, approximately 
p=0.2(eh®k Na (c/T). (6) 


For a temperature-independent scattering cross section 
a, Eq. (6) yields® »x 7~* compared with the experi- 
mental results’ which gave for positive ions approxi- 
mately nx 7~*%, Taking into account the small-angle 
scattering effects contained in f leads to estimates of 
the ion-phonon cross section ¢;, appreciably larger than 
previously given. The results of reference 3 combined 
with Eq. (6) yield at 0.55°K the estimates ¢;,=1.5 
<10~-" cm? for positive ions and ¢;,=3.7K10-" cm? 
for negative ions. The dependence of u on the velocity 
of sound c is of significance in discussing the pressure 
dependence of the mobility. 


B. Pressure Dependence of the Mobility 


Application of pressure to liquid helium increases its 
density and thus affects the dispersion relation char- 
acterizing the elementary excitations of the superfluid. 
This dispersion relation for the liquid at low tempera- 
tures under its vapor pressure (i.e., essentially at zero 
pressure) has been determined in a very direct way by 
neutron scattering experiments.’® Recently Henshaw 
and Woods" have repeated this kind of experiment 
for liquid helium at a pressure of 25.3 atm. Hence the 
dispersion relation is now known at these two pressures. 
The corresponding parameters characterizing the roton 
branches of these curves are summarized in Table I. 
Measurements at intermediate pressures are not avail- 
able. As a first approximation, we shall estimate the 
parameters in this range by using linear interpolation 


of change of roton parameters with the 
the of Henshaw and 


Tasie I. Summary 
pressure of liquid helium. The data are 


Woods." 


2 This result is analogous to the low-temperature 7 
ence of the electrical conductivity of metals when the resistivity 
mechanism is electron-phonon scattering. The extra factor 7 
compared to Eq. (6) is due to the fact that for the electron case 
fa 7? since the electron momentum P is the 
pendent Fermi momentum. 

13H. Palevsky, K. Otnes, and K. E. Larsson, Phys. Rev. 112, 
11 (1959); J. L. Yarnell, G. P. Arnold, P. J. Bendt, and E. C 
Kerr, ibid. 113, 1379 (1959); D. G. Henshaw, Phys 
1, 127 (1959). 

4D. G. Henshaw and A. D. B 
Conference on Low-Temperature 
versity of Toronto Press, Toronto, Canada, 


temperature-inde 


Rev. Letters 
Woods, Seventh International 


Physics. Toronto, 1960 (Uni 
1960 p 64 
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formulas of the form: 
A=A*(1—a@), (7) 
po= po* (1+08), (8) 


where @& is the pressure, the starred quantities are 
values of the parameters for ®=0, and the positive 
constants @ and b are chosen so that A and po agree 
with the measured values for ®=25.3 atm. This re- 
quires that a=7.54X 10-8 atm™ and b= 2.9K 10 atm™. 

Consider first the temperature range where ion-roton 
scattering is predominant. Application of pressure 
changes the roton parameters as shown in Table I and 
thus increases the number density of rotons in accord- 
ance with Eq. (4). Hence Eqs. (2) or (5) lead one to 
expect a corresponding decrease of the ion mobility. If 
one makes the simplest assumption that the ion effec- 
tive mass M and the ion-roton cross section o are un- 
affected by the density change of the fluid, one is led 
to the following predictions. 

At a fixed pressure, the temperature dependence of 
the mobility is described by a plot of Inu vs 7 which 
is a straight line of slope equal to 4/k.'* Such a plot for 
the liquid at a higher pressure ought to yield a straight 
line of smaller slope in accordance with Eq. (7). This 
interpolation equation predicts slopes at 10.7 and 21.4 
atm smaller than the slope of the zero-pressure curve 
by 0.7° and 1.4°K, respectively. For comparison, the 
experimental curves of Fig. 1 at these two pressures 
yield slopes smaller than that of the zero-pressure 
curve by 0.7° and 1.2°K, respectively. The agreement 
is satisfactory. 

At a fixed temperature, the pressure dependence of 
the mobility should, by Eq. (5), be given by the 
proportionality 

papy > exp(A/kT). (9) 
A knowledge of the pressure dependence of yo is of no 
importance. Making use of the interpolation formulas 
(7) and (8), one obtains to good approximation 


In(y u*)= —[ad* (kT) ‘+26 ]@. (10) 


Hence a plot of Inu vs & is expected to yield a straight 
line with a slope predicted by (10). For example, at 
1.64°K the slope should be —0.046 atm, about 87% 
of this value arising from the pressure variation of A; 
at 0.57°K the slope should be —0.12 atm™, with 95% 
of this value due to the change in A. The experimental 
curves of Fig. 2 yield slopes at these two temperatures 


'8 We neglect the pre-exponential factor T~! as discussed in 


reference 2. 
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of —0.042 and —0.105 atm, respectively. The theo- 
retical model thus accounts quite well for the magni- 
tude of the observed decrease of positive-ion mobility 
with increasing pressure. 

The fact that the mobility at higher pressures shows 
no evidence for phonon scattering down to the lowest 
temperatures investigated is also in accord with expec- 
tation. If uw, is the mobility limited by roton scattering 
and uw, is that limited by phonon scattering, then the 
observed mobility p is given by v ie “Tie At 
0.5°K and zero pressure, up !=5u,! so that phonon 
scattering predominates. On the other hand, when at 
this temperature the pressure is increased to 25 atm, 
Eq. (5) predicts that the roton scattering measured by 
uy is increased by a factor of 30. At the same time, 
since the velocity of sound ¢ increases from 237 to 365 
m/sec,!® Eq. (6) predic ts on this account a decrease in 
phonon scattering uw»! by a factor 5.6. The net result is 
that at 25 atm and 0.5°K one expects that p,'=0.03 
uy ', so that phonon scattering should become pre- 


dominant only at significantly lower temperatures. 


1 


C. Concluding Remarks 


The quasi-particle description of superfluid liquid 
helium has previously been shown to explain the pro- 
nounced temperature dependence of the ion mobilities 
in terms of the scattering of ions by rotons and phonons. 
The present work shows that this theory can also ac- 
count satisfactorily for the essential features of the ob- 
served pressure dependence of the mobilities. Less can 
be said about the structure of the ions themselves. The 
fact that the pressure dependence of the positive-ion 
mobility can be accounted for quite well by the changed 
roton dispersion relation without having to assume a 
changed ion effective mass or scattering cross section 
would seem to argue against Atkins’ suggestion’ that 
the ion is surrounded by a solid helium sphere which 
becomes large as the pressure of the liquid approaches 
its melting pressure. As for the negative ion, it is clear 
that any detailed model of its structure must explain 
the fact that its low-field mobility becomes identical to 
that of the positive ion at higher pressures. 
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A first integral is found for Brown’s nonlinear equations in one dimension. When the external field is zero, 
another first integral can be found, which enables complete integration of the equations. For a unidirectional 
anisotropy with an easy direction perpendicular to the plane of the film, one of the integration constants is 
not determined by the boundary conditions, as if indicating a possibility of continuum of different remanence 
values for different histories. However, when a small field in the plane of the film is introduced as a per- 
turbation, this degeneracy is removed, and the magnetization can change only in the plane defined by the 
field and the direction of anisotropy. There are still many discrete possible values for the remanence, each of 
which determines uniquely the susceptibility at that state. 


I. INTRODUCTION 


HE static equilibria of a ferromagnet are given by 
the Brown equations, which can be written in 
vector form,! 


vX[CV?v— (dw/dv)+/,H]=0. (1) 


Here v is a unit vector in the direction of magnetization ; 
its Cartesian components are the direction cosines 
a,8,y of the magnetization vector. The anisotropy 
energy per unit volume is denoted by w, while dw/dv 
represents a vector whose components are dw/da, dw/ dB, 
dw/ dy; C is the exchange constant and J, is the satura- 
tion magnetization. The field H is given by 


H=H,-—VV, (2) 


where Hy is the external applied field and V is the 
potential of volume and surface charges. 
The boundary conditions for (1) are’ 


vXdv/dn=0, (3) 


where is the normal. Actually, since v is a unit vector, 
its derivative is perpendicular to it, so that (3) implies 
dv/dn=0. However, Brown prefers the form (3) which 
seems better related to (1), and reveals the fact that 
(3), as well as (1), yields actually only two independent 
equations in terms of the components, and not 3. 

In the two Eqs. (1), one of the components of v de- 
pends on the other two through the relation 


a’ +6°+~7"=1, (4) 


which complicates the handling of (1). 

Solutions of Brown equations are known only when 
they are linearized by assuming small changes from 
saturation, i.e., a1 and 61 and only first-order 
terms in a, 8 are considered.*~* Only for the case of an 
infinite cylinder, a solution of the nonlinear equations 
was tried,*.’ under certain assumptions, but no solution 

'W. F. Brown, Jr., J. Appl. Phys. 30, 62 S (1959). 

2 W. F. Brown, Jr., Phys. Rev. 105, 1479 (1957). 

* E. H. Frei, S. Shtrikman, and D. Treves, Phys. Rev. 106, 446 
(1957) 

* A. Aharoni and S. Shtrikman, Phys. Rev., 109, 1522 (1958). 

®S. Shtrikman and D. Treves, J. phys. radium 20, 286 (1959). 

® A. Aharoni, J. Appl. Phys. 30, 70 S (1959). 

7W. F. Brown, Jr., J. Appl. Phys. 29, 470 (1958). 


was found in this case, and the hysteresis curve was 
taken as a rectangular loop. When an exchange anisot- 
ropy is added, one can find a solution of (1), for special 
one-dimensional cases.* In these cases, as well as in the 
study of imperfections,’:"’ one selects the appropriate 
solution by following it from nucleation, which proved 
efficient in all but one of the cases,* in which two such 
solutions were found. In the present treatment another 
approach is tried, namely to start from zero external 
field, for which fortunately there is an analytic solution 
of (1) in one dimension. It turns out that for zero ex- 
ternal field there is a continuum of possible one- 
dimensional solutions, which one would expect if the 
Brown equations were to yield stable domain configura- 
tions. In this case, if one starts at a demagnetized state 
and applies a magnetic field which is large enough to 
reverse some of the domains, then removes it, the rema- 
nence state should depend on this previously applied 
field. Actually it is an experimental fact that one can 
get any remanence value between zero and its value 
on the curve which starts from saturation, the so-called 
limiting hysteresis curve. However, if a small field is 
added as a perturbation to one-dimensional case under 
study, most of these solutions disappear. 

In Sec. II the general Eqs. (1) are written in another 
form, for the one dimensional case, and a first integral 
is found. In Sec. III another first integral is found for 
zero external field and the complete solution is carried 
out for the case of unidirectional anisotropy with an 
easy direction perpendicular to the film. In Sec. IV a 
small external field is added as a perturbation. 


Il. BROWN’S EQUATIONS IN ONE DIMENSION 


A unidirectional anisotropy will be assumed for 
simplicity, with an easy or hard direction along one of 
the Cartesian axes (the case of a cubic symmetry is 
evidently treated similarly). In this case 


w= K,0°+ Kp’. (3) 


* A. Aharoni, E 
1956 (1959). 

® A. Aharoni, Phys. Rev. 119, 127 (1960) 

1 C, Abraham and A. Aharoni, Phys. Rev 


H. Frei, and S. Shtrikman, J 


Appl. Phys. 30, 


120, 1576 (1960). 





REMANENT STATE IN ONE-DI 


The relation (4) ts fulfilled if one transforms a, 8, y into 


a=sinw cost, 


(6a) 
(6b) 
(6c) 


and there is no loss in generality, as long as w and Q are 
any functions of x, y, and z. It actually means using the 
angles between magnetization and coordinate axes, 
rather than the direction cosines. 

The transformation (6) can be carried out for the 
general three-dimensional case. The results are given 
in Appendix I, for the sake of future study of more 
complicated cases, since they are easier to handle than 
(1) and (4), especially for numerical computations. In 
the present paper, however, we shall be interested only 
in one dimension, i.e., for w, 2 (and V) assumed func- 
tions of x only, and the material is a slab infinite in the 
y and z directions, and extending from —a to +a in the 
x direction. In this one-dimensional case it is readily 
shown that the flux density, B, vanishes, which elimi- 
nates V of (2), so that the use of (5) and (6) in (1) 
implies 


B=sinw sinQ, 


y= cosw, 


dy dQy? 
——} sind ~ ‘) —$(gi cos*2+ go sin’Q) sin2w 
dx? dx 
—hsinw=0, (7a) 
PQ dw dQ 
sinw—-+ 2 cosw=— —+}(gi-—g2) sinw sin22=0. (7b) 
dx? dx dx 


Here 


£1=> (2K,+41rJ,) . go=2Ke Ge h=J,Ho GC. (8) 
with the external field Hy assumed in the +2 direction. 


The boundary conditions (3) are transformed to 
dw/dx= (sinw)dQ/dx=0. (9) 


Consider now the expression 


dQy? dw\? 
A= snto( ) + (=) — (g1 cos’Q+ ge sin’Q) sin*w 


dx dx 
+2h cosw. 


(10) 


By differentiating and substituting for the second 
derivatives from (7), one obtains dA/dx=0; i.e., A is 
a first integral. 

If gi=ge (the easy axis parallel to z), Eq. (7b) can 
be integrated once to yield 


sin’w(dQ/dx)= const. 


Since this expression is zero on the boundary, it is 
identically zero, i.e., 2=const. In this case (10) is an 
equation in w only and the integration is straight- 
forward. This case has been studied before®? and will 
not be discussed here. 
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III. THE REMANENCE STATE 


For h=0, it can be verified by differentiation that 


dw\? 

B= (g: sin’?Q+ ge cos*2 (~) 
dx 

dQ 

+4(gi cos’?Q+ ge sin*Q) sina - 


dx 


dw dQ 
+3(gi—g2) sin2w sin2Q2— —+-gig2 cos’ (11) 
dx dx 
is another first integral. 
In the following, only the case of easy axis in the x 
direction will be considered. In this case, 


g2=0, (12a) 


and for simplification of notations, we shall use 


s=—£1. (12b) 


Substituting (12) in (11), one obtains 


dw dQy ? 
B= (sina —+4 cos sin2w ) : 


(13) 
dx x 

According to the boundary condition (9), B=0 and 

therefore (13) implies 


sinQ=b cota, 


(14) 
where 6 is a constant. By substituting (14) in (10) and 
using a of (6a), one obtains 


4a?(1—a*) (A — ga*) = (da?/dx)?. (15) 


If the anisotropy in the x direction is large enough to 

overcome the demagnetizing field, g>0 and in this case 

the solution of (15) is 
a=ksn(u,k), 


u=gi(x—X). (16) 


Here ‘‘sn” is the sine amplitude function," 2 is a 
constant, and 


k= A/g (17) 


may be regarded as an arbitrary constant, replacing A. 
The three constants x0, k, b and the value zero already 
chosen for B should determine the general solution of 
(7). The case g<0 is of less interest, since in this case 
one would expect the magnetization to rotate in the yz 
plane. This is actually shown in Appendix IT. 

From (16) one can readily find that 


cosw= (1+67)-! dnu, 
sinQ= 6(b?+? sn2u)-} dna, 


(18a) 
(18b) 


and hence 
dw/dx=k*gi(b?+-k* sn’u)-} snucnu (19a) 
(19b) 


1 Pp. F. Byrd and M. D. Friedman, Handbook of Elliptic In- 
tegrals for Engineers and Physicists (Springer-Verlag, Berlin, 1954). 


—sinw(dQ/dx) = bkg)(b?-+k? sn2u)-} cnu. 
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To fulfill the boundary conditions (9) one should have 


cnu=0, for x=-ka. 
This implies 


g?(a—xo) = (2n+1)K(k) 
—g(a+x)= (2m+1)K(k), 


(20a) 
(20b) 


where m and n are integers. They are practically arbi- 
trary and their only limitation is that they should be 
different, since by subtracting (20b) from (20a) 


gia= (n—m)K(k). 


The left-hand side is a given constant of problem and 
is different from zero. Therefore 


nm. (20c) 


Equations (20) determine the constants x» and &, 
although not uniquely. All the boundary conditions are 
thus fulfilled, with the constant b undetermined. 

The remanent magnetization in the direction of 
previously applied field is 


i=f coswdx= (n—m)rg*(1+8)-3. (21) 


—a 


This contains the quite arbitrary parameter 8, per- 
mitting thus a continuum of possible remanence values. 
However, these are not stable and it will be shown in 
the next part that by applying a small magnetic field, 
b is uniquely determined. 


IV. A SMALL PERTURBATION 


Consider a field 4 <1. One can evidently write 


w=wothe, Q=M%+hQy, (22) 


where wo, 29 are the functions calculated in the previous 
part, for =O. To a first approximation in h, one can 
therefore take for example 

sinw= sinwy+hw, cosa, 


= (1+67)~}{ (967+? sn*u)!+hw, dnu}j, 


and similarly for the other functions involved. Substi- 
tuting (22) in (7a) and in (10), one obtains to a first 
approximation in h 
d°w,/du*— 2bk(1+-8*)-3 (6°? +R? sn2u)-! 

X dnu{d(Q, cnu)/du}+k?(1—b?— 2k? sn*u) 

XK (b° +k? sn?u)-*{ k?. sntu+ b?(sn?u—cn*u)}ar 

=g-'(b’ +k? sn?u)i(1+67)-!, (23) 

and 


d k? snu bk Q, 
cn’ wit 
duLcnu(b?+k? sn2u)! (1+5°)) cnu 
dnu 


(24) 
g(1+b?)! 


=A)-— 
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where 
A,= (A/g—k?*)/ (2h) 


is a constant replacing A. 

Dividing (24) by cn?u, integrating and multiplying 
by cn, one obtains a linear relation between w; and Qy 
involving known functions, the constant A, and another 
constant of integration, A». Differentiating this rela- 
tion and using the boundary conditions dw;/du=dQ,/du 
=0, for x=-ba, it can be shown that these are com- 
patible with (20), only if A41=A2=0. This implies 
bkQ1 +R? (1+b7)!(b2+R sn2u)-! (snu)w) 

+g 

Using this to substitute for Q; in (23), and using the 
transformation 


'snu=0. (25) 


w= g'(1+67)-! (6+? sn2u)—!o(u) dna, (26) 


one obtains finally an equation in v, whose first integral 
is 


dv &amu—snu cnu+const 


—=— : —snu cnu. 
du 


(27) 
dn?u 


Now from (26) it is seen that since cnu and dw,/du 
are zero on the boundary, so is dv/du. From (27), on 
the other hand, this condition is compatible with (20) 
only if both the integration constant and b are zero. 
The parameter 0 is thus uniquely determined, and its 
only possible value is zero. According to (14) and (6), 
this means that the magnetization does not have a 
component in the y direction. It can be shown now that 
for b=0 
(28) 


—kgw,=snu, 


and all the boundary conditions are actually fulfilled. 
The magnetization in the direction of previously applied 
field is, for small values of h, 


ax = 2ha E(k) 
J(h)= T |1- : | 
K(k) gk? K(k) 
with k determined by (20). This contains the undeter- 
mined integers m and » allowing different discrete 
values for the remanence j(0) and the susceptibility. 
The remanence and the susceptibility, however, deter- 
mine each other uniquely by (29) and it would be 
interesting to try to verify this relation experimentally 
with thin films, for different remanence values. 

The z component of magnetization in zero applied 
field is, according to (18a), a purely sinusoidal function 
of space and does not show any similarity to Bloch 
walls. The parameters m and m actually determine the 
number of cycles within the slab. This might be associ- 
ated with the assumption of one dimension. The con- 
figuration obtained might also explain 
excitation in thin films. 

A small field perpendicular to the plane of the film 
can also be easily studied. This is best carried out by 


(29) 


spin-wave 
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assuming dependence on z rather than on x in the gen- 
eral equations of Appendix I and considering a boundary 
at z=-ta. In this case it is readily shown that the 
only solution for 4=0 is sinw=0, 1.e., a uniform 
magnetization. 


V. CONCLUSION 


The Brown equations in one dimension can yield 
nonuniform magnetization, when the anisotropy is 
perpendicular to the plane of the film, but not Bloch 
walls.'? The magnetization lies in the plane determined 
by the direction of external field and that of the ani- 
sotropy. The remanence magnetization can assume 
arbitrary discrete values, but it uniquely determines 
the susceptibility. 


APPENDIX I. THE GENERAL BROWN EQUATIONS 


By substituting (2), (5), and (6) into (1) and using 
adequate linear combinations, one obtains finally, 
assuming Hy to be applied in the +2 direction, 


» 


| dQ \? dQ\? dQ? | 
c| Pe~4 sind! ( ) +( ) +( ) | 
Vax oy Os 


— (Ko sin?2+ K, cos?Q) sin2w 


OV OV 
—J, cosw{ sinQ—-+cesQ— ) 
oy Ox 


=(), (30a) 


OV 
—J, sina tte—— 


Oz 


0wWIQ AWIAQ Aw IAQ 
C} sinwV22+ 2 cona( + + ) 
Ox Ox Ovdy dz dz 


+(K,—Ko2) sinw sin2Q 


aV OV 
+1,{ sins cost) =0, 
Ox oy 


inside the material should fulfill 


(30b) 


where V 


O(sinw cosQ) A(sinw sinQ) A(cosw) 
VV =4rJ, + + : 
Ox oy Os 
(30c) 
Outside the material, 


V7V out= 9, (31) 


and on the boundary 


Via= ¥ cats (32a) 


OV jn /OnN—OV oy /On=4rJ ,,. (32b) 

2 A similar result was reported by M. W. Muller, Bull. Am. 
Phys. Soc. 6, 125 (1961), and Phys. Rev. 122, 1485 (1961). How 
ever, he used quite a different approach. 
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Also, by using (6) in (3), one obtains on the boundary 


0w/dn=0, (32c) 


(sinw)dQ/dn=0. (32d) 
In this form the Brown equations are much easier to 
handle, especially for numerical computations. A trans- 
formation similar to (6) can evidently be used for other 
coordinate systems. If one writes (1) in cylindrical co- 
ordinates and uses the following substitution for the 
components of A 
a,=sinw* sinQ*, 


oa * * 
Q@,=sinw™ cosQ*, 


a, = COSw™, 
and if one assumes a unidirectional anisotropy with an 
easy direction along the z axis, which is also the direc- 


tion of the external magnetic field, the Brown equations 
are: 


| 0Q*\2 1 sanr* - 0n* 4 
c[rst—4 sin2w* } ( ) + ( -1) +( ) | 
| or r\de Os 
cosQ* OV OV 
—K sin2w*—J, cosw* ( +-sinQ* ) 
r Og or 


OV 
—J, sinat(110- -)=0, (34a) 
az 


€ |sinar 0" +2 cosw* 


{do 0Q* 1 dw* san* Ow* AQ* 
x | z + ao = 1 ) +- ' 


Or or r? dg\d¢ Oz Os 


AV sinQ* AV 
— Jf cosQ*—— )-0 (34b) 
or 0¢ 


sinw* sinQ* 0n* 
rade] (:- ) 
r faite) 


* )* 


cosQ* dw* Ow* 


COSW 
+ +cosw* sinQ* 

deg Or 

an* 


+sinw* cosQ* 


Ow* 
—sinw* 
or Oz 


| ($4c) 


with (31) and (32) the same as in 


coordinates. 


the Cartesian 


APPENDIX II. THE CASE g <0 


The solution of (15) in this case is 


a=dnu, u=(—g)!(x—x0), R?=1—g/A, (35) 
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which implies 
cosw=k(1+6?)-!snu, sinl=bk(b?+dn2u)-! snu, 
dw/dx= —k(—g)!(b?+dn*u)—! cnu dnu, 
sinw(dQ/dx) = bk(—g)*(b?+dn*u)—! cnu, 
"=4rJ,(—g)*(amu+C), 


(36) 
(37) 
(38) 
(39) 
where C is a constant. 

Using (37) and (38) in (9), one obtains that either 
bk=0, or cnu=0, for x=-+a. Suppose the latter is 
possible ; then 


u(a)=(2n+1)K(k), u(—a)=(2m+1)K(k), (40) 
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i23, 


AHARONI 
where m and » are integers. In this case 


amu(a)= (n+ })x, amu(—a)=(m+4)z. 
Substituting in (39), V cannot fulfill (32a) unless m=n 
and according to (40) and (35) this is impossible. It 
follows that the only possibility is bk=0. Now if k=0, 
one obtains from (36) that sin=0 and according to 
(14) 

b=0. (41) 
It can now be shown that the only solution of (7) 
which fulfills the boundary conditions is sin2dw=0. 
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Recovery of Electron Radiation Damage in n-Type InSb* 


F. H. ErsEn 
Atomics International, Division of North American Aviation, Inc., Canoga Park, California 
(Received March 22, 1961) 


The production and recovery of electron radiation damage in n-type InSb has been studied by means of 
Hall-coefficient and electrical-conductivity measurements. Irradiations were performed mainly at 80°K, 
since no recovery was observed between 4° and 80°K. The damage recovered in five well-defined stages 
with the recovery nearly complete at 320°K. Isochronal and isothermal recovery was monitored in each of 
the stages, allowing a determination of the activation energies for recovery and a study of the recovery 
kinetics. None of the recovery kinetics fit any simple models. There is evidence that the two lowest-tempera- 
ture recovery stages involve the annihilation of close interstitial-vacancy pairs and that interactions of 
primary defects with impurities do not occur. However, the first-order kinetics expected for close-pair 
recovery is not explicitly observed. A possible explanation for the observed kinetics, involving the inde 
pendent annihilation of two types of close-pair configurations in the same stage with an electrostatic interac 


tion between the interstitial and vacancy, is proposed. 


I. INTRODUCTION 


HE recovery of electron radiation damage has 
been studied in some detail in germanium! and 

to a lesser extent in silicon.!* Aukerman*‘ has published 
some results on damage recovery in InSb; however, the 
present work probably represents the first extensive 
study of damage recovery in a compound semiconductor. 
The production of damage in n-type InSb by electrons 
with energies as low as 0.24 Mev (corresponding to a 
maximum energy transfer to an indium atom of 5.7 ev) 
has been reported earlier.® The present paper reports a 
detailed study of recovery of electron radiation damage 
produced principally at 0.4, 0.7, and 1.0 Mev. The 
results are mainly concerned with recovery in samples 
with initial electron concentrations of about 1.5 10"* 


* Supported by the U. S. Atomic Energy Commission. 

'W. L. Brown, W. M. Augustyniak, and T. R. Waite, J. Appl. 
Phys. 30, 1258 (1959). 

? J. W. MacKay and E. E. Klontz, J. Appl. Phys. 30, 1269 
(1959). 

3G. 
(1957) 

*L. W. Aukerman, Phys. Rev. 115, 1125 (1959). 

°F. H. Eisen and P. W. Bickel, Phys. Rev. 115, 345 (1959). 


Bemski and W. M. Augustyniak, Phys. Rev. 108, 645 


cm~, and, unless specified otherwise, the results quoted 
are for such samples. Some differences which occur 
when purer samples are used are also mentioned, and 
these effects are the subject of further investigations. 

InSb crystallizes in the zincblende structure. In this 
structure, each indium atom is tetrahedrally surrounded 
by four antimony atoms, and each antimony is similarly 
surrounded by four indium atoms. The indium atoms 
and antimony atoms each lie on a fee sublattice, and 
there are two more sublattices of vacant sites. One of 
these has tetrahedrally arranged indium atoms for 
nearest neighbors, and the other has nearest neighbor 
antimony atoms in the same arrangement. This leads 
to four possible interstitial configurations, i.e., an indium 
interstitial with either indium or antimony nearest 
neighbors and similar configurations for an antimony in- 
terstitial. There are also two possible kinds of vacancies 
and two kinds of replacements in which the originally 
displaced atom strikes an atom of the other type dis- 
placing it and remaining in its lattice position. 

One might think that this multiplicity of possible 
point defects would lead to complications in the radia- 
tion damage studies in InSb in comparison to elemental 
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semiconductors. In fact, the behavior seems in some 
ways simpler. For instance, there are good indications 
that reactions with impurities do not play the important 
role they do in germanium! and silicon,® and the effects 
of irradiation temperature on damage rate are much 
simpler in InSb than in germanium.' Five recovery 
stages have been observed with nearly complete re- 
covery occurring when temperatures of 320°K are 
reached. Above this temperature, there remains a small 
change in resistivity. Although the results are not com- 
pletely interpretable at present, there are indications 
that the recovery stages are independent of each other 
and do not involve interactions of radiation-induced 
defects with impurities and that at least two of the 
stages are due to the recovery of close interstitial- 
vacancy pairs. 


Il. EXPERIMENTAL TECHNIQUES 


The experiments were carried out by irradiating thin 
samples of InSb mounted in a target box attached to 
the Van de Graaff accelerator. Irradiations and elec- 
trical measurements were usually performed at liquid- 
nitrogen temperature. In cases where recovery close to 
liquid-nitrogen temperature was to be observed, the 
temperature rise of the sample during irradiation was 
limited to about 2°K. If only higher temperature re- 
covery was to be measured, a greater temperature rise 
was allowed. Isothermal and isochronal recovery data 
were obtained by heating the sample to the annealing 
temperature, holding it there for the desired time, and 
returning it to liquid-nitrogen temperature for measure- 
ment of Hall coefficient and electrical resistivity. This 
cycle was repeated for each point on the recovery curve. 
Isochronal annealing pulses were of 5-min duration; 
the temperature increase between successive pulses was 
constant in a given recovery stage and was usually 5°K. 

The samples were fabricated with arms for attaching 
Hall-coefficient and resistivity leads. They were 1 to 2 
mm wide (exclusive of the contact arms), 8 to 12 mm 
long, and 90 to 200u thick. The desired shape was 
obtained by masking the sample area and removing 
the surrounding material using an S. S. White airbrasive 
unit. They were then polished to the required thickness, 
and, in some cases, the surface layers were removed by 
etching in dilute CP-4. No difference in recovery be- 
tween etched and unetched samples was observed. 
Leads were attached by soldering, using ordinary soft 
solder and a zine chloride flux. The almost complete re- 
covery of damage after annealing made possible the use 
of one sample for several damage recovery experiments. 

The target box, shown in Fig. 1, was used to maintain 
the sample in the vacuum of the vertically mounted 
Van de Graaff accelerator (about 2 10-* mm Hg) and 
was provided with means of cooling the sample during 
irradiation and of heating for annealing. A solenoid L 
wound on the outside of the nonmagnetic stainless-steel 


6G. D. Watkins and J. W. Corbett, Phys. Rev, 121, 1001 (1961). 
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Fic. 1. Target box used in irradiating and annealing semiconductor 
samples. See text for explanation of symbols. 


tube J provided the magnetic field for Hall-coefficient 
measurements. Irradiations at energies of 0.7 Mev or 
higher were performed through a 0.5-mil aluminum 
scatterer located 50 cm above the sample in order to 
achieve a uniform beam over the area of the sample. 
The slit A and tube B served to collimate the beam and 
prevent electrons from hitting the tube J. This was 
necessary in order to be able to collect and measure 
current passing through the slits since plate Z, to which 
the sample D was soldered, was in direct contact with 
the copper piece F to obtain good thermal contact, and 
therefore, the sample and plate & were electrically con- 
nected to the tube J. 

The target box was partially immersed in the coolant, 
and cooling was accomplished by venting the closed 
tube formed by H and F through the vent tube K so 
that the coolant could rise and make contact with F. 
To heat the sample, the vent tube was closed and the 
heater G turned on. This caused a gas bubble to form 
in the stainless-steel tube H so that there was no longer 
a good thermal path to the coolant from the sample. 
The heater G was wound on F and consists of about 50 
turns of 3-mil manganin wire. With this heater and heat 
switch system, it was possible to achieve rapid enough 
heating and cooling of the sample so that little or no 
time correction to the annealing results is necessary. 
Temperature control was accomplished by applying 
the amplified difference between the control thermo- 
couple voltage and an appropriately set opposing poten- 
tiometric voltage to a controller. Temperature control 
to about +0.03 degree could be maintained. C was 
thermally connected to E and served as a radiation 
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shield as well as forming part of the Faraday cage for 
beam collection and integration. 

The Van de Graaff accelerator can be operated in 
the energy range from 0.2 to 2.0 Mev. The generating 
voltmeter of the accelerator was calibrated at 1.66 Mev 
against the threshold for photoproduction of neutrons in 
beryllium.’ 

The measurements of Hall coefficient and electrical 
resistivity were carried out by standard potentiometric 
methods. The current supply for the Hall-field solenoid 
was regulated using a circuit due to Garwin.* Tempera- 
ture measurements were made by means of copper- 
constantan thermocouples attached to two of the sample 
arms. The thermocouples were calibrated against a 
platinum resistance thermometer. 


Ill. ACTIVATION ENERGY ANALYSIS 


A value for the activation energy for damage recovery 
may be deduced from the combination of isochronal and 
isothermal recovery data for identical samples.’ If p is 
that part of the measured property associated with the 
annihilating defects, one can determine the time 7; at 
which a value in the isothermal curve is reached equal 
to the value of p; measured at the end of the ith pulse 
on the isochronal curve for an identical sample carried 
at temperature 7;. According to this procedure, 
the important quantity to consider is not 7; but 
Ar,;=r :. Any straight-line section obtained on a 
plot of InAr, vs 1, T; is characterized by a unique activa- 
tion energy £, given by the expression 


InAr;=C’—E/kT,, 


out 


=F 


(1) 


where C’ is a constant and & is Boltzmann’s constant. 
A sufficient condition for the validity of this analysis 
is that p be a monotonically increasing or decreasing 
function of the defect concentration. If the recovery 
obeys the chemical rate equation, 

(2) 


dp dt= —vpre E kT 


it is not necessary that the two samples be identical for 
Eq. (1) to be valid. In Eq. (2), v is the frequency factor 
and y the order of the reaction. 


IV. RESULTS AND DISCUSSION 


A. General Features of Damage Recovery 


Damage produced by irradiation with 1-Mev elec- 
trons is expected to consist mainly of randomly located 
interstitial-vacancy pairs with a distribution of inter- 
stitial-vacancy spacings which depends on the energy 
of irradiation." Recovery of the damage will depend on 


7 he ( 
1950 

‘R.L 

9 J 
1956 

© For a discussion of damage production and recovery see G. J. 
Dienes and G. H. Vineyard, Radiation Effects in Solids (Inter 
science Publishers, Inc., New York, 1957). 
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this interstitial-vacancy spacing, and one would expect 
to obtain information relative to it from observation 
of the kinetics of damage recovery. Discussion of this 
recovery will be facilitated by the introduction of the 
concept of the capture radius defined as the maximum 
separation of the interstitial and vacancy at which 
annihilation must occur if one of the defects is mobile. 
If the separation of the interstitial and vacancy is less 
than a capture radius, the pair may not be stable at any 
temperature. If it is stable at the temperature of irradia- 
tion, the interstitial and vacancy will annihilate when 
the sample is annealed to a temperature at which one 
of the defects becomes mobile. If the separation is 
greater than the capture radius, the motion of the 
interstitial (considering it as the mobile defect) will be 
described by a random walk process, and it may re- 
combine with the vacancy from which it was dislodged 
or wander through the lattice to recombine with another 
vacancy. The magnitude of the capture radius will 
depend on the lattice distortion in the neighborhood 
of the defects and on possible electrostatic interactions 
between the interstitial and vacancy. 

Interstitials within a capture radius of a vacancy are 
expected to become mobile at lower temperatures than 
those outside the capture radius since the potential- 
energy barrier for migration is expected to be lower due 
to the proximity of a vacancy. The decay of these close 
pairs is generally expected to obey first-order kinetics. 
This should be strictly so only if the interstitial has to 
make a single jump to recombine with its vacancy. 
If two or more jumps are required for annihilation and 
the jump frequency for the first jump is considerably 
lower than for succeeding jumps, the kinetics will 
remain first-order within the precision of measurement. 
This may be expected to hold in the case where the 
potential-energy barriers for interstitial migration de- 
crease markedly on approach to the vacant lattice site. 
However, if two or more rate determining jumps with 
about the same jump frequency are required, the kinetics 
will deviate considerably from first order. 

The recovery kinetics for pairs separated by distances 
greater than a capture radius has been treated by 
Fletcher and Brown" and by Waite.” In general, there 
are two stages in this recovery. During the first, there 
is still a correlation between the interstitials and va- 
cancies from which they were dislodged, and the fraction 
of interstitial-vacancy pairs which have annihilated is 
initially proportional to the square root of time of 
anneal. After the correlated recovery has occurred, the 
remaining vacancies and interstitials recombine at 
random, leading to a second-order process. Both of these 
stages have been observed following low-temperature 
irradiation of copper." In addition to the recombination 
of interstitials and vacancies, it is possible that the 


5&5 
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recovery may be complicated by the formation of defect- 
impurity complexes and multiple defects such as di- 
vacancies or di-interstitials. Defect-impurity complexes 
seem to be formed during recovery in germanium! and 
are a product of room-temperature irradiation of 
silicon.® 


B. General Features of the Data 


The carrier concentration in the InSb samples was 
determined from the relation n=1/Re, where 7 is the 
carrier concentration, R the Hall coefficient, and e the 
electron charge. The defects introduced by electron 
irradiation of n-type InSb act as net acceptors since the 
carrier concentration is decreased as a result of the 
irradiation. The carrier concentration removed An de- 
pends linearly on the integrated beam current at 1 Mev 
with a carrier removal rate of 8.6 cm™ (electrons cm 
bombarding electron cm~*). This linear dependence 
holds at least to An/no=0.5, the largest value used in 
this work, and indicates that An is proportional to the 
number of defects introduced by the irradiation; An is 
used as the measure of damage in this paper. The frac- 
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iG. 2. Isochronal recovery curve showing stages I to V as 
1 


labeled. The heating rate was 3°K/min in stage I and 1°K/min 
in stages II to V 


tion of damage not recovered is then given by the ratio 
of An remaining after a given annealing treatment to 
the total An for the irradiation. 

The isochronal recovery curve for a sample irradiated 
at liquid-nitrogen temperature with 1-Mev electrons 
is presented in Fig. 2, which shows five well-separated 
recovery stages. These will be referred to as stages I 
through V, as shown. Irradiation of the same sample at 
liquid-helium temperature with 0.7-Mev electrons re- 
sulted in the same carrier removal rate as for liquid- 
nitrogen temperature irradiations with 0.7-Mev elec- 
trons. Isochronal annealing revealed no recovery. until 
the temperature region of stage I was reached. Irradia- 
tion at 165°K results in the same total carrier removal 
as if the sample were irradiated at liquid-nitrogen 
temperature and annealed to 165°K leaving only stages 
I11-V. A similar result has been reported by Aukerman* 
for irradiation at 200°K where stages IV and V are 
stable. 

The isothermal recovery data are shown in Fig. 3. 
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Fic. 3. Isothermal recovery for each of the five recovery stages. 
A constant, which depends on the stage, has been added to the 
value of log(time) to permit the display of the results for all the 
stages in one figure. 


Here, the fraction of unrecovered damage ¢ for a given 
stage is plotted versus log(time). It is seen that the 
curves for stages I to IV are somewhat similar; stage 
V differs in that the recovery takes place over a longer 
period of time. It has not been possible to fit the iso- 
thermal recovery data for stages I-IV with any simple 
recovery model. In particular, first-order kinetics are 
not obeyed. A plot of 1/¢ vs time for stage V is shown 
in Fig. 4. If a second-order chemical rate equation is 
obeyed, this should give a straight line. The data yield 
two straight lines which, in the simplest interpretation, 
implies a change in rate constant during the recovery 
process. The significance of this result is not clear at 
present. 

The results of the analysis of the isochronal and 
isothermal recovery data for the activation energy for 
recovery are shown in Fig. 5, and the values of the 
activation energy are tabulated in Table I. The linearity 
of the InAr; vs 1/7; plots indicates that each of stages 
I to IV is characterized by a unique activation energy. 
Stage V is a possible exception since there is some devia- 
tion of the higher temperature points from the straight 
line. It is not known whether this is due to scatter in the 
data or some effect in the recovery, possibly connected 
with the behavior of the 1/¢ vs time plot for stage V 
mentioned above. 
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lic. 4. 1/@ vs time for stage V. 
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Taste I. Summary of recovery data. 


Fractional 
recovery 


Center 
temperature 
(°K) 


I 90 
Il 150 
IIT 175 
IV 210 
V 275 


Stage 


0.232 
0.615 
0.034 
0.027 
0.092 


0.34+0.01 
0.60+0.02 
0.70+0.02 
0.79+0.02 
0.96+0.03 


In the present work, the same sample was used in 
obtaining the isothermal and isochronal data since it 
was possible to almost completely anneal out the damage 
from a given irradiation and then reproduce closely the 
necessary carrier-concentration change in a second irra- 
diation. When isothermal or isochronal recovery in a 
given stage was measured more than once, good duplica- 
tion of the results was obtained, indicating the above 
procedure of using the same sample for both the iso- 
thermal and isochronal measurements is valid. 


C. Stages I and II 
1. Evidence for Close Pairs 


Despite the fact that stages I and II did not follow 
first-order kinetics, there are many indications from the 
data that these stages involve the annihilation of close 
interstitial-vacancy pairs. Since the same damage rate 
was observed at 4° and 78°K and no recovery was 
observed in the interval between these temperatures, 
it seems that the defects present at the beginning of 
stage I must be those initially produced by the irradia- 
tion unless migration of defects has taken place at 
helium temperature or it is possible for a change in the 
defect structure to occur without producing a change 
in the Hall coefficient and resistivity. 





























gn AT; (AT; in minutes) 
An AT (AT; in minutes) 


. oe 

a a 

Be,” 

' | . < ’ 

- } i. 
i =i 





























Oo 02 04 06 08 
10°(T;-x) 


Fic. 5. A plot of InAr, vs 1/7; for each of the recovery stages. 
Che scale for InAr; is indicated by the arrow for each of the stages. 
X takes the following values: stage I, 10; stage II, 6; stage III, 5; 
stage IV, 4; and stage V, 3. 
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Fic. 6. (Carriers cm~? removed from the conduction band) / 
(number of bombarding electrons cm~), dn/dN,, for each recovery 
stage as a function of the incident energy of the bombarding 
electrons. 


Figure 6 shows the results of an experiment in which 
the total damage recovering in each stage was measured 
as a function of bombarding electron energy.'* These 
results show that separate threshold energies exist for 
the production of damage in the different stages. In 
particular, stages I and II have different thresholds or 
at least have their maximum rates of increase in 
different energy regions. It is possible that the “‘tail’’ on 
the curve for stage I may be due to a different damage 
production mechanism, and this is being investigated. 
The low values of threshold energy for these stages is 
consistent with the formation of interstitial- 
vacancy pairs. The distribution of damage between the 
stages has been found to be independent of the inte- 
grated flux over the range from 1.410" to 1.210" 
electrons cm~ at 1.0 Mev. This implies that the damage 
recovering in the higher temperature stages does not 
develop in a nonlinear manner from that recovering at 
lower temperatures and, therefore, that it is sensible 
to present data in the form shown in Fig. 6. It also 
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indicates that multiple defects such as divacancies or 
di-interstitials are not products of any of the recovery 
stages since the number of such products would be a 
nonlinear function of the defect concentration. This 
would result in a change in the fraction of damage re- 
covering in each of the stages related by such a process, 
with flux. 

Figure 6 shows that almost 99% of the damage pro- 
duced by 0.4-Mev irradiation recovers in stage II. 
The pre-irradiation values of both the Hall coefficient 
and resistivity are restored by this recovery, implying 
strongly that interstitials and vacancies recombine to 


4 The values of di/dN, in Fig. 6 do not agree with those for 
low bombarding electron energies given in reference 5. The source 
of this discrepancy is not known; however, the present values are 
the correct ones. They agree with recent measurements in samples 


with mo= 10" cm and with the shape of Fig. 1 in reference 5, 
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lic. 7. Change in reciprocal Hall mobility during irradiation and 
annealing as a function of carrier concentration. Irradiation was 
at 0.7 Mev so that recovery was principally in stages I and IT. 


restore the pre-irradiation condition of the sample. It is 
not possible to obtain the same type of data for stage I; 
however, consideration of the mobility changes during 
irradiation and recovery indicates that this is also true 
of stage I recovery. 

Figure 7 shows the change in the reciprocal of Hall 
mobility vs carrier concentration during irradiation at 
0.7 Mev and subsequent annealing through stages I and 
II in which about 97% of the recovery took place. The 
recovery curve lies close to the irradiation curve with 
the Hall mobility and carrier concentration recovering 
together. The difference between the two curves will be 
discussed later. The significant point here is that the 
fraction of recovery of reciprocal Hall mobility in stage I 
was very nearly equal to the fraction of carrier-concen- 
tration recovery occurring in that stage, and the same 
was true of the recovery in stage II. This indicates that 
the recovery in stage I also consists of the recombination 
of interstitials and vacancies, since it is unlikely that 
any process which does not tend to restore the pre- 
irradiation condition of the sample. would produce the 
observed relation between mobility recovery and carrier- 
concentration recovery. This restoration of the pre- 
irradiation condition of the sample during recovery in 
stages I and II together with the previously cited 
evidence that the primary defects are still present at the 
beginning of these stages rules out any formation of 
defect-impurity complexes, at least through the tempera- 
ture region of these stages. 

The question of the separation of the interstitials and 
vacancies which recombine in stages I and IT is also of 
interest. If they lie within a capture radius of one 
another, the damage produced at different energies 
should show the same recovery kinetics. If two close- 
pair configurations recover in one stage as proposed 
later, this would still hold if the ratio of the concentra- 
tions of the two configurations did not depend strongly 
on energy. This may be the case when the bombardment 
energy is well above threshold. However, if interstitials 
and vacancies separated by a distance greater than the 
capture radius can recombine in one of these stages, 
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then a change in the energy of irradiation should pro- 
duce a change in the observed recovery kinetics. This 
should be so, since increasing the energy of irradiation 
would increase the relative number of displacements 
beyond the capture radius, and these interstitial- 
vacancy pairs would be able to recombine in stages I 
or II and/or separate with recovery occurring at higher 
temperature. Figure 8 shows that isothermal recovery 
data for stage I or stage II after irradiation at 0.7 or 
1.0 Mev can be superimposed for the respective stages 
by adjustment of the time scale. The indication from 
these data is, therefore, that the separation of the in- 
terstitials and vacancies which annihilate in stages I 
and II is less than a capture radius and that these 
interstitial-vacancy pairs must annihilate when the 
interstitial becomes mobile. 

Further evidence for this point is the observation 
that damage is produced at 165°K at the same rate as if 
the sample were irradiated at 78°K and annealed to 
165°K. This suggests that the defects stable above 
165°K cannot be products of any of the defects which 
migrate and recombine in stages I and IT, since these 
would be highly mobile at 165°K, so that one might 
expect the amount of any such products to be changed. 

2. Failure of First-Order Kinetics 

In view of the above arguments, the simplest inter- 
pretation of stages I and II would seem to be that they 
represent the annihilation of close interstitial-vacancy 
pairs, one of them representing the displacement of 
indium atoms, the other displacement of antimony 
atoms. First-order kinetics would be expected in this 
case, but it is not observed. If one tries to fit the iso- 
thermal recovery data to Eq. (2), the value of y required 
is about 1.5. 


3. Proposed Model for Stage II 


Some progress toward an understanding of the re- 
covery kinetics, in stage II at least, can be made from 
a consideration of recovery in samples with initial 
electron concentration mp about 10 cm~*. In_ these 
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Fic. 8. Superposition of isothermal recovery in stages I and II 
for irradiations at 0.7 and 1.0 Mev. The time scale for the 1.0-Mev 
data was adjusted to superimpose them on the 0.7-Mev data. 
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Fic. 9. Isothermal re- 
covery in stage II. The solid 
curves are for the model de- 
scribed in the text for the 
respective values of mo. The 
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experimental points. 
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samples it is found that the recovery in stages I and II 
takes place at a lower temperature and with slightly 
different recovery kinetics than in the samples with 
no=1.5X10"* cm-. The recovery in stage IT is centered 
at 130°K with an activation energy of 0.48+0.02 ev." 
The Fermi level in these samples is about 0.025 ev 
below the conduction band, suggesting that a possible 
explanation for the lower activation energy may be 
that one of the defect energy levels is only partially 
occupied and that there is an electrostatic attraction 
between the interstitial'® thus ionized and its vacancy, 
resulting in a decrease in the potential-energy barrier 
for migration.” 

The solution of the recovery problem for such a 
situation, in which the annihilation rate of ionized in- 
terstitials with vacancies is taken as proportional to the 
number ionized and the carrier concentration is always 
at its equilibrium value, is given in the Appendix. The 
result is of the form 


o=er'? l)e-Kt (3) 


where the constants are evaluated in the Appendix. The 
appearance of @ in the exponential term results in a 
deviation from simple first-order kinetics; however, 
this deviation is not great enough to allow a fit to the 
data for stage II recovery with m= 10" cm~™. 

In pursuing this approach further one is led to re- 
consider the assumption that the annihilation of the 
ionized interstitials with vacancies is a simple first- 
order process. The possibility that two jumps of the 
interstitial are rate determining or that two slightly 


different close-pair configurations may be decaying in- 


dependently in the same recovery stage has been ex- 
amined. The form of the recovery of reciprocal Hall 
mobility, shown in Fig. 7, gives an indication of the 
choice between these two possibilities. The mobility 
recovery proceeds more rapidly than the carrier-concen- 
tration recovery. This could be explained by two close- 

> The value of given here does not agree with that in reference 


5. In the earlier work, the heater response was not as good as in 
the present experiments so that appreciable time and temperature 
s to the isothermal and isochronal recovery data were 


rherefore, it is felt that the present value is more 


orrectior 
necessar\ 
reliable 

Che interstitial has been treated as the mobile defect earlier, 
and will continue to be so treated to facilitate the discussion. 
For the same reason, it will be treated as the defect which becomes 
ionized, being neutral before the ionization. Neither of these 
points is fundamental to the recovery model. 

'7 Another situation in which removal of an electron from a 
defect results in a lowering of the barrier for recombination is 
discussed in reference 2. In this case, however, the recombination 
of the ionized defects proceeds more rapidly than the thermal 
ionization process so that the measured kinetics and activation 
energy are typical of the ionization process 
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pair configurations if they had slightly different scatter- 
ing cross sections for electrons, the slower decaying pair 
having the smaller scattering cross section. On the 
other hand, if two jumps of the interstitial are rate 
determining and the potential-energy barrier for migra- 
tion decreases as the defects approach each other, then, 
as the recovery nears completion, there are more inter- 
stitials in the first jump position than in the second. It 
seems likely that these pairs with the greater interstitial- 
vacancy separation should also have the greater scatter- 
ing cross section for electrons, and the effect on the 
mobility recovery would be in the wrong direction to 
explain the data. 

To test the suitability of the two-configuration model, 
the data for stage II recovery have been fitted to the 
equation 

$= 8o1+ (1—8)¢o, 


where ¢; and @2 are of the form in Eq. (3). This repre- 
sents the independent annihilation of two types of close- 
pair configuration with the recovery kinetics for both 
perturbed by the ionization considerations discussed 
above. The constant A is determined from the data, so 
that the fit is made by adjusting 8, Ay, and AK». The 
result is shown in Fig. 9, and the fit is seen to be quite 
satisfactory. The constants required are 8=0.38, 
K,=0.0259 min“, and K.=0.00754 min“. The differ- 
ence in activation energy for the two pairs required to 
account for the difference in the A’s is about 0.01 ev, 
which is not sufficient to change the straight-line 
character of the InA7v; vs 1/7; curve for this stage. If 
the ionization correction to the kinetics is ignored, the 
fit to the data is not as satisfactory. The proposed two 
close-pair configurations might be produced in one of 
two different ways. The first possibility is that stage II 
represents the displacement of only indium or only 
antimony atoms, and there are two close-pair con- 
figurations which recover in this stage. The other 
possibility is that the interstitial-vacancy configuration 
is similar, but one type is due to indium displacements 
and the other due to antimony displacements. 

The appearance of n,, the value of the carrier con- 
centration after completion of stage II recovery, in the 
denominator of the expression for the rate constant A 
(see Appendix) indicates that there should be a change 
in the temperature 7’. of the center (taken as the inflec- 
tion point of the isochronal curve) of stage IT if recovery 
is measured in samples of different mo (for most irradia- 
tions, ny was about equal to m»). The magnitude of the 
change can be calculated by requiring that mp 'e~*'*? 
be the same for all values of mo. This assures that K is 
equal at 7. for the different mo. The calculated increase 
in 7, from my= 10" cm~ to mp= 10" cm™ is 7 
in agreement with the observed difference for two such 
samples. 


° which is 


The situation is not as simple in extending the predic- 
tion of T. to samples in which mp= 1.5 X 10" cm 
these samples are degenerate and the solution of the re- 
covery problem in the Appendix is for the nondegenerate 


} since 
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case. The inclusion of degeneracy in the problem results 
in the requirement that mo~!(.V.—0.25no)e~*/*"¢ for de- 
generate samples be equal to mp—.V.e~*/*?¢ for nonde- 
generate samples in order to have equal values of K at 
the different 7. The predicted value of T, for a sample 
with mo=1.5X10'* cem~ is 147°K which is slightly less 
than the observed value of 150°K. It is, therefore, 
difficult to understand why the recovery does not pro- 
ceed with an activation energy of 0.48 ev rather than the 
observed value of 0.60 ev for mp=1.5X10'* cm. Pre- 
sumably, this should correspond to the activation energy 
for recovery with no ionization of the interstitials. In 
this case, each of the two close-pair configurations 
should, by itself, obey first-order kinetics; and the 


observed recovery should be of the form 


o= Be K iff ( 1 —B)e Ket 


Figure 9 shows the data for a degenerate sample fitted 
to this equation. The values of the parameters required 
are B= 0.656, A ;=0.0525 min“, and K»=0.00797 min“. 
The fit is not as good as for the nondegenerate case dis- 
cussed previously. Also, it would seem that the pair 
configuration that decayed more slowly in the non- 
degenerate case is now the faster decaying pair and 
vice versa. Thus, while the recovery model proposed 
above will explain some features of the recovery in 
stage II, it does not, at present, seem satisfactory in all 
details. 


D. Stages III and IV 


The data for stages III and IV are less complete. The 
isothermal recovery curves for these stages resemble 
those for stages I and Il. The mobility data seem 
consistent with the annihilation of vacancies and inter- 
stilials, since the change in reciprocal Hall mobility vs 
An during recovery follows closely the change during an 
irradiation in which only the damage in stages III-V is 
measured, as shown in Fig. 10. The higher threshold 
energies and the above data suggest the possibility that 
stages III and IV represent the recombination of close 
pairs with a somewhat greater separation than those 
recombining in stages I and II. It is not possible to 
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lic. 10. Change in reciprocal Hall mobility during irradiation 
and annealing as a function of carrier concentration. The irradia 
tion was performed at 1.0 Mev near 80°K. The sample was an 
nealed to 165°K before measuring the data points on the irradia 
tion curve so that only damage which recovers in stages III to V 
was measured. 


ELECTRON 


RADIATION DAMAGE 743 
determine whether or not these defects can also separate 
to produce the damage recovering in stage V from the 
present data, although the fact that the fraction of total 
recovery occurring in stage V is several times greater 
than that in stages III or IV may argue against this 
possibility. 
E. Stage V 

An exact interpretation of the recovery in stage V 
has not been made, It seems, however, from the time 
spread of the recovery that this must represent the 
movement of defects over greater distances than in the 
other stages. The second-order nature of the kinetics 
described earlier may indicate that the dominant 
process in the stage is the random recombination of 
interstitials and vacancies. If indium interstitials went 
only to indium vacancies and antimony interstitials 
to antimony vacancies, both the resistivity and Hall 
coefficient should return to their pre-irradiation values. 
Following stage V, the Hall coefficient usually returned 
to within about 0.1% of its pre-irradiation value, while 
there is a 1-2% change in resistivity remaining. The 
close return to the original values indicates that the 
annealing has largely restored the pre-irradiation condi- 
tions and that formation of an appreciable number of 
defect-impurity complexes is unlikely. The discrepancy 
between the amount of recovery of Hall coefficient and 
resistivity might be caused by the introduction of dis- 
order in the sample due to some indium interstitials 
going to antimony vacancies and an equal number of 
antimony interstitials going to indium vacancies during 
stage V recovery. These defects might compensate each 
other, producing no carrier-concentration change. If 
they did this, they would be ionized and produce a 
mobility decrease and, therefore, an increase in the 
resistivity over the pre-irradiation value, as observed. 
The same effect could be caused by replacements 
produced directly by the irradiation. 


V. SUMMARY 


In summary, the following points concerning er- 
covery of electron radiation damage in n-type InSb 
can be made from the present data. 

1. The rate of production of defects is independent of 
the temperature of irradiation as long as it is a tempera- 
ture at which the defects are stable. 

2. Recovery occurs in five distinct stages between 
80° and 320°K, with only a small change in resistivity 
remaining after completion of the fifth stage. 

3. The recovery stages can be interpreted as due to 
the recovery of primary defects with essentially no 
formation of defect-impurity complexes. 

4. Stages I and II seem to fulfill all the conditions 
expected for recovery of close interstitial-vacancy pairs 
with the exception that first-order kinetics is not 
explicitly obeyed. 
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the conduction band, ¢ is the ionization energy of the 
interstitial, and d is a statistical weighting factor which 
depends on the degeneracies of the ionized and un- 


APPENDIX somtsed states of the interstitial.'S The carrier concentra- 
tion is given by 

To derive Eq. (3) in the text, let V be the total con- 
centration of close pairs, V+ the concentration of close 
pairs with the interstitial ionized, and V“ the concen- 
tration with the interstitial unionized. We have the 
reactions 


n=nyr—aN+Nt, (7) 
where m; is the value of m on completion of recovery 
and a@ is the number of electrons removed from the con- 
duction band per close pair. From Aukerman’s*:’ work, 
it seems likely that «€ is not less than 0.04 ev, and it is 
reasonable to assume that V*+<«<.V. Making this as- 
sumption and substituting (5) and (6) in (7), we have 

dN/dt= —Kn;N/(n;—aN), 


where K=An;'K’'N .e~*/*7, This is easily integrated to 


N“s Nt+e- 

N+ — annihilation. 
The rate of decay of the defects is given by 

dN /dt=—K'N*. 

It is assumed, in Eqs. (4) and (5), that the decay of the 
pairs with ionized interstitials is the only mode of decay 
of the close pairs and that this decay is proportional to 
the number of pairs .V* with rate constant AK’. From 
statistical considerations, if the electron redistribution 
is rapid compared to the decay of close pairs, 


(N—N+)/Ntn=d“N Jet/*7, 


(5) 


give 
In(N/No)= (aNo/n;)(N/No—1)—Kt, 
in which Vo is the value of V at ‘=0. This can be written 
in the form 
o=e4 ele -~Kt 

(6) with A=aNo/ny;. 

SW. Ehrenberg, Electric Conduction in Semiconductors and 
Metals (Oxford University Press, New York, 1958), p. 42. 

19 L. W. Aukerman, J. Appl. Phys. 30, 1239 (1959). 


where v is the carrier concentration, V.=2(2rkTm,/h’)} 
is the standard expression for the density of states in 
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The effect of hydrostatic pressure up to 9000 kg/cm? on ionic conductivity in NaCl, KCl, and RbCl 
single crystals doped with divalent impurities has been studied over the temperature range 200° to 500°C. 
The conductivity in this temperature range is due almost entirely to the motion of extrinsic cation vacancies. 
The activation volume AV,, for motion of the cation vacancies is 7.7+0.5 cc/mole in NaCl doped with 
CaCl, and 7.0+0.5 cc/mole in KCI doped with SrCl». The results are in fair agreement with values predicted 
on the basis of Keyes’s empirical expression relating activation volume to activation energy and isothermal 
compressibility. Sample materials were chosen with the view of testing for a correlation between activation 
energy and shear modulus. The small shear modulus in KC] and RbCl decreases with increasing pressure, 
while the reverse is true for NaCl. However, the data are not adequate to draw definite conclusions about 
such a correlation. The conductivity of RbC! doped with BaCl, increases by an order of magnitude at the 
phase transition from the NaCl to the CsCl structure. At 300°C, the transition occurs at 6100 kg/cm? 


I. INTRODUCTION well understood. In particular, the extent of such a 
defect in a crystalline lattice, including relaxation and 
distortion of atoms or ions in the vicinity of a defect, 
is quite uncertain. Similarly, very little is known about 
the amount of lattice distortion necessary for diffusive 
motion of these defects in a solid. Experimentally, it is 
impossible at the present time to obtain a perfectly 
direct measure of this distortion. Theoretical calcula- 
tions of necessity involve many approximations because 
of lack of detailed knowledge of interatomic forces. 


N spite of the large amount of effort that has been 
devoted to the study of point defects, vacancies 
and interstitials, in recent years, there are still several 
aspects of their properties and nature which are not 
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The defect structure of the simplest ionic crystals, 
the alkali and silver halides, is probably better under- 
stood than that of any other type of solid.'~* The present 
experiment is concerned with alkali halides doped with 
divalent impurities. It is well established*™ that the 
dominant point defects present in alkali halides in the 
temperature range (200°-500°C) and impurity concen- 
tration range (10-*-10~* mole fraction) of this experi- 
ment are positive-ion vacancies introduced into the 
crystal with the divalent impurities to maintain charge 
neutrality. Measurements of the transport number” in 
alkali halides in this temperature range show that 
charge transport occurs almost entirely by positive ion 
motion. Ionic conductivity and dielectric loss'*:"* meas- 
urements on alkali halides made as a function of tem- 
perature allow the determination of several significant 
properties of the defects present. These include the 
energy of formation of Schottky pairs, the energy of 
motion of cation vacancies, the binding energy and 
degree of association of the cation vacancies with 
divalent impurities, and the jump frequency of such a 
bound vacancy in the vicinity of a divalent impurity. 

It would be of considerable interest to know the 
effective volume of a lattice defect and the lattice ex- 
pansion necessary to allow a defect to move. These 
quantities can be determined in principle from meas- 
urements of the effect of hydrostatic pressure on defect- 
limited processes, and when determined in this manner 
are known as activation volumes. The total activation 
volume AV, consists of two parts. The volume of forma- 
tion AV; is the volume change of the lattice due to 
the formation of the defect. For the case of a simple 
vacancy, AV, differs from the atomic volume by the 
amount of relaxation of the atoms surrounding the 
vacancy. The activation volume of motion AV,, may 
be defined as the expansion of the crystal due to the 
presence of a diffusing atom in the saddle-point con- 
figuration half-way between its former position and the 
site to which it is migrating. A hard-spheres model 
predicts that AV,, should be about equal to the volume 
of the diffusing atom for a vacancy mechanism and 
somewhat larger for an interstitial process. 
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It may be noted that the results of most of the 
previous pressure experiments on metals indicate a 
AV, considerably less than one atomic volume.'!®— In 
marked contrast, the measurements of AV;'® and AV 75 
for Schottky defects in AgBr indicate that these volumes 
are considerably larger than the molecular volume in 
this material. A similar comparison may be made 
between AV,, for vacancies in metals and in ionic 
crystals. Emrick” has found that AV,, for vacancies 
in gold is only 15% of the atomic volume. Kurnick,” 
on the other hand, found that AV,, for silver vacancies 
in AgBr is comparable to the volume available to the 
silver ion in its normal lattice site. 

The apparent anomalies in relative sizes of the activa- 
tion volumes between metals and ionic crystals furnish 
the primary motivation for the present experiment in 
the alkali halides. No experiments allowing a calculation 
of the activation volumes for defect processes in ionic 
crystals other than AgBr have been done previously. 
Thus, it was felt to be of some importance to furnish 
corroborative evidence for pressure effects in ionic 
crystals of a different type. Results for the alkali halides 
should perhaps be more easily interpretable than those 
for the silver halides, as the Schottky defect is firmly 
established as the only mobile point defect present in 
measureable quantities. 

Three alkali halides, NaCl, KCl, and RbCl, are in- 
cluded in the study, furnishing an opportunity to test 
the validity of an empirically observed correlation be- 
ween activation energy for defect motion and bulk 
shear modulus.” Lazarus found that the small shear 
modulus C4, decreases with increasing pressure in 
KCI and RbCI,* but increases in NaCl.** Atmospheric 
pressure ionic conductivity measurements on NaCl and 
KCl indicate that they behave quite similarly, and it 
was hoped that the high pressure measurements might 
serve as a test of the validity of this correlation. 

Assuming that electrical conductivity in doped 
alkali halides is due entirely to motion of the positive 
ion vacancies, the following expression can be written 
on the basis of reaction rate theory,” 

o=nyea’yokT— exp(—AG,,/kT), (1) 
where ny is the concentration of free vacancies, e is 
the electronic charge, a the lattice parameter, vo is an 
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atomic vibration frequency of the order of the Debye 
frequency, & is Boltzmann’s constant, T the absolute 
temperature, and AG,, is the change in Gibbs free 
energy associated with the passage of a cation over the 
energy barrier for diffusion. 

In the reaction rate model, it is assumed that the 
energy in the expression for ionic mobility is a free 
energy. It is then possible to express the pressure de- 
pendence of the ionic conductivity in well-defined 
physical terms. From the familiar expression for the 
Gibbs free energy, 


dG= VdP—SadT, (2) 


we can write immediately, for the isothermal process 
under discussion, 


OAG,, 
AV,..= 
oP 


In terms of the parameters of Eq. (1), 


0 Inn; 0 |na 
AV,,=kT ( +2/ - ) 
oP 1 oP T 
d Inv 0 InoT 
)-C)} « 
aP Jr aP s 


The last term on the right in Eq. (4) is measured ex- 
perimentally. It is possible to make reasonably good 
empirical corrections for the pressure dependence of 
the other terms. These corrections will be discussed 
later in connection with the interpretation of the data. 

The foregoing treatment is based on the assumption 
that the basic transport process occurs in equilibrium, 
the lifetime of the excited state being sufficiently long 
that it is meaningful to ascribe thermodynamic proper- 
ties to the activated complex.*® This model has proven 
extremely successful in studies of the diffusion process,”" 
but has frequently been questioned because of the equi- 
librium assumptions involved.?’ Rice**-* has recently 
proposed a dynamic al theory of diffusion which appar- 
ently overcomes some of these objec tions, by consider- 
ing the dynamics of the diffusion process in a harmonic 
crystal. However, the introduction of irreversibility 
into the dynamical model indicates that this theory 
may eventually yield the same dependence on free 
energies as the equilibrium model.” 


= See, e.g., C. Zes 


John Wiley & Son 


r, in Imperfections in Nearly Perfect Crystals 

, Inc., New York, 1952). 
See, e.g., D. Lazarus, in Advances in 

edited by F. Seitz and D. Turnbull 
York, 1960), Vol. 10 

8S. A. Rice, Phys. Rev. 112, 804 (1958 

7S. A. Rice and N. H. Nachtrieb, J. 
1959 

*” A. W. Lawson, S. A. Rice, R. D. Corneliussen, and N. H. 
Nachtrieb, J. Chem. Phys. 32, 447 (1960 

©. P. Manley and S. A. Rice, Phys. Rev. 117, 632 (1960 

2S. A. Rice and H. L. Frisch, J. Chem. Phys. 32, 1027 (1960). 
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II. EXPERIMENTAL EQUIPMENT 
AND PROCEDURES 


The high-pressure system has been described in 
detail by Emrick” and is fairly typical® for hydrostatic 
pressure measurements in the range to 10 kg/cm*. The 
pressure vessel is made from Carpenter 883 steel and 
can be heated externally to 400°C. Dow Corning 200 
fluid of one to three centistoke viscosity was used as 
the pressure fluid. Pressure measurements were made by 
observing the change in resistance of a coil of manganin 
wire and are accurate to considerably better than 1%. 
During the early part of the experiment the pressure 
vessel was heated by immersing it in a steel drum con- 
taining a molten eutectic salt mixture. The salt bath 
was later replaced by a simpler air furnace. 

The specimen temperature was precisely controlled 
with an internal furnace, with the external furnace set 
to maintain the temperature of the pressure vessel 
slightly below the temperature of the sample and in- 
ternal furnace. The internal furnace consisted of re- 
sistance wire wound on a Vycor tube and sealed inside 
a Lavite cylinder. The sample, coated with Aquadag on 
two surfaces, was mounted between stainless 
electrodes near the center of the furnace. The remainder 
of the space in the furnace was filled with brass, quartz, 
and Lavite spacers to serve as thermal reservoirs and to 
cut down on convection currents in the pressure fluid. 
Sample temperature was measured with a chromel- 
alumel thermocouple mounted within 2 mm of the 
sample position. Electrical leads were brought out of the 
pressure vessel through standard pipestone cone seals 
in the apparatus plug. The chromel and alumel thermo- 
couple leads were hard soldered to cones machined from 
chromel and alumel stock. Pressure has been found to 
introduce a negligible correction to the thermal emf 
of chromel and alumel over this pressure range.” 

Measurements were made by 
technique, with a 1000 cps input into a General Radio 
706 capacitance bridge. The greatest single complica- 
tion in making leakage 
resistance to ground through the pipestone pressure 


steel 


a standard ac bridge 


measurements arises from 


seals and the lead insulation. The leakage resistance 
of the cones drops approximately exponentially with 
temperature, from about 100 megohms at 200°C to 
about one megohm at 500°C. The application of 10* 
kg cm? pressure serves to increase the resistance by 
about a factor of 1.5. The the 
deteriorates with exposure fluid at 
high temperature. It was found that this process can 
be at least partially reversed by baking the plug and 
cones in air for several hours at about 350°C. Quartz 
tubing was found to be the best high-temperature insu- 
lation for the leads, but it still contributed a measurable 
amount to the leakage resistance. 


resistance of cones 


to the pressure 


% See P. W. Bridgman, The Physics of Hi 
and Sons, London, England, 1949), for 
high-pressure equipment and techniques 


1 Pressure (G. Bell 
a general discussion of 


*F, Birch, Rev. Sci. Instr. 10, 137 (1939 
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The sample resistance decreases more rapidly than 
the leakage resistance with increasing temperatures. 
At 500°C the sample resistance is 10-100 times smaller 
than the leakage resistance, and corrections are small. 
With the measurements made it is possible to calculate 
two values for the sample resistance. Above about 
300°C, the two calculations generally agree to better 
than 1%. The low-temperature limit of the measure- 
ments is determined by the high resistance limit of the 
bridge (about 200 megohms) and by the sample resis- 
tance becoming larger than the leakage resistance. This 
limit is usually in the vicinity of 200°C, and at this point 
the two calculated values of the sample resistance some- 
times differ by about 10%. 

The Dow Corning 200 fluid used as a pressure medium 
has the best temperature characteristics of any avail- 
able liquid. The manufacturers claim that its volume 
resistivity is approximately 10" ohm-cm up to at least 
200°C. Pressure inhibits decomposition of the fluid, 
but it does occur at the temperatures achieved in this 
experiment, even under at least 3000-kg/cm? pressure. 
However, dummy runs showed that the electrical char- 
acteristics were not impaired sufficiently to contribute 
measurably to the leakage conductivity. 

All of the crystals used in the course of this experi- 
ment were obtained from Dr. Karl Korth in Kiel, 
Germany. They were grown from the melt by the Kyrop- 
oulos method. The NaCl crystals were doped with 
CaCl.; SrCl,. was used to dope the KCI crystals, and 
BaCl, was the doping agent in the RbCI crystals. The 
divalent ions were selected to have an ionic radius as 
close as possible to that of the monovalent cation, so 
as to minimize elastic strain in the crystal. Also, in 
the case of NaCl and KCl, the impurity ions were chosen 
to correspond to systems which had been extensively 
studied at atmospheric pressure. 

The crystals have not been analyzed chemically. 
However, it is possible to obtain a good estimate of the 
amount of impurity present by comparing the conduc- 
tivity data with previous atmospheric pressure studies 
of the same systems. Such studies have been done in 
NaCl doped with CaCl.,? and on KCI doped with SrCl.,’ 
but not on RbCl! doped with BaCle. 

Samples were prepared from the boules by the usual 
cleaving techniques. Samples used for pressure meas- 
urements are usually 0.5-1.0 mm thick. The specimens 
are painted with several layers of Aquadag, after which 
the edges are cleaved off, leaving a rectangle usually 
a little less than one cm? in area. 


III. EXPERIMENTAL RESULTS 


Before starting work with the pressure system, a 
series of atmospheric pressure measurements was made 
on each of the NaCl and KCI crystals in another ap- 
paratus. These measurements were made for several 
reasons. Accurate atmospheric pressure data were re- 
quired to obtain information about the impurity con- 
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Fic. 1. Isotherms of conductivity vs pressure from sample 
of NaCl+10~ mole fraction CaCh. 


tent. Since it was not possible to reduce the pressure in 
the pressure system to very low values at elevated 
temperatures without undue decomposition of the pres- 
sure fluid, these data were needed for completeness. 
Finally, these data served as a check against systematic 
errors in the pressure measurements. 


A. Sodium Chloride Doped with 
Calcium Chloride 


All of the runs were made by measuring isotherms as 
a function of pressure. This procedure was employed 
primarily as a matter of convenience, since it is easier 
to maintain a constant temperature and to correct 
for small deviations in temperature than in pressure. 
Also, since the activation volume [containing the term 
(A InoT/AP)r | is the primary parameter to be obtained 
from the data, it was felt that this quantity should be 
measured directly. 

Measurements were made on three crystals of NaCl 
grown from melts containing the following mole frac- 
tions of CaCl.: 10-4, 5 10, and 2 10~*. By compari- 
son with Bean’s® data, the actual impurity content of 
the crystals was found to be 10+, 2X10, and 9X10 
mole fraction CaCls, respectively, within about 10%. 

Semilogarithmic plots of conductivity vs pressure for 
samples from the three crystals are shown in Figs. 1-3. 

The high-temperature isotherms indicate that the 
conductivity varies exponentially with pressure, within 
experimental accuracy, down to a temperature depend- 
ing on the impurity content, approximately as listed: 





BALLARD 





"y T T , 


NoCl + 2x 10% CoCl, 





- 3 4 
P (kg/em*) x 10° 


herms of conductivity vs pressure from sample 


f NaCl+2X10~ mole fraction CaCl, 
10-4, 275°C; 2K 10-, 255°C ; 9X 10, 235°C. The slope 
consistently increases with decreasing temperature. For 
a given run, the high-temperature isotherms extrapolate 
either quite well to the atmospheric-pressure data at 
the measured temperatures or to approximately a 
difference from them. This difference varied 
rather systematically during the course of the experi- 
ment, indicating a small changing absolute error in- 
herent in the internal thermocouple, possibly arising 
when the 


constant 


thermocouple was occasionally unsoldered 
from the chromel and alumel cones. The temperature 
indicated on the figures for each straight line isotherm 
which is plotted as a solid line all the way to atmospheric 
pressure is determined from the intersection of the ex- 
trapolated pressure data with the atmospheric pressure 
measurements and is probably accurate to +2°C. 
Temperature control during the course of measurements 
along a single isotherm is at least as good as +0.2°C 
above 400°C and +0.1°C below, as measured with the 
internal thermocouple. Temperature differences between 
successive isotherms are accurate to at least +1°C. 

\t approximately the temperature indicated above 
for each crystal, the isotherms begin to show distinct 
curvature. The curvature usually appears first at high 
pressures and progresses toward lower pressures at 
lower temperatures. At the lowest temperatures many 
of the isotherms are approximately straight lines on the 
semilogarithmic plot over most of the pressure range, 
but the slopes are considerably less than those found at 
temperatures just above the region where curvature 
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first appears. The low-temperature isotherms in general 
appear to extrapolate to the atmospheric pressure data 
at a temperature as much as 10°C below that indicated 
by the internal thermocouple. The reason for this is not 
completely understood, but it is not felt that the internal 
thermocouple could reasonably be in error by this 
amount. Thus, the temperature indicated on the curved 
isotherms is that measured with the internal thermo- 
couple. The points at atmospheric pressure indicated 
by an X, to which the pressure data are extrapolated 
by an alternately dotted and dashed line, are taken 
from the earlier atmospheric pressure data for the 
temperature measured by the pressure system thermo- 
couple. From comparisons made between this thermo- 
couple and another calibrated thermocouple outside 
the pressure vessel when the vessel was in thermal 
equilibrium, it is felt that the indicated temperatures 
below 250°C are accurate to at least +2°C. 

The high-temperature atmospheric pressure measure- 
ments give the necessary information for calculation 
of the activation energy of motion. There is a relatively 
short temperature range over which a plot of IncoT 
vs T—' isa straight line of minimum slope. In this region 
it is assumed that the concentration of free vacancies 
is a constant equal to the concentration of divalent 
impurity. In the crystal with 10~ mole fraction of 
impurity this region extends from 635°-500°C. For the 
crystal with 2X10~ mole fraction CaCl», the tempera- 
ture range extends from 635°C down to only about 
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Fic. 3. Isotherms of conductivity vs pressure from sample 
of NaCl+9X10~ mole fraction CaCl, 
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TABLE I. Effective activation energies (in electron-volts) for 
NaCl-CaCl, and KClI-SrCls at various temperatures and pres- 
sures. 


Mole fraction 
impurity 
Pressure 
kg, cm?) 10-¢ 


NaCl 
2xX10°* 9x10" 
Completely dissociated range 


0.74 0.76 
500°-635°C 560°-635°C 


0.61(?) 0.76 
> 600°C 490° -630°C 


400°—500°¢ 


1 0.84 
3000 0.86 0.87 
6000 0.90 0.89 
9000 0.95 0.92 


0.84 


300 
1 0.93 
3000 1.05 


6000 1.14 
9000 1.21 


560°C. The high-temperature slope of data from these 
crystals gives an activation energy of 0.75 ev, in good 
agreement with previous investigations.** Results from 
the crystal with 9X10~* mole fraction impurity are 
questionable because of a low slope (0.61 ev) at high 
temperatures. This low slope is determined from two 
high-temperature points only, and it is possible that an 
error was made in measurement. Only with the crystal 
of lowest impurity content do the high pressure meas- 
urements approach the temperature region of complete 
dissociation. 

Below the temperature at which association occurs, 
the conductivity drops more rapidly than exponentially 
with decreasing temperature because of the decreasing 
concentration of free vacancies. The application of 
pressure accentuates this effect. A pressure increase 
is roughly equivalent to a temperature decrease. For 
example, at 300°C a pressure of 10* kg/cm? reduces the 
conductivity by about the same amount as a tempera- 
ture decrease of 60°C. At 500°C the same pressure is 
equivalent to a temperature decrease of about 80°C. 

As a measure of the effect of pressure, it is of interest 
to calculate the change in slope of the InoT vs T™ 
curves with pressure, even though the energies derived 
from the slopes include terms both from the mobility 
and from the free vacancy concentration. The curves 
are not straight lines over any of the temperature region 
measured, but the curvature is relatively small, and a 
straight line gives a good fit over a limited temperature 
range. The results are shown in Table I for the tempera- 
ture ranges 400°-500°C and 250°-300°C. Also included 
in the same table are the activation energies for motion, 
as determined from the high temperature atmospheric 
pressure measurements. The temperature range of the 
data used for this calculation for each crystal is indi- 
cated. The errors in energy due to scatter of the data 
points for each of these calculations are about +0.02 ev. 


% A. S. Nowick and R. W. Dreyfus, Bull. Am. Phys. Soc. 5, 
200 (1960). 


B. Potassium Chloride Doped with 
Strontium Chloride 


Pressure measurements have been made on several 
samples from a crystal of KCl grown from a melt con- 
taining 2 10-4 mole fraction SrCl». It was found to con- 
tain 10~* mole fraction SrClz, within about 20%, by 
comparison with the conductivity data of Kelting and 
Witt.’ Isotherms of a typical run are shown in Fig. 4. 
The high- and low-temperature regions appear to be 
completely equivalent to those in NaCl. In the inter- 
mediate region between about 300° and 380°C, however, 
the peculiar slope changes shown in the figure always 
appear. When isotherms in this region are measured 
immediately after the sample has been at a higher 
temperature, the behavior is more nearly similar to 
that of doped NaCl. In Fig. 4 the solid curves were 
measured at increasing temperature, and the dotted 
curves were measured in order of decreasing tempera- 
ture after the sample had been at 500°C. To determine 
if this difference was due to relaxation of strain in the 
crystal, part of the boule was annealed in vacuum at 
550°C for half a day, slowly cooled, and then prepared 
for a conductivity run. The behavior was exactly as 
before. It thus appears that the anomalous results are 
due primarily to a changing concentration of free 
vacancies, either from association with the impurities 
or aggregation of the impurities into larger complexes. 
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Fic. 4. Isotherms of conductivity vs pressure from sample of 
KCI+10~ mole fraction SrCle. The isotherms indicated by a solid 
curve were measured in order of increasing temperature; those 
indicated by a dashed line were measured in order of decreasing 
temperature after the sample had been to 500°C, 
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5. Conductivity vs pressure through the transition 
pressure for sample of RbC1 


These are the same processes which occur in NaCl, but 
apparently they take much longer to reach equilibrium 
in KCl. Typically there are 10 to 20 minutes between 
successive measurements. However, occasional meas- 
urements over a considerably longer interval have not 
given noticeably different results. The effect of pres- 
sure as evidenced by a change in effective activation 
energy is shown in Table I with the similar results for 
NaCl. Only the high-temperature slopes are given 
because of the anomalous low-temperature behavior. 


C. Rubidium Chloride Doped with 
Barium Chloride 


RbCI doped with BaCl, was the third system studied. 
Measurements were made on two crystals, grown from 
melts containing 6X10~* and 6X10~ mole fraction of 
BaCls. The impurity content of the crystals is not 
known. Even the purer crystal was noticeably cloudy, 
while the more impure crystal was very milky in appear- 
ance indicating that some fraction of the impurity was 
precipitated out in a separate phase at room tempera- 
ture. 

RbCl! undergoes a pressure transition from the NaCl 
to the CsCl crystal structure in the general vicinity of 
6000 kg/cm?. The transition is quite easy to follow 
from observations of the ionic conductivity and results 
in an order of magnitude increase in conductivity. The 
results of one run through the transition point with 
a sample from the purer crystal are shown in Fig. 5. 
Starting from a single crystal specimen in the low-pres- 
sure phase, the transition proceeded rather slowly, re- 
quiring about 45 minutes to go to completion. When 
pressure was reduced, the reverse transition went much 
more rapidly, with most of the conductivity change oc- 
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curing in less than two minutes. This rapid change could 
occur because the sample was no longer a single crystal, 
and there were many more centers of nucleation from 
which the transition could proceed. The sample was 
drastically modified in appearance after having under- 
gone the transition. Originally, it was a fairly clear 
rectangular parallelepiped with smooth surfaces. After- 
ward, it was much more cloudy, the surface was pebbled, 
the edges were cracked and distorted, and as nearly as 
could be determined from the irregular dimensions, the 
volume had increased by several percent. The hysteresis 
in the pressure transition has been observed before**; 
apparently it results from the presence of impurities 
and tends to decrease in width with purer samples. 
Bridgman lists the transition pressure as about 5700 
kg/cm? from 0°-100°C. The transition pressure found 
in the present experiment at 300°C is about 6100 kg/cm*. 

Measurements below the transition pressure showed 
several anomalous effects. The high temperature part 
of one run on a sample from the heavily doped crystal 
indicated a definite decrease in activation energy with 
increasing pressure up to the maximum of 5000 kg/cm?. 
A plot of In¢T vs T— for the data from this run is shown 
in Fig. 6. Between 300° and 450°C, the effective activa- 
tion energy decreased from 1.6 ev at atmospheric pres- 
sure to 1.3 ev at 5000 kg cm*. At lower temperatures 
the slope decreased considerably more, the effective 
energy at? 5000 kg/cm? from 220°C to 265°C being 
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0.6 ev. Since no separate atmospheric pressure measure- 
ments were made on these crystals, the atmospheric 
pressure points in Fig. 6 are extrapolated from pressure 
data ending at 1000 kg/cm?. Another run was made on 
an adjacent sample in an attempt to verify this behavior. 
The second run showed considerably more scatter. On 
the basis of the limited data no quantitative conclusions 
should be drawn about the anomalous behavior. Per- 
haps the most probable explanation is that more of the 
barium is going into solution at the higher temperatures 
introducing many more free vacancies and accentuating 
the pressure effect. A possible alternative explanation 
will be discussed in the following section. 


IV. DISCUSSION 
A. Calculation of Activation Volumes 


In calculating the activation volume from diffusion 
experiments in metals under pressure it is usually 
possible to neglect the pressure dependence of the pre- 
exponential factor in the diffusion coefficient. In the 
present experiment, uncertainties in the pressure de- 
pendence of the pre-exponential factors in the expres- 
sion for ionic conductivity are one of the major sources 
of error in the determination of the activation volume. 
Values for the experimentally measured term in Eq. (4), 
(0 IncoT AP), in units of 10~* kg~!-cm? vary from —1.2 
to almost —3.0. The pressure variation of the lattice 
parameter is deducible from the isothermal compres- 
sibility. Using Bridgman’s values for the compressibility, 
2(0 Ina/dP)r= —0.026 for NaCl and —0.034 for KC], 
in the same units as above. The frequency factor y 
is normally assumed to be of the order of the Debye 
frequency, and the pressure dependence of the Debye 
frequency should give a reasonable estimate of the 
change in vp. From Lazarus’s* measurements of pressure 
dependence of the adiabatic elastic constants of NaCl 
and KC] it is possible to caclulate this quantity. vp 
increases about 5% in NaCl under a hydrostatic pres- 
sure of 10' kg/cm?*, so that (0 Invo/dP)r=0.05 XK 107 
kg-'-cm*. In KCl, vp decreases by about 1.5%, so 
(0 Invo/ 0P)r= —0.015 K 10-4 kg—!-cm?. 

Due to the binding energy between a vacancy and a 
divalent impurity, there is a strong dependence of mn; 
on both temperature and pressure. This is by far the 
largest and most uncertain correction to be made in 
this calculation. Lidiard?*’ has developed a theory for 
the degree of association as a function of temperature 
and impurity concentration. Bassani and Fumi** have 
done a fairly complete calculation of the binding energy 
of the complex. However, there appear to be no specific 
calculations of the pressure dependence of the associa- 
tion or the binding energy. In the absence of such calcu- 
lations a correction for the effect has been made in a 
purely empirical and self-consistent manner. Knowing 
the true activation energy for the dissociated region at 
A. B. Lidiard, Phys. Rev. 94, 29 (1954). 

F. Bassani and F. G. Fumi, Nuovo cimento 11, 275 (1954). 
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atmospheric pressure, the concentration of impurity, 
the electronic charge, and the lattice parameter, the 
product of the effective frequency factor and the en- 
tropy term can be calculated. Presumably, at lower 
temperatures and at atmospheric pressure all of these 
terms remain essentially constant except for ms. With 
this assumption, m; can be calculated at atmospheric 
pressure as a function of temperature from the conduc- 
tivity data by rearranging Eq. (1) in the form 
oTk 
ny= exp(AH,,/kT), 
ea’ exp(AS,,/k) 


where the Gibbs free energy-has been separated into 
enthalpy and entropy terms. 

In the crystals of NaCl and KCl containing 10~ 
mole fraction of impurity, the vacancies are almost 
completely dissociated at 500°C at atmospheric pres- 
sure. It seems reasonable to assume that, for these 
crystals, there will be no large changes in my with pres- 
sure at the highest temperatures. The only gross effect 
of pressure will then be through the PAV, term in the 
enthalpy. Changes in @ and vo are small compared to 
the uncertainty in the exponential term. Assuming an 
atmospheric pressure activation energy of motion in 
NaCl of 0.75 ev, the pressure dependence of my is 
determined by varying the PAV,, term in the enthalpy 
until, at reasonably low pressures (3000 kg /‘cm?), the 
calculated concentration of free vacancies is slightly 
below that at atmospheric pressure at 500°C. This value 
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for AV,,(7.7X10-° ev-kg~'-cm?) is then used to cal- 
culate my; over the entire range of temperature and 
pressure for all the CaCl.-doped NaCl crystals. Semi- 
logarithmic plots of my vs T~ for all the doped NaCl 
crystals, calculated in this manner, are shown in Fig. 7. 
From these sets of curves it is possible to determine 
(0 Inn;/dP)r. 

The same procedure is followed with KCl. The atmos- 
pheric pressure activation energy is taken as 0.76 ev. 
The PAV correction term to the enthalpy gives a 
best fit with AV,,=7.3X10-* ev-kg“-cm*. A plot of 
Inn; vs T— is shown in Fig. 7 together with the similar 
results for NaCl. 

As a typical example, plots of all the terms in Eq. (4) 
as a function of temperature are shown in Fig. 8 for 
a sample from the NaCl crystal containing 210 
mole fraction CaCl». The circled points are the calcu- 
lated slopes determined from the data. The curve 
showing the sum of all the terms is determined from the 
smoothed data and correction curves. The activation 
volume can be determined from this curve. 

A plot of the calculated activation volume vs T°C 
for a!l the NaCl and KCI samples is shown in Fig. 9. 
For NaCl, the calculated values range between 7 and 8 
cc mole. The two samples with lower impurity content 
should give more reliable results since association effects 
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Fic. 9. Calculated activation volume of motion for 
NaCl and KC! vs temperature. 
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are smaller. These samples give values ranging from 
7.5-8.0 cc/mole. The true activation volume for motion 
in NaCl then appears to be about 7.7 cc/mole, within 
limits of about +0.5 cc/mole. The calculated value for 
KCl is 7.0 cc/mole, independent of temperature. The 
lack of temperature dependence is almost certainly 
fortuitous in view of the results for NaCl, and the same 
limits of error should probably be assigned to the activa- 
tion volume of KCl. 

As a check on the internal consistency of this method 
for determining the effect of pressure on the concentra- 
tion of free vacancies, the AV,, determined from the 
PAV,, correction term to the enthalpy should agree 
with the final calculated value. Converting to cc/mole, 
these values are 7.5 cc/mole for NaCl and 7.1 cc/mole 
for KCl, and are quite close to the final values mentioned 
above. 

Keyes® has developed an expression relating the ac- 
tivation volume to the activation energy and the iso- 
thermal compressibility based on a strain energy model 
in which the work involved in creating or moving a 
defect is assumed to go entirely into elastic strain of 
the crystal. According to this model,” the activation 
volume and activation energy can be related by 


AV 0 InC 
: =-8+/( me ) , (6) 
AG OP Jr 


where B= —[(1/V)(0V/0P)7] is the isothermal com- 
pressibility, and C is an appropriate elastic shear modu- 
lus. Using the Griineisen model of a solid, in which 


(: ~~) EC In¢ ) d \InC 
OlnV7p \dlnV/7 dinV 
Eq. (6) can be written in the form 


AV=k€AG, (8) 


where k=2(y—}), and y is the Griineisen constant. 
Using quoted values for the Griineisen constants* and 
compressibilities,* values of 8.4 cc/mole and 9.9 cc/mole 
are obtained for AV,, in NaCl and 10.5 cc/mole for 
AV,, in KCl. 

It is possible to eliminate the approximations involved 
in applying the Griineisen model for materials in which 
data are available on the pressure dependence of the 
elastic constants. Brooks* has shown that the proper 
average shear modulus to be used in elastic energy 
%®R. W. Keyes, in Report of Lake George Conference on Very 
High Pressure (John Wiley & Sons, Inc., New York, 1960); 
J. Chem. Phys. 29, 467 (1958) ; ibid. 32, 1066 (1960). 

 R. W. Keyes, Acta Met. 6, 611 (1958). 

1 L. S. Darken and R. W. Gurry, Physical Chemistry of Solids 
(McGraw-Hill Book Company, Inc., New York, 1953), p. 159. 

“ P. W. Bridgman, see reference 33, p. 163 

* H. Brooks, in Impurities and Imperfections (American Society 
for Metals, Cleveland, Ohio, 1955). 
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calculations for vacancy motion in a cubic crystal is 
C= 2Cust3 (Cu—Cr). (9) 


Using Bridgman’s compressibility data and Lazarus’s 
measurements of the elastic constants in NaCl and 
KCl, values for AV,, of 6.6 cc/mole and 9.0 cc/mole 
are obtained from Eq. (6). 

The present experimental! value for AV,, in NaCl falls 
between the values predicted by Eqs. (6) and (8). The 
measured value in KCl is considerably lower than that 
predicted by either Eq. (6) or (8). It may be noted that 
the predicted values indicate that AV,, should be larger 
in KCl than in NaCl, while the experimental results 
indicate just the reverse. A possible explanation of the 
result will be discussed below. 

It is also of interest to compare the results of the 
present experiment with previous measurements of AV. 
The only major previous experiment involving the effect 
of pressure on ionic conductivity is that of Kurnick,”’ 
who studied pure and doped AgBr. His value for AV» 
of silver vacancies, 7.4 cc/mole, is quite close to the 
values found in the present experiment. 

As has been discussed, an apparently more surprising 
comparison can be made between the relative sizes 
of the activation volumes in ionic crystals and those in 
metals. The present experiment and that of Kurnick 
show that AV,, for cation vacancies in ionic crystals is 
comparable to or larger than the volume actually 
available to the cation in the crystal lattice. Also, the 
values for AV 7° and AV,’ for Schottky defects in AgBr 
are found to be larger than the molecular volume. On 
the other hand, all the pressure experiments on metals 
indicate that the total activation volume, AV;+AV », 
is considerably smaller than the atomic volume, usually 
by about a factor of two. The only experiment*! which 
measures AV,, for vacancies in a metal separately indi- 
cates that for gold AV,, is only 15% of the atomic 
volume. 

These differences can probably be completely ex- 
plained in terms of relaxation of the lattice neighbors 
around a defect. The large size of AV, in ionic crystals 
arises because the nearest neighbors of a given ion 
are repelled when it is removed to the surface to form 
a vacancy. It is difficult to calculate AV,, in the ionic 
crystals, but the same general idea of Coulomb repulsion 
of ions around the defect complex may be invoked to 
explain the relatively large observed values. On the 
other hand, Tewordt** has shown that considerable 
inward relaxation may occur about a vacancy in copper, 
so that AV;=0.5 atomic volume. This is close to the 
value found for AV; in most metals. Presumably most 
of the observed volume must be atributed to AV, for 
the vacancies. This is consistent with the very small 
AV, for vacancies in gold found by Emrick, and indi- 
cates that there must be considerable relaxation in the 
vicinity of a diffusing vacancy in metals. 


“L. Tewordt, Phys. Rev. 99, 61 (1958). 


DOPED SINGLE CRYSTALS 
B. Correlation between Activation Energy 
and Small Shear Modulus 


Considerable success has been achieved in empirically 
relating the small shear modulus in various materials 
to the activation energy for defect motion,” since most 
of the energy involved arises from shear strain in the 
vicinity of the moving atom. Lazarus” found that, in 
KCl, the small shear modulus Cy, decreases by about 
7% with the application of 10* kg/cm? pressure; while 
in NaCl, Cas increases by about 2°% over the same 
pressure range. It then appears that an interesting test 
of this correlation could be made by comparing the 
effect of pressure on ionic conductivity in NaCl and KCl. 
On first observation, the results of this experiment ap- 
pear to indicate that the correlation does not hold. The 
effects of pressure are almost identical on NaCl and 
KCl, at least in the high-temperature region. On the 
other hand, as mentioned above, it would be more 
reasonable if the activation volume for KCI were larger 
than for NaCl, since the potassium ion occupies over 
twice the volume of the sodium ion. Also, Keyes’s 
empirical expression indicates that AV,, should be 
larger in KCl than in NaCl. It may be that a larger 
AV,, in KCl, and hence a larger PAV,, term in the en- 
thalpy of motion, serves to mask a decrease in the po- 
tential-energy term arising from the decrease in C4. 
The result would then be seen as the small apparent 
AV,, observed. 

The decrease in C44 with pressure in KCl is due to an 
approaching pressure transition from the NaCl to the 
CsCl crystal structure at a pressure somewhat beyond 
the range of the available equipment. RbCl undergoes 
the same phase transition at about 6000 kg/cm? and 
exhibits the same behavior of C4, as KC1."4 In the earlier 
discussion, it was pointed out that one run on RbCI in 
the present experiment indicated a decreasing activation 
energy with increasing pressure. This may be evidence 
for the correlation between activation energy and the 
small shear modulus, but experimental uncertainties 
make it impossible to draw quantitative conclusions. 


C. Low-Temperature Behavior 


Perhaps the most puzzling part of the NaCl and KCl 
data is the low slope and the curvature of the low- 
temperature isotherms. Above 300°C, the calculated 
values of AV,, are independent of temperature within 
experimental error. Also, there is no indication of a 
pressure dependence of AV,, in this temperature range. 
This implies that isotherms of Ine vs P should be straight 


lines with steadily increasing slope with decreasing 


temperature. Association of the vacancies with the 
divalent impurities should cause a further increase in 
slope of the isotherms. This corresponds to the observed 
behavior at higher temperatures. The low-temperature 
behavior is just the reverse. 

The curvature of the low-temperature isotherms over 
the pressure range actually covered by the data is 
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fairly small. In most cases a straight line can be drawn 
through the pressure data with none of the data points 
deviating by more than 10%. This is near the limit of 
error of the low-temperature points but is considerably 
greater than the error in measurement of points along 
the curved isotherms at higher temperatures. The 
curvature occurs uniformly in all runs in the same 
direction and it is felt to be real. The slopes of the best 
straight lines drawn through the low-temperature 
pressure data for a given run average 15-20% less than 
the slope of the lowest temperature isotherm of the same 
run which is plotted as a straight line. These same 
straight lines generally extrapolate to the atmospheric 
pressure data at a temperature about 10°C lower than 
that measured by the internal thermocouple. There 
appears to be no reason for believing that the internal 
thermocouple could be in error by this amount. 

Since these are ac measurements, the observed con- 
ductivity could contain a contribution resulting from 
relaxation of electric dipoles formed by divalent im- 
purities and cation vacancies in a bound compiex. 
Measurements of this effect have been made by Haven" 
and others by dielectric loss techniques. The contribu- 
tion to ac conductivity from these dipoles is of the form 


2 Neseocl 2" wT 
(10) 


1+"? 


3 «aT 


WhETE Massoe IS the Concentration of associated vacancies, 
w is the angular frequency of the applied field, and r 
is the relaxation time of the complex. The other terms 
are the same as in the de conductivity expression. Quali- 
tatively, this explanation fits the observed behavior 
quite well. At around 200°C, most of the vacancies are 
associated with the divalent impurities. At this tempera- 
ture, we find, from Haven’s data, in NaCl doped with 
CaCl. that 1/74 10° sec. In the present experiment, 
w is much less than this value, so there should not 
be a maximum contribution from the associated pairs 
(which will occur when w=1/7). However, one effect 
of pressure is to reduce 1/7, so there could be an in- 
creasing contribution from the pairs at increasing pres- 
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sure. For the NaCl crystal containing 10~ mole fraction 
CaCls, the maximum possible contribution to the con- 
ductivity calculated from Eq. (10) is only about 5% 
of the observed value at 10‘ kg/cm?, even at the lowest 
temperature measured, 220°C. In order for the low- 
temperature isotherms to be extrapolated in a straight 
line from 10* kg/cm? to atmospheric pressure reasonably 
close to the atmospheric pressure data, and with a slope 
equal to, or larger than, that of the higher temperature 
isotherms, the high-pressure conductivity must be lower 
by 20-50%. Thus, this mechanism is probably not the 
primary cause of the observed anomaly. 

Another possible mechanism for enhancing the low- 
temperature conductivity is a contribution from dif- 
fusion along dislocations or grain boundaries. It is pos- 
sible that this mechanism is masked at atmospheric 
pressure by the bulk conductivity, but that the effect 
of pressure is considerably greater in depressing the 
bulk conductivity than the short-circuiting contribu- 
tion. Kurnick,” using polycrystalline samples of AgBr, 
found that the results from his 202°C isotherm failed to 
agree with those at 251° and 289°C. Accordingly, he 
made some measurements with a single-crystal speci- 
men. He found that the conductivity of the single crys- 
tal was identical with that of the polycrystalline 
samples at the higher temperatures, but deviated sig- 
nificantly at 202°C, particularly at pressures above 5000 
kg/cm*. He considered that the discrepancies could 
probably be ascribed to grain boundary conduction. 
It seems probable that the same mechanism can explain 
the anomalies observed in the present experiment. 
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The Méssbauer effect of Fe5? has been used to study the properties of iron impurity atoms in the com- 
plete range of composition of Cu-Ni alloys. The isomer shift indicates a small decrease in the total electronic 
density at the Fe’ nucleus in going from pure Ni to pure Cu. The magnetic field at the iron nucleus at 0°K 
decreases by 9% in the range from 0 to 40% Cu. Both results show that only minor changes take place in 
the atomic configuration of the iron. The linewidth, measured in the paramagnetic alloys, is smallest in pure 
copper and largest near the middle of the composition range. The rapid change in linewidth with small 
nickel admixture can result from quadrupole splitting due to the field gradients arising from the spatial 
charge fluctuations around an impurity atom. Some of the broadening can also arise from an inhomogeneous 
isomer shift due to a range of surroundings of an iron atom in the alloy. 


INTRODUCTION 


A STUDY of the Méssbauer effect! of Fe®? atoms 
dilutely dispersed in metallic cobalt and nickel? 
has shown that the magnetic field at the iron nucleus 
is little changed by these environments relative to its 
value in metallic iron.* Values in the vicinity of —3X 10° 
oe have been obtained in these ferromagnetic elements. 
The sign of the field has actually been obtained only 
in the case of iron* but it may be assumed to be the 
same in all three cases. It suggests that the major 
contribution to the field arises from the exchange polari- 
zation of the 3s by the 3d electrons. Measurements of 
the isomer shift® show that there is also little difference 
in the total electronic density at the nucleus of an iron 
atom in the transition metals.' 

The ability of Cu to fill the d band in Cu-Ni alloys’ 
suggests that the behavior of dilutely dispersed iron in 
these alloys may contribute to our understanding of 
the apparent stability of the iron d-shell configuration. 
It is known from both susceptibility’ and nuclear mag- 
netic resonance’ (NMR) measurements that iron dis- 
persed in Cu behaves like a paramagnetic ion, but details 
of the behavior are not understood. These include (1) 
the dependence of the moment per Fe atom on concen- 
tration in the susceptibility measurements*® and (2) an 
anomalous behavior below 20°K in the NMR measure- 
ments.’ It is possible that these effects arise from the low 
solubility of Fe in pure Cu which necessitated the use 


of quenched, supersaturated alloys in both of these 
measurements. The Mossbauer effect, on the other hand, 


1 R. L. Méssbauer, Z. Physik 151, 124 (1958). 

2G. K. Wertheim, Phys. Rev. Letters 4, 403 (19060). 

3S. S. Hanna, J. Heberle, C. Littlejohn, G. J. Perlow, R. S. 
Preston, and D. H. Vincent, Phys. Rev. Letters 4, 177 (1960). 

4S. S. Hanna, J. Heberle, G. J. Perlow, R. S. Preston, and D. H. 
Vincent, Phys. Rev. Letters 4, 513 (1960). 

6Q. C. Kistner and A. W. Sunyar, Phys. Rev. Letters 4, 412 
(1960). 

®L. R. Walker, G. K. Wertheim, and V. Jaccarino, Phys. Rev. 
Letters 6, 98 (1961). 

7R. M. Bozorth, Ferromagnetism 
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‘}. Bitter, A. R. Kaufman, C. Starr, and S. T. Pan, Phys. Rev. 
60, 134 (1941). 
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Phys. Soc. Japan 12, 309 (1957); 14, 643 


makes it possible to study the behavior of very dilute 
solid solutions of Fe in Cu. Moreover, the solubility of 
Fe is greatly increased by the presence of Ni. 


EXPERIMENTAL 


The specimens were prepared by melting together 
99.999% pure Cu and 99.99% pure Ni in a quartz 
crucible under an argon atmosphere. Slices were cut 
from the resulting ingots with a rubber-bonded abrasive 
wheel (to minimize iron contamination) and polished. 
A small amount of Co*’Cl, solution was evaporated to 
dryness on a polished face, and the slice heated to 900°C 
for 45 min in an atmosphere of hydrogen. The surface 
was then repolished to remove surface contamination. 
The experiments were carried out in equipment de- 
scribed elsewhere."” The iron atoms under study are 
produc ed by the electron- apture decay of the Co*”. 


ISOMER SHIFT 


The isomer shift, i.e., the displac ement of the centroid 
of the gamma-ray absorption from zero Doppler veloc- 
ity, was measured with respect to a potassium ferro- 
cyanide absorber made of isotopically enriched Fe*’, 
The absorber was kept at room temperature. The 
positive sign of the measured shift (0.026 cm, sec for 
pure Cu at 300°K) indicates that the nuclear transition 
energy in the alloy is greater than that in the absorber. 
In a previous publication,® room-temperature isomer 
shifts measured with respect to type-310 stainless steel 
were reported for a wide range of materials. The isomer 
shift of potassium ferrocyanide with respect to stainless 
steel was given as 0.008 cm/sec, allowing a direct com- 
parison with the earlier 300°K results. The shift for 
Fe’ in Cu at room temperature with respect to stainless 
steel is then 0.034 cm,sec. This value may be compared 
with a value of 0.015 cm/sec characteristic of Fe” in 
iron or nickel. Referring to Fig. 1 of reference 6, it is 
apparent that this shift corresponds to a smal change 
in the total electronic density at the nucleus, and there- 
fore in the atomic configuration of the iron. It is con- 
sidered unlikely that major changes occur which almost 
Appl. Phys. 32, 110S 
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Fic. 1. Magnetic field at the iron nucleus, isomer shift, and 
Mossbauer effect linewidth at 0°K for Fe atoms dilutely dis 
persed in Cu-Ni alloys, plotted as a function of alloy composition 
in atom percent of copper). 


exactly compensate insofar as their effects on both the 
charge density at the nucleus and the magnetic field 
at the nucleus (see below) are concerned. 

Figure 1 gives the 4°K shifts for the complete range 
of composition from pure nickel to pure copper meas- 
ured with respect to potassium ferrocyanide. The results 
correspond to a decrease in the electronic density at the 
nucleus with increasing copper concentration, which 
could arise from increased shielding of the 3s electrons 
by the 3d electrons. It is of interest to note that the rate 
of change of the isomer shift correlates with the rate of 
motion of the Fermi level in the alloys, when both are 
considered as functions of composition. 

It is by no means clear, however, that the entire 
effect on the isomer shift arises through the mechanism 
suggested. There is a small increase in lattice parameter 
in going from nickel (3.517 A) to copper (3.608 A) 
which could also produce significant changes in the 
electronic wave functions. 


FIELD AT THE NUCLEUS 


The hyperfine structure of the Fe’ in the ferromag- 
netic Cu-Ni alloys was determined at 4°K and the field 
at the nucleus deduced from the ground-state splitting 
which is independent of possible quadrupolar effects 

see below). The equipment was calibrated in terms of 
the corresponding splitting in metallic iron. The data, 
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TABLE I. Field at the nucleus, isomer shift, and linewidth at 0°K 


for Fe® atoms dilutely dispersed in Cu-Ni alloys. 


Alloy 
composition 
(At. % Cu) 


Pure Ni- 


5.0 
10.0 
20.0 
30.0 
37.0 
45.0 
55.0 
65.0 
75.0 
85.0 
95.0 
98.0 
99 999 


H at O°K 
Fe nucleus 
(105 oe) 


2.83+0.003 
2.76+0.003 
2.80+0.003 
2.73+0.003 
2.66+0.003 
2.65+0.003 
2.46+0.004 


~0 


Isomer shift 
(cm/sec) 


0.012+0.003 
0.014+0.003 
0.011+0.003 
0.013+0.003 
0.019-+0.003 
0.016+0.003 
0.017+0.003 
0.021+0.002 
0.021+0.002 
0.025+0.001 
0.028+0.001 
0.034+0.001 
0.036+0.001 
0.037+0.001 


Linewidth 
(cm/sec) 


0.064+0.002 
0.065+0.002 
0.061+0.002 
0.056+0.001 
0.051+0.001 
0.048+0.001 
0.044+0.001 


Table I, show that the field is only weakly dependent on 
composition from 0 to 40% Cu. Beyond this point the 
field decreases rapidly and has become zero at 55%. The 
Curie temperature of a 55% alloy is in the vicinity of 
60°K so that the hfs should be within a few percent of 
its O°K value at the temperature of measurement. The 
zero value reported for the field means that the time- 
average field at the iron nucleus has become zero, i.e., 
that the iron spins are no longer aligned by the ferro- 
magnetic alloy system; it does not indicate that the 
d shell of the iron has become filled. This conclusion is 
dictated by the small change observed in the isomer 
shift in this range of composition. 

The observed decrease in the magnitude of the field 
at the iron nucleus between 0 and 40% copper is only 
99% compared to a 67% decrease in the magnetization 
of the alloy. This is in agreement with the relative 
stability of the atomic configuration of iron found in 
the discussion of the isomer shift. This stability arises 
from the splitting-off of discrete states from the 3d 
band of the alloy caused by the difference in charge 
between iron and copper. The discussion is analogous 
to that given by Slater" for chromium in nickel, where it 
is pointed out that an impurity atom whose charge dif- 
fers by more than two units from that of the host lattice 
will result in split-off levels. These fall above the band if 
the impurity atom has a smaller charge than the lattice, 
as does iron in copper. One level per atom apparently 
lies sufficiently high so that it remains above the Fermi 
level even in pure copper and is consequently largely 
unoccupied. However, small changes in the occupancy 
of this state can be produced by the motion of the Fermi 
level, and it is possible that this accounts in part for 
the observed changes in the isomer shift and in the field 
at the nucleus. 

A detailed interpretation of these changes cannot be 
given, however, since the field at the nucleus includes 
contributions from a number of other sources such as 


J. C. Slater in Handbuch der Physik 
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the conduction electron polarization, whose magnitude 
has not yet been established. 


LINEWIDTH 


The linewidth of the absorption for the copper-rich 
alloys was found to be a strong function of composition. 
It is smallest in pure Cu and largest in the middle of 
the composition range, Fig. 1. The measured linewidths 
are made up of the following contributions: (1) the 
natural linewidth of the absorber, (2) the finite thickness 
broadening of the absorber, (3) instrumental broadening 
including a small amount of geometric broadening, 
(4) the natural linewidth of the source, and (5) extra- 
nuclear effects in the alloy. The first four are the same 
for all the alloys studied; the last one exhibits the com- 
position-dependence under discussion, and is the only 
one which changes from alloy to alloy. 

Composition-dependent broadening could arise from 
the range of environments experienced by various Fe 
atoms in the alloy, i.e., inhomogeneous isomer shift 
broadening. The fact that the smallest linewidth was 
obtained in pure metal and that the linewidth did not 
exhibit a significant temperature dependence is in accord 
with this interpretation. However, since the observed 
broadening is almost as large as the total isomer shift 
between the nickel and copper environments, it is doubt- 
ful that this mechanism can account for the entire 
effect. Moreover, it cannot explain the rapid change of 
linewidth with small nickel admixture. 

Broadening could also arise from the magnetic hyper- 
fine and quadrupole interactons. Magnetic broadening, 
expecially in the midrange alloys, would exhibit a strong 
temperature dependence related to the spin relaxation 
time. No such effect was found; the linewidth was inde- 
pendent of temperature even in the ferromagnetic 55% 
Cu alloy. Quadrupolar broadening could arise in these 
cubic alloys without lattice distortion through the 
Kohn-Vosko" effect, i.e., from the spatial charge density 
fluctuations around an impurity atom. These produce 
electric field gradients which can interact with the 
quadrupole moment of the /=3, first excited state of 
Fe*’, The rapid increase of linewidth produced by small 
Ni admixture suggests that this effect is operative since 
the charge density fluctuations around a single impurity 
atom extend its influence over a considerable volume. 

A numerical estimate of the magnitude of this effect 
may be made on the basis of the computed field 


12 W. Kohn and S. H. Vosko, Phys. Rev. 119, 912 (1960). 
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gradients” in the vicinity of an impurity bearing unit 
charge. Although the computed values were obtained 
for Mg, Zn, and Cd it has been pointed out" that the 
effect of Ni on the Cu NMR is very similar in magnitude 
to that of Mg, Zn, or Cd. Using the known quadrupole 
moment for the first excited state of Fe*’,“ we obtain 
for the 12 positions in the first shell surrounding the 
impurity a quadrupole splitting, }e’gQ, of 0.011 cm/sec; 
for the 6 in the second shell, 0.005 cm/sec; and for the 
24 in the third shell, 0.003 cm/sec. These numbers may 
be compared with a broadening of 0.004 cm/sec in a 
2% Ni alloy and 0.007 cm/sec in a 5% Ni alloy. It is 
clear that at low Ni concentration this effect readily 
accounts for the observed broadening. It is certainly 
not applicable to the midrange composition alloys where 
the first mechanism discussed may make an important 
contribution. 

It is also of interest to ask what the effect of such 
quadrupole splitting is on the magnetic hfs observed in 
the nickel-rich alloys. It may be shown that when a 
suitable average has been taken over the random angle 
between the direction of the magnetization and the axis 
of the electric field gradient tensor, the major effect is 
the broadening of the absorption lines; the displacement 
of the lines is much smaller than the precision of the 
measurement, which is +1%. 


CONCLUSIONS 


The Méssbauer effect of Fe*’ in Cu-Ni indicates that 
the atomic configuration of iron in these alloys remains 
very similar to that of metallic iron. This is consistent 
with the paramagnetic behavior of iron in copper, 
known from earlier measurements, and can be accounted 
for by assuming that the presence of iron atoms causes 
discrete levels to split off from the d band of the alloy. 
Changes in the linewidth in the copper-rich alloys are 
ascribed to quadrupole splitting of the first excited 
state of Fe*’ produced by the electric field gradients in 
the vicinity of nickel atoms. 
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A method has been developed for distinguishing the reflection of ions at solid surfaces as ions or as meta 


stable atoms. Results are given for He*+, Ne*, and Ar* ions incident on clean W, Mo, and Si(100 
on contaminated W, Hf, and Ge(111) surfaces. The reflection coefficient of ions to ions 


and 
R;,;) is found to 


be small (0.0004 to 0.002) and essentially independent of incident ion energy. The reflection coefficient of 


ions to metastable atoms (Rj) is found to increase with ion energy from values comparable to Rj, 


at 10 


ev to values as high as 0.04 at 1000 ev. Discussion of these results is given in terms of the known resonance 
and Auger transitions which can occur near a solid surface for ions of sufficiently large ionization energy 
It is shown that the results can be accounted for only if ions are transformed to metastable atoms very 
close to the surface, and a possible mechanism for this process is proposed. 


I. INTRODUCTION 


HE present work deals with the reflection of ions 

of large ionization energy at the surfaces of solids. 
Very little work has been done in this field to date and 
the phenomena are complex and not well understood. 
Oliphant! observed that positive ions could be reflected 
as metastable atoms, particularly at grazing incidence. 
Healea and co-workers?’ found that H*+, Het, Net, 
and Ar* were reflected in appreciable amounts from a 
nickel surface and Rostagni* observed reflection of 
noble gas ions at a copper surface. Other observations 
of relevance are those concerning the reflection of 
metastable atoms! and the formation of negative ions 
from positive ions at surfaces.* More recently, Honig’ 
and Bradley and his co-workers*—" have mass analyzed 
the ionic products released from metal surfaces under 
the impact of noble gas ions. A comparison of the 
present results with™this previous work is made in 
Sec. IV. 

Much more work has been done on the reflection of 
ions of low ionization energy such as the alkalis. A 
recent review and evaluation of this work is to be found 
in the article by Brunnée" and a theoretical treatment 
has been given by von Roos.’ Brunnée has suggested 
that alkali ion reflection should be considerably larger 
and hence easier to study than the reflection of ions of 
large ionization energy because of the high neutral- 
ization rate of the latter at the surface. This neutral- 
ization occurs for clean and lightly contaminated 


1M. L. E. Oliphant, Proc. Roy. Soc. (London) A124, 228 (1929). 


2M. Healea and E. L. Chaffee, Phys. Rev. 49, 925 (1936). 

3M. Healea and C. Houtermans, Phys. Rev. 58, 608 (1940). 

4A. Rostagni, Ricerca sci. 9, 633 (1938). 

’ TD. Greene, Proc. Phys. Soc. (London) B63, 876 (1950). 

® Reviews of this work are to be found in Sec. 4 of Chap. 9 of 
H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Clarendon Press, Oxford, 1952), and in L. B. 
Loeb, Handbuch der Physik, edited by S. Fliigge (Springer-Verlag, 
Berlin, 1956), Vol. 21, p.- 445. 

7R. E. Honig, J. Appl. Phys. 29, 549 (1958). 
[ *R.C. Bradley, J. Appl. Phys. 30, 1 (1959). 

*R. C. Bradley, A. Arking, and D. S. Beers, J. Chem. Phys. 
33, 764 (1960). 

0 R. C. Bradley and E. 

1960). 

1 C, Brunnée, Z. Physik 147, 161 

12Q. von Roos, Z. Physik 147, 184 
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Phy s. Soc. 5, 16 


1957) 


1957). 


surfaces by virtue of the Auger-type electronic transi- 
tions possible for these ions. 

In the present investigation an attempt has been 
made to work with demonstrably clean, as well as 
contaminated, surfaces and to distinguish experimen- 
tally between reflected ions and metastable atoms. The 
data have been collected over a number of years in 
connection with the experimental studies of electron 
ejection in the Auger-type neutralization of noble gas 
ions at solid surfaces.'*-'? Some sketchy preliminary 
reports of the findings on ion reflection are to be found 
in these papers and others.'*:!® 


Il. EXPERIMENT 


The present experimental results were obtained with 
the apparatus described elsewhere.'S A beam of noble 
gas ions is produced by electron impact, focused, 
stopped down, and in some cases mass analyzed. 
Eventually, this focused beam of controllable kinetic 
energy enters a spherical electron collector, S, and 
strikes the surface of the target, 7, situated at the 
center of the sphere as indicated in Fig. 1. Primary ion 
beam currents are of the order of 10~-"’ amp in this 
work. With no voltage, V sr, between sphere and target 
the primary, secondary, and tertiary currents indicated 
in Fig. 1(a) and Table I flow. Here the symbol J is 
used to indicate the magnitude of a space current of 
particles whose nature is specified by the superscript, 
i for ions, e for electrons, and m for metastable atoms. 
The subscripts indicate the currents to which the 
current in question is secondary (single subscript, or 
second subscript if there are two) and tertiary (first 
subscript of two), as the case may be. If the particle 
is charged, the same symbol is used to designate the 
electric current carried by the particles. 7s and Ir are 
the electric currents measured at electrodes S and T 


3H. D. Hagstrum, Phys. Rev. 89, 244 1956). 


4H. D. Hagstrum, Phys. Rev. 91, 5 
16H. D. Hagstrum, Phys. Rev. 96, 3 
119, 


1953); 104, 672 
$3 (1953 
25 (1954). 
16H. D. Hagstrum, Phys. Rev 940 (1960 
17H. D. Hagstrum, J. Appl. Phys. 28, 323 
18H. D. Hagstrum, Rev. Sci. Instr. 24, 1122 
9H. D. Hagstrum, Phys. Rev. 93, 652 (1954). 
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Fic. 1. Schematic indication of 
the primary, secondary, and terti 
ary currents which flow between 
target and spherical electron col 
lector in four situations used in 
the present work. Notation is 
defined in Table I. 


Vs7 =+40V; B=60g 


(Cc) 


whose positive directions are indicated by the arrows 
alongside the symbols in Fig. 1. 

The particle currents flowing under conditions of 
Fig. 1(a) are the primary ion beam J‘, the Auger 
electrons ejer ted from the sphere by these ions, I ,¢, the 
reflected ions, /;', the reflected metastable atoms, /;”, 
and, finally, the electrons ejected from the inside of 
the sphere by each of the particle currents emanating 
from the target. Currents of higher order than those 
specified may safely be neglected for reasons given 
below. 

As V sr is increased positively from zero (T positive 
with respect to S), the Auger electron current’ /;° is 
retarded to zero. This produces the p=/s/(I7+TJs) vs 
V sr characteristic which has been analyzed in Sec. [IX 
of reference 18. It suffices to know here that for V sr 
greater than the maximum kinetic energy of the 
electrons comprising J;*, 7;° and J;,.° are zero. Under 


these conditions the remaining secondary and tertiary 


currents are accelerated to the opposite electrode 
(Fig. 1(b) |. The reverse would be the case for ions 
reflected at the sphere. Such a higher order ion current 
could thus only with difficulty reach the target where, 
if it did, any electrons ejected by it would be held by 
the electric field. It is for this reason that higher order 
currents than those shown in Fig. 1 are neglected. 
Under the conditions of Fig. 1(b),the currents to 


GAS 


fONS AT SOLID SUR 


Vs7 = +40V; B=0 


Vst>Vps; B=0 


(d) 


target and sphere are 
fe=T'—1f—1jf—Tin’, (1) 
gel ft lift lint. (2) 


quantity p=Js/(Ir+TJs) under the conditions of 


TABLE I. Definitions of notation. 


primary ion bean 
Auger electrons ejected by /' 


electrons ejected by T;¢ at sphere 


a 


ions produced by reflection of J* 
electrons ejected by /;* at sphere 


metastable atoms produced by reflection of J* 


electrons ejected by /;”" at sphere 


~~ SS NSO 


z 


current to sphere 


~ 


current to target 

reflection coefficient of ions to ions, /;"/T' 

reflection coefficient of ions to metastable atoms, /;"/J* 

p=I1s/(Ir+Is) with no B field 

p=ls Ir+TIs) with B field 

electron yield at target per incident ion, /;*/J* 

electron yield at sphere per incident ion, 7;;¢/J;* 

electron yield at sphere per incident metastable atom, 
Tim? /T5™ 
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Fic. 2. Plot of p=/s/(Ir+I/s) against magnet current, showing 
the suppression of electronic currents in going from Ro [part (b) 
of Fig. 1] to Rg [part (c) of Fig. 1]. The magnetic field produced 
at the target surface is 2.4 gauss per ma. 


Fig. 1(b) is called Ro and may be written 


Is Titlitt+T im? 
a 
I7rt+TIs/ peo I* 


Using the reflection coefficients and electron yield 
parameters defined in Table I, (3) becomes: 


Ro= Ri tyi Ri tym Rim. (4) 

The quantity Rp is thus a mixture of effects caused 
by reflected ions and reflected metastable atoms. It is 
the quantity measured after the Auger electron current 
has been retarded out. It should not be confused with 
R;; which it includes (see Sec. IV). In order to separate 
Ry into its component parts a magnetic field is applied 
in the target region perpendicular to the plane of Fig. 1. 
A field of 60 gauss is sufficient to suppress essentially 
completely all of the electronic currents flowing in 
part (b) of Fig. 1, leaving only the particle currents 
shown in part (c). The quantity p is now 


Ts qT; 
a= ( -) ovate 
Ir+I s/ pen I 


Thus with the magnetic field on we measure directly 
the reflection coefficient of ions to ions, one of the 
three unknowns in Eq. (4). 

A second unknown in Eq. (4), namely y,’, the electron 
yield for ions incident on the inside of the sphere, may 
be measured under the conditions shown in Fig. 1(d). 
Here, with B=0, the voltages of sphere S and target T 
are arranged relative to the source of ions at electrode 
D such that the entire ion beam is repelled by the 
target and strikes the sphere. The roles of sphere and 
target current are now reversed and 


(5) 


vi = (6) 


Ir ) 
IstIr/ vsr>vos 
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(Further details concerning this type of measurement 
may be obtained from Fig. 10 and accompanying 
discussion in reference 18.) 

The third unknown in Eq. (4), the electron yield for 
metastable atoms incident on the sphere, y»’, cannot 
be measured. However, there are good reasons to 
believe that the yields for ions and metastable atoms 


20,21 


are equal,” that is, that 


; 


Yn =i. (7) 
Now we know all the parameters in Eq. (4) which we 
may solve for R;, using Eq. (5). Thus we obtain the 
following expressions for R;; and R;,, in terms of the 
experimental quantities Ro and Rz: 


Ri:= Ra, 
Rim=[Ro— (1+7:’)R )/7?’. 


(8) 
(9) 


The experiment consists of measuring the currents 
Is and Ir under the sets of conditions given in parts 
(b)—(d) of Fig. 1. From these data Ro, Rs, and y,’ may 
be calculated by Eqs. (3), (5), and (6) and Rj; and Rim 
by Eqs. (8) and (9) assuming (7). There remains only 
to discuss the effectiveness of the magnetic field in 
suppressing the electronic currents J;;* and J j»,°. 

In Fig. 2, p is plotted as a function of magnet current. 
We note that p is maximum as expected for zero field 
and saturates well above 20 ma. Only those electrons 
with velocity vectors inside two opposing cones coaxial 
with the magnetic field may reach the target. The 
included angle of these cones decreases as the magnetic 
field increases. The excellent saturation of the character- 
istic in Fig. 2 is taken as evidence of the effectiveness 
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Fic. 3. Plots of Ro and Rpg for He* ions incident on clean W. 
The dashed curves indicate limits on the Ro curve observed for 
various conditions of the surface of the sphere affecting the 
quantity y;’. Reis unaffected by these changes in Ro as is explained 
in the text. 

*” H. D. Hagstrum, Phys. Rev. 96, 336 (1954). 
1H. D. Hagstrum, J. Appl. Phys. 31, 897 (1960). 
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of the field in suppressing the electronic currents. Data 
were generally taken at a magnet current of 25 ma 
corresponding to a field of 60 gauss. 


III. RESULTS 


Measurements of Ro and Rz as functions of incident 
ion energy for Het ions on clean tungsten are shown in 
Fig. 3. These may be taken as typical of the Ro, Re 
data obtained in this work. When the 7,’ at the sphere 
was changed by heating the sphere or by adsorbing gas 
on it, Ro curves in the range indicated between the 
dashed lines in Fig. 3 were obtained without changing 
the Rg curve. This is consistent with the fact that Rp 
depends only on Rj; [Eq. (5) ] and hence is independent 
of conditions at the sphere. Ro, on the other hand, does 
depend upon electron yields at the sphere [Eq. (4) ]. 

Measurements of y;’ are shown in Fig. 4. Curves 1, 
2, and 3 are for He*, Ne*, Ar* ions, respectively. These 
data were taken during the tungsten experiment when 
the sphere used was made of tantalum. The sphere 
surface was certainly not clean, as is evidenced by the 
changes which could be made in y,’ indicated above. 
Curve 4 is the yield measured for a Ta target in the 
work of reference 14. The data of Fig. 4 were used in 
reducing the data for W, Mo, and Hf in Tables IT and 
lil. y,;’ was not measured in the work with Si and Ge 
in which the sphere was made of Nichrome V. However, 
it has been found that contaminated metals 
Auger yields which do not differ greatly from one 
another. Consequently, the data of Fig. 4 were used 
in reducing the Si and Ge data also. Any error intro- 
duced in this way would affect only the magnitude and 
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Fic. 4. y;’ values measured for He*+, Ne*, and Ar* in the clean 
W experiment are plotted as curves 1, 2, and 3, respectively. 
Curve 4 is the y; for He* on Ta measured in the work of reference 
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TABLE IT. Reflection of He* at clean surfaces. 


E, (I) Tungsten Molybdenum Silicon (100) 
(ev) Ri Rin Ri Rim Ri Rim 


100 0.0017 
200 0.0018 
400 0.0015 
600 0.0014 
800 0.0016 
1000 0.0019 


0.0019 
0.0088 
0.020 
0.027 
0.034 
0.039 


0.00050 
0.00068 
0.00075 
0.0025 
0.0030 


0.000024 
0.000038 
0.00012 
0.00015 
0.00020 


0.0008 0.0066 


0.0009 0.029 


0.0010 0.042 


energy dependence of Rim somewhat, but would not 
vitiate the general character of the results. 

Values of Rj; and R;, for He* ions on clean poly- 
crystalline W and Mo, and the (100) face of Si are 
listed in Table II. Evidence for the cleanliness of these 
surfaces has been published elsewhere.'*'®?:* R;; and 
Rim for Het on contaminated surfaces of polycrystalline 
W and Hf, and the (111) face of Ge are listed in Table 
IIT. were not 
heavily contaminated either. It is possible to identify 
their state in terms of the Auger results published 
elsewhere." 


These surfaces, although not clean, 


3.24 The W surface is in the condition of 
curve 3 of Fig. 3 of reference 23. The Hf surface 
the 
to be covered with at 


which 
least a fraction of a 
monolayer. The Ge(111) surface was in the condition 
of curves 2 of Figs. 1 and 2 of reference 24. These 
contaminated surfaces are perhaps best characterized 
as having only tightly bound contaminants upon them. 


is in cleanest condition obtained!’ was 


known 


The He* data for clean W from Table II are plotted 
in Figs. 5 and 6, in which data for Ne*+ and Ar* are also 
shown. As will be seen in the next section, we expect 
the phenomena governing the magnitudes of R;; and 
R;,, to depend on the velocity rather than the energy of 
the particle. Accordingly, we have investigated the 
velocity dependence of the data of Figs. 5 and 6. Since 
R;; is essentially independent of energy it will also be 
independent of velocity. The R;,, data of Fig. 6 are 
plotted on a velocity scale in Fig. 7. Here we observe 


TABLE III. Reflection of He* at contaminated surfaces. 


E,(1*) Tungsten Hafnium Germanium (111) 
(ev) Ri Rin Ri Rin Rii Rin 


0.0015 
0.023 
0.077 
0.12 
0.15 
0.20 


0.0023 
0.011 
0.045 
0.078 
0.100 
0.121 


100 0.00043 
200 0.00052 
400 0.00062 
600 0.00084 
800 =. 0.0010 
1000 =0.0012 


0.0019 
0.0085 
0.021 
0.032 
0.040 
0.043 


0.00039 
0.00057 
0.00075 
0.00090 
0.0013 
0.0016 


0.0013 
0.0025 
0.0037 
0.0041 
0.0051 
0.0047 


2K, G. Allen, J. Eisinger, H. 
J. Appl. Phys. 30, 1563 (1959). 

2H. D. Hagstrum and C. D’Amico, J. 
(1960). 

*4H. D. Hagstrum, J. Phys. Chem. Solids 14, 33 (1960). 
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Fic. 5. Ri 


vs ion kinetic energy for He*, Ne*, 
and Ar* on clean W. 


the surprising result that the data now all lie approxi- 
mately on the same curve. 


IV. DISCUSSION 


The basic experimental results of this work may be 
summarized as follows: 


1. Ro and its components, R;; and R;», are all small. 

2. R,, is essentially independent of ion energy whereas 
R;,, increases rapidly with ion energy. 

3. Ri», has approximately the same magnitude as a 
function of velocity, independent of the mass or nature 
of the ion, for He*, Ne*, and Ar’. 

4. R;; and R;,, appear to have similar values for the 
metals whether clean or somewhat contaminated. 

5. The values of Rj; and R;,, for semiconductors are 
larger than for metals by a factor of about 5 if the 
surfaces are contaminated and are less by a factor of 
10 if the surfaces are clean. 


We suspect that these results are representative of 
the reflection of ions whose ionization energy is large 
relative to twice the work function of the solid. First, 
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FIG 6. Rim vs ion kinetic energy for He*, Ne* 
and Ar* on clean W. 
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let us compare them as far as is possible with the 
scanty work already reported for such ions. The 
magnitude of Ro is much lower than that found by 
Healea and co-workers? and more nearly like that 
found by Rostagni.‘ It should be pointed out that it is 
possible that the surfaces used by Healea were more 
heavily contaminated than any of those of the present 
work. Furthermore, since in this earlier work only the 
total electrical effects of reflection were measured with 
no attempt to analyze into components, the results 
should be compared with Ro here and not with Rj; as 
was done by Brunnée.'' The earlier results that reflec- 
tion effects increase with ion energy are thus consistent 
with the increase in Ro found here. 

Bradley and co-workers’ have concluded that the 
very slow so-called ‘“‘reflected” ions (Xe*) they see are 
actually sputtered from adsorbed noble gas atoms on 
the surface. It is difficult to see how this could be the 
case here, particularly for Het. 
and co-workers*—" also see positive ions of the base 
material. Here again, one would perhaps expect little 
of this for He* in the present work. In general, the 
negative ions observed to be released from surfaces 
come from impurities adsorbed on the surface which 
were certainly absent in the work listed here in Table 
II. We also call attention to the very small ion beam 
intensity (~10~ amp) used in the present work and 
the very small magnitudes of R;; and R;,,. All things 
considered, it seems reasonable that the 
metastable atoms observed to leave the target in the 
present work are those of the atoms in the incident 
ion beam. 

No detailed theory exists with which the present 
results may be compared. It is possible, however, to 
draw several conclusions and to demonstrate a con- 
sistency of the data internally and with the processes 
we know to be operative near the surface. We know 
that an ion approaching a solid surface can become 
involved in electronic 
and an Auger type.” The resonance tunneling processes 
may, depending on the position of the excited levels in 
the atom relative to the Fermi level, ionize a metastable 
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transitions of both a resonance 
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atom or neutralize an ion to an excited state. How 
this comes about is illustrated in Fig. 8, which is like 
figures already published by the author’ and by 
Varnerin.”® 

Figure 8 is an energy diagram in which the potential 
energy of the system of atom or ion and solid is plotted 
as a function of the distance, s, of the atom or ion from 
the solid surface. In Fig. 8 the energy of the system of 
ion, X+, and m electrons, es~ in the solid with X* at 
s=o is taken to be zero. The system of metastable 
atom X™ and (nm—1) electrons in the solid is derived 
from X+-+nes~ by neutralizing X* to a metastable 
level with an electron drawn from the solid. Since for 
a metal the neutralizing electron may come from 
anywhere in the conduction band of width er the levels 
X™+(n—l1)es~ with X™ at s= 2 will lie anywhere in 
a band er wide as shown in Fig. 8. The position of this 
band with respect to V++nes 
shown, where 


at zero energy is also 


A=E;—E.— ¢. (10) 


Here F; is the ionization energy of the normal atom, 
E, is the excitation energy of the metastable atom and 
¢g is the work function of the metal. £;—£, is thus the 
ionization energy of the metastable state. If A>0, the 
state of affairs shown in Fig. 8 prevails. 

As the ion X* is brought closer to the solid surface, 
the state X*+-nes~ varies as curve 1 in Fig. 8 by virtue 
of the interaction between X* and the solid.” The 
state ¥"-+(n—1)es~ varies as curve 2, there being a 
band of such curves lying between curves 2 and 3. 
By virtue of the Franck-Condon principle, resonance 
transitions from X*+-+nes~ to ¥"+ (n—1)es~ can occur 
only where curve 1 crosses some one of the curves 
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Fic. 8. Plot of energy of the systems X*++-nes~ and X"+ (n—1)es 
versus distance of the atomic particle from the surface. 


*6 LL. J. Varnerin, Phys. Rev. 91, 859 (1953). 
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Fic. 9. Orbit of an atom near the solid surface, with indications 
of the fractional transformations in each of the regions defined 
in Fig. 8 


lying between curves 2 and 3. This occurs at distances 
from s=* to the point a in Fig. 8. This has been 
designated region 1 at the top of the figure. At distances 
closer than point a the resonance process can go in the 
reverse direction with the ionization of Y™. The electron 
then tunnels into an unoccupied level in the solid above 
the Fermi level. This process characterizes region 2 in 
Fig. 8. At somewhat closer approach the Auger transi- 
tions can occur.”’ This process is Auger neutralization 
if the particle is an ion and Auger de-excitation if it is 
a metastable atom. This occurs in region 3 of Fig. 8. 
We designate the region of very close approach where 
repulsive forces are high for both ion and metastable 
atom and the potential curves have come very close 
together'or, in fact, have become the same curve as 
region 4. We know that regions 2 and 3 overlap so that 
separation into distinct regions, as has been done here, 
is somewhat of an idealization. However, it makes 
further discussion easier and does not alter the basic 
conclusions. . 

In Fig. 8 we have indicated an incident ion energy 
toward the surface of F,,. The total energy of the 
system is conserved at this level during the inward 
trip of the ion. Thus as the potential energy varies the 
kinetic energy varies as the length of the arrow £; 
shown. It is probable that some energy of translation 
will be lost to the lattice in region 4 and that the 
kinetic energy of the particle on the outward trip will 
be less as indicated by the level Fy... 

We have seen in Fig. 8 how three of the regions 
designated are to be distinguished as regards the 
resonance or Auger processes which can occur in each, 
A fourth region of close approach to the solid is also 
designated. These are shown again schematically in 
Fig. 9 together with an orbit of approach of an atom 
to and recession from the surface. The f factors indi- 
cated in each region are the fractions of particles 
entering the region which. undergo the transformation 
indicated in the subscripts. Thus, in region 1 a fraction 
fim of ions are transformed on the inward trip from 
ions, 7, to metastable atoms, m, and a fraction fim’ 
undergo the same transformation on the outward trip. 
Similar definitions hold for regions 2 and 3. In region 3 
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Taste IV. Expressions for the ratios N,,7/N;* and N;7/N;°. 


1 2/N* 


(a) fim, fim’ #0 (b) fim=fim’=0 


0 


(1— fin) fim® 

1 — fin) fim®(1— fmn’) =D 
D(1— fmi’) 
D(A— fmi’) 


ions are transformed to neutral atoms, m, in the ground 
state via Auger neutralization and metastable atoms to 
ground-state atoms via Auger de-excitation. The 
symbol fim’ in region 4 indicates that ions are changed 
to metastable atoms very close to the surface, which 
process will be discussed shortly. 

It is now possible to write down expressions for the 
relative number of ions and metastable atoms at each 
of the division points between the numbered regions of 
Fig. 9 on both inward and outward trips. We use the 
symbols V,,7 and \,* to indicate the number of meta- 
stable atoms and ions, respectively, at position x. 
x may be ~, a, b,c, d, e, f, or ©” (Fig. 9). In Table IV 
may be found expressions for the ratios .V,,7/.V,* and 
N\7/N~ determined for the two cases: (a) fim, fim #9, 
and (b) fim= fim =0. 

We point out first of all that all four of the regions 
shown in Figs. 8 and 9 for the general case may not 
exist for any particular ion and surface. The point a 
may lie at s=* and region 1 thus not exist if A<O 
(Eq. (10) ], as is true for Ar*, Kr*, and Xet* incident 
on tungsten.”° Or region 1 will not exist if point a lies 
at such large s that wave function overlap is so small 
as to make the resonance probability and hence fim 
and fim’ essentially zero. This latter is the case for He* 
on W.’ Thus for He+, Ar+, Kr*+, and Xe* case (b) 
(fim= fim’ =0) applies. This is fortunate since case (a) 
leads to quite complicated expressions as is seen in 
Table IV. 

We now show that the present experimental results 
cannot be accounted for by the processes of regions 1, 
2, and 3 alone for fim and fim’ either zero or finite. 
First, if fim= fim’ =O we see that in regions 1, 2, and 3 
there is no mechanism of transforming ions to meta- 
stable atoms as is required by the experimental results 
(item 2 of summary above). If fim and fim’ are not 
zero, a mechanism of changing ions to metastable 
atoms then exists but it has the wrong dependence on 
ion energy. As ion energy is increased it is reasonable 
to assume that the time spent in region 1 decreases on 
both the inward and outward trips and that, as a 
consequence, both fim and fim’ decrease. However, the 
experimental results show that the number of reflected 
metastable atoms increases with ion energy. Thus, in 


wee N;/N;° 
(a) fim, fim’ #0 
1 
1— fim 
1— fimt fim fmi 
(1— fim+ fimfmi) A — fin) = B 
B(1— fim®) 
B(1— fim®) A— fin =F 
E+C fins’ 
(E+C fms’) (1— fim’) 


either case, another mechanism of transforming ions to 

metastable atoms is needed. The only likely place is 

in the region of closest approach, region 4, where the 

fraction changed from 
0 


indicated as fin’. 


ions to metastable atoms is 

It is suggested that a reasonable mechanism to 
account for the factor fim’ in region 4 is the following. 
In this region repulsive energies are high and the 
potential curves of Fig. 8 for ion and metastable atom 
are close together, if not coincident. In fact, in this 
region it is perhaps impossible or meaningless to 
distinguish ion and metastable atom from one another 
since the electronic structure of the atom overlaps that 
of the solid so strongly. Should the nucleus separate 
itself from the solid, there will be a definite probability 
that the electronic structure of the separated atom will 
be that of the ion (curve 1) or that of the metastable 
atom (one of the curves between curves 2 and 3). 
This probability should be independent of the nature 
of the particle as between ion and metastable atom and 
its velocity as it enters region 4. What this means is 
that conditions in region 4 are such as to re-establish 
the possibility of ready electron transfer between the 
metastable level in the atom and the solid. Thus, region 
4 is thought to be analogous to the 
postulated by Weizel and Beeck*® to occur on close 
approach of an ion and neutral gas atom and used by 
them to account for ionization and excitation of free 
atoms by ion impact. This assumption is equivalent to 
saying that at point d on the outward trip there is a 
definite ratio of the number of positive ions (.V;“) to 
the number of metastable atoms (.\,,): 


“stérgebeit”’ 


N,,*=kN;4. (11) 
For case (b) it can be shown from Table IV that 
= fin’ (i— fin’) (12) 


Thus it is consistent to take k and f;,,, 
characteristic of the ion and surface 


as constants 
in question. 
In terms of the expressions of Table IV, case (b) we 


2°W. Weizel and O. Beeck, Z. Physik 76, 250 (1932 
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may now write: 


N*= (1 — fia) (1 — fin®)(1— fin’) 
+ (1— fin) fim’(1— fan’) fms’ 


Ri:= N=’ 
(13) 


and 
Rim = Na NS _ (1 — fin) fin®(1 — fn’) (1— fi’). 


We shall now use these expressions in a discussion of 
the five basic experimental results listed above. 

R;; and Rj, and hence Ro, are small (item 1) because 
of the high Auger probabilities. This means that fi, 
and fm, are large, (1—/fin) and (1—fm,) small, in 
expressions (13) and (14) making both Rj; and Rim 
small. 

We may make a consistency argument concerning 
the energy or velocity dependence of Ri; and Rin 
(item 2) using expressions (13) and (14) as follows. We 
assume that as incident ion velocity increases, velocity 
on the outward trip also increases. Thus, the particle 
spends less time in any given region and the f factor 
decreases, (1— f) increases with increasing ion velocity. 
Taking expression (14) for Rj first, we see that except 
for the constant factor fj,” all other f factors enter as 
(1—f) so the total expression must increase in magni- 
tude as incident ion velocity increases in agreement 
with experiment. In expression (13) for Rii, fmi’ appears 


(14) 
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alone in the second term giving rise to the possibility 
that this term could decrease if the effect of decrease 
in fm: outweighs the increase in the terms (1— fi,) and 
(1—fmn’). Thus, the whole second term in (13) could 
decrease and tend to compensate the first term which 
can only increase. This possibility is at least consistent 
with the experimental observation that Rj, is approxi- 
mately independent of ion velocity. 

The third experimental result (item 3 and Fig. 7) is 
the surprising one that R;,, for Het, Ne*, and Art has 
approximately the same value at the same incident ion 
velocity. This must require that the various f factors 
for these ions in expression (14) are either (a) all very 
nearly the same in magnitude, or (b) have such magni- 
tudes as to make the over-all expression nearly the 
same for these ions. This is the more surprising because 
Rim depends not on fin and fin’, but (1— fin) and 
(1— fmn’) which are small. 

There appear to be no reasons which can be given for 
the relative behavior of the metals among themselves 
or as compared to the semiconductors (items 4 and 5). 
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Measurements are reported of absorption, emission, and activation spectra in CaFy:Sm 


, and also of 


fluorescence lifetime. A revised level scheme is proposed. Observations of optical maser effects were made at 
liquid hydrogen and liquid helium temperatures over a wide range of pumping intensities. For illumination in 
the 6400-A band, the threshold intensity of illumination was about 20 w cm~*. Observations are reported of 
the dependence of the intensity of the maser beam on the pumping intensity. Photographic observations, 
made both with or without a Fabry-Perot etalon, show that on one particular sample five distinct fre 
quencies were present in the maser signal, and that the number of modes excited was of the order of 1000. 


INTRODUCTION 


K' YR the past year we have been investigating fluo- 
rescence associated with rare-earth ions in calcium 
fluoride and similar crystals. Considerable interest at 
the present time attaches to certain phenomena which 
can occur at very high excitation levels in such ma- 
terials; in particular, the optical maser effect. On the 
basis of previously published information,! it has been 
suspected for some time that one particularly favorable 
system for the observation of optical maser effects is 
CaF::Sm**. Recently Sorokin and Stevenson have 
indeed reported the operation of a CaF,:Sm** optical 
maser.” In this paper, we shall present the results of more 
detailed spectroscopic and optical maser experiments 
with this material. Specifically, we shall present: (i) an 
amended level scheme for the Sm** ion, with an attempt 
at some term assignments; (ii) observations of the 
distribution of the energy in the emitted light over 
wavelength, and of the width of the principal emission 
line, as functions of temperature; (iii) a confirmation of 
the previously reported fluorescence lifetime; (iv) a 
determination of the quantum efficiency as a function 
of the exciting wavelength; (v) a measurement of the 
threshold intensity of illumination for the onset of 
optical maser action in several samples having the 
parallel-reflector geometry ; (vi) a study of the depend- 
ence of maser output on pumping level, and of the 
lateral fluorescence in the region beyond the maser 
threshold ; and (vii) an examination of the directionality 
and of the frequency distribution in the maser beam by 
means of a Fabry-Perot etalon. 

Most of the crystals studied grown by H. 
Guggenheim of Bell Telephone Laboratories.* The 
crystals were doped with samarium in the range 0.02 to 
1% per mole. Reducing conditions during growth are 
required in order to encourage the divalent rather than 
the trivalent form of the samarium; the difference be- 
tween the two is at once obvious to the eye, since 


were 


CaF,:Sm** has an intense green color, even at quite 
low concentrations, while CaF,:Sm** appears to the eye 


'P. P. Feofilov, Zapiski Vsesoyuiz Mineral Obschestva 85, 
1956); Optika i Spektroskopiya 1, 992 (1956) 

?P. P. Sorokin and M. J. Stevenson, IBM J. Research and 
De velop. 5, 56 1961). 

*H. Guggenheim, J. Appl. Phys. 32, 1337 (1961). 
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to be transparent. Generally, our crystals were con- 
siderably darker in color than others having the same 
nominal samarium concentration obtained elsewhere; 
even so, during our investigation it transpired that even 
in the darkest crystals much of the samarium was still 
in the trivalent state. 

The paper is divided into two parts: part A, concerned 
with the (linear) fluorescence processes and part B, 
dealing with the optical maser effects. 


A. FLUORESCENCE PROPERTIES 
1. Absorption and Emission Spectra 


The measurements to be reported in this section were 
made on a sample with a total samarium content of 0.05 
mole percent. From reasoning to be given in Sec. A.4 it 
is estimated that approximately 20% of the samarium 
was present in the divalent state, and the rest in the 
trivalent state. Thus the concentration of Sm** 
proximately 3X 10'* atoms cm™ 

Measurements of absorption and emission spectra 
were made at a number of temperatures between room 
temperature and the liquid helium range. Measurements 
of absorption were made with a Cary model 14 spectro- 
photometer. In addition, measurements of absorption 
and emission in the vicinity of the main emission line 
(at 14497 cm™~) were made under higher resolution 
with a Bausch & Lomb dual grating spectrograph at 
dispersions of about 8 or 1.6 A/mm. For the emission 
measurements, the fluorescence with a 
tungsten filament lamp. 

The broad outline of the room temperature absorption 
spectrum is given in Fig. 1 and clearly shows the con- 
spicuous broad absorption bands near 23 500 cm™ and 
16 000 cm— characteristic of Sm*+*. As the temperature 
is lowered, considerable fine structure in these bands 
appears; at liquid helium temperatures, the bands are 
partially resolved into many components of various 1n- 
tensities and linewidths. Also to be seen in Fig. 1, in the 
curve for 1.8°K, are sharp absorption lines at 25 132 
cm-, 25 081 cm=, and 24 987 cm~. These correspond 
with known absorptions for the trivalent ion Sm**. The 
other conspicuous feature of Fig. 1 is a set of sharp ab- 
sorption lines between 14 000 and 15 000 cm™, to which 
we shall return in a moment. 


is ap- 


was excited 
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Fic. 1. Absorption 
spectrum for 0.050, Sm 
(0.01°% Sm**) in calci 
um fluoride. 
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Absorption measurements have also been made in the 
infrared. The resuits, which are not shown in Fig. 1, are 
as follows. Groups of weak lines occur at 9260 cm“, 
8130 cm, 7246 cm™ and 6896 cm~'; these lines are also 
found in samples of calcium fluoride containing samarium 
grown in an oxidizing environment, which lack the 
strong absorption bands characteristic of Sm**, and 
may be assigned to Sm**. In some samples, made under 
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conditions in which forming gas (N2+H:) had been 
added to the gaseous ambient to promote the appear- 
ance of divalent samarium, there are lines or bands in 
the region around 2100 cm or 3000 cm, which are due 
to C=N and C—H molecular groupings, respectively. 

The only feature in the infrared part of the absorption 
spectrum which can probably be ascribed to Sm** is a 
line at 963 cm7. 

The portion of the absorption spectrum in the range 
14 000-15 000 cm is shown in greater detail in Fig. 2. 
Absorption lines are visible at about 14 128 cm™ and 
14 241 cm; a much stronger line at 14 497 cm is off 
scale at the left-hand side of the figure. Figure 3 shows 








Fic. 3. Fluorescence emission spectrum for 0.05% Sm (0.01% 


Sm*t) in calcium fluoride, The ordinate represents plate 


Fic, 2. Detail of absorption spectrum. density. 
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the emission spectrum in this region, as obtained by 
microphotometer traces of plates obtained with the 
Bausch & Lomb instrument. Conspicuous emission 
lines occur at 14120 cm”, 14 230 cm™’, and 14 497 
cm-!. Small shifts in the positions of the emission and 
absorption lines occur when the temperature is changed ; 
careful measurement shows, however, that at any one 
temperature the three emission lines coincide with the 
three absorption lines within the accuracy of the 
measurements. 

We shall postpone for the moment the discussion of 
the absolute strengths of the absorption and emission 
lines, which will be the subjects of later sections. It is 
convenient to discuss here, however, the temperature 
dependence of the principal absorption and emission 
lines. At liquid helium temperatures the only absorption 
line remaining is that at 14497 cm“, and the only 
emission line is that at 14 118 cm“. As the temperature 
is raised to some value in the vicinity of 50°K, the 
absorption lines at 14 230 cm™ and 14 118 cm™ make 
their appearance, and at some point in the same range 
of temperature the remaining two emission lines also 
appear. If the temperature is raised beyond 80-90°K, 
the 14497-cm™ absorption line becomes noticeably 
weaker, while the other two absorpiion lines continue to 
become more enhanced. Finally at some temperature in 
the vicinity of 130°K all of the absorption and emission 
lines become submerged in the tail of the broad absorp- 
tion band centering around 16 000 cm~, which at these 
temperatures begins to extend into the region under 
discussion. 

To investigate quantitatively the temperature de- 
pendence of the 14 118 cm™ and 14 230 cm™ absorption 
lines, measurements of the area /-Kdv under the ab- 
sorption line were made as a function of temperature 


oh Ne 
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Fic. 4. Plot of the quantity /Kdyv against the reciprocal of the 
absolute temperature for the 14118-cm™ and 14 234-cm™ ab- 
sorption lines. K is in cm™ and » in wave-number units (cm~). 
(Legend of ordinate should read {§ Kdyv.) 
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and the results plotted logarithmically against 1/T 
(Fig. 4). The slopes of both curves are the same, within 
the accuracy of the experiments, and a nominal value of 
—240°K for the slope is obtained. This slope which is 
equal to E/k in the Boltzmann function e~*/*" corre- 
sponds to an energy separation of E=170 cm~. How- 
ever, several factors in our experiments operate to de- 
crease the slope of §Kdv vs 1/T and increase the 
apparent energy separation of the ground and first 
excited levels. These are: (1) More than one excited 
level is being populated, especially at higher tempera- 
tures. (2) The ground level will tend to be depleted at 
higher temperatures. (3) Appreciable internal heating 
in the sample from absorption of the measuring radia- 
tion may occur, especially at low temperatures where 
heat capacity of CaF, is small. (4) As the temperature 
decreases, the linewidth decreases, and for the transi- 
tions involved the instrumental resolving power may be 
inadequate to record the true linewidth. Thus the 
measured intensity will decrease more slowly with 
temperature. We believe that all these factors could 
produce a slope which is as much as 50% too small, and 
that the energy separation for the levels involved may 
be as large as 263 cm™ (see Sec. A.4). 

Results of comparable accuracy for the temperature 
dependence of the 14 230 cm™ and 14 497 cm™ emission 
lines have not yet been obtained, but the strengths of 
these lines relative to the 14 118 cm™ line are found to 
be 0.063 and 0.0017, respectively, at 77°K. 

Measurements of the width of the 14 118 cm™ emis- 
sion line as a function of temperature were made by 
photographing the emission spectrum at a number of 
different exposure times, making microdensitometer 
traces of the line contours, and correcting for the 
emulsion characteristic by use of a previously deter- 
mined plate calibration curve. Results are given in 
Table I. 

One other feature of the emission spectrum is note- 
worthy. This is the appearance of a broad continuous 
emission extending from the sharp line at 14 118 cm“! 
to a limit some 1000 cm™ lower in frequency. To esti- 
mate the ratio of the energy radiated in this continuum 
to that contained in the principal emission line at 14 118 
cm-!, we have compared the areas under the appro- 
priate microphotometer traces similar to those shown in 
Fig. 3. We find that at 77°K the continuum contains 
about 10 times as much energy as the sharp line; at 
20°K the ratio has fallen to 5, and at 4.2°K to 3.5. 


2. Activation Spectrum 


Qualitatively, the “activation spectrum” of a fluo- 
rescent material means a plot of the brightness of the 
fluorescence as a function of the wavelength of the 
exciting light. This brightness, of course, depends on the 
intensity of the exciting light, the absorption constant at 
the wavelength in question, the quantum efficiency, and 
the geometry of the experiment. By making measure- 
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ments on parallel-sided slabs, illuminated in some de- 
fined way with a known intensity of illumination, it is 
possible to sort these various factors out. A detailed 
discussion of the techniques used will be given in a 
subsequent paper. In presenting the results obtained 
with CaF,:Sm**, we shall define two quantities: (i) The 
quantum efficiency per absorbed photon (n): the ratio of 
the rate of emission of photons of fluorescent light to the 
rate of absorption of photons of wavelength X. (ii) The 
quantum efficiency per incident photon (n*): the ratio of 
the rate of emission of photons of fluorescent light to the 
rate of arrival (at or close to normal incidence) of 
photons of wavelength A. 

The true quantum efficiency, of course, is 7. The 
quantity * is related to 7 through the fractional ab- 
sorbance of the parallel-sided slab, and consequently 
depends on the thickness of the slab. An “activation 
spectrum” is then a plot, for some particular thickness, 
of n* against X. 

Figure 5 shows an activation spectrum for a 
CaF,:Smt*t+ sample 0.32 cm thick, having a total 
samarium content of 0.05%. The measurements were 
made at liquid nitrogen temperatures, and count all the 


TABLE I. Linewidth as function of temperature. 


Half-peak 
width 
(cm) 


Line frequency v Wavelength 
(cm™) (A) 


14118 
14 118 
14114 
14114 


Temperature 


7083 30.4 
7083 14.6 
7085 1.6 
7085 1.3 


emitted fluorescent light, including the long-wavelength 
continuum. It will be seen that »* has peaks at wave- 
lengths corresponding to the absorption maxima of 
Fig. 1. Making use of the absorption data, it is found 
that the true quantum efficiency 7 is 1.3 (with an un- 
certainty of a factor of about 1.5) for all wavelengths 
between 3000 and 6600 A. This remarkable result shows 
that all of the bands are equally effective in populating 
the initial states for the fluorescent emission. 

Since only about 10% of the fluorescent emission at 
77°K is in the strongest sharp line, the quantum effi- 
ciency for emission in this line is only about 0.1. 
Measurements of activation spectra have not been made 
at lower temperatures, but we have some evidence that 
the total fluorescent emission remains unchanged. This 
means, for example, that at 20°K the quantum efficiency 
for emission into the 14 118-cm™ line will have risen 
to 0.2. 


3. Fluorescent Lifetime 
The decay time of the 14 118-cm~! emission line at 
20°K was determined using an experimental arrange- 
ment similar to that to be described in part B. The 
sample was excited by an FX 12 capillary flashlamp, 


EFFECTS IN 


CaF.:Smt* 























5000 
XA 


~ 4000” 


Fic. 5. Activation spectrum for 0.05% Sm (0.01% Sm**). The 
figure shows n*, the quantum efficiency per incident photon, for a 
slice 0.32 cm thick. T=77°K 


discharging a circuit giving a lamp decay time of 
2X10-7 sec. The time constant of the detector was 
smaller than 10-7 sec. The fluorescence decay was 
followed over 8X 10~ sec and showed no departure from 
the simple exponential form. The lifetime 7 was found 
to be 2X10~-° sec, with an uncertainty of about 10%; 
this compares with Feofilov’s value of 1.4 10~ sec. 


4. Interpretation 


Let us now turn to the interpretation of the foregoing 
data. Previously published experimental and theoretical 
results on the spectroscopy of Sm**+ are meager. 
Feofilov' has proposed a level scheme, but has made no 
term assignments. Butement* has attempted to assign 
the lowest lying levels, on the basis of absorption and 
fluorescence measurements on BaCl.:Smtt. 

Butement’s scheme is based on the supposition that, 
since Sm** is isoelectronic with Eu**, the lowest levels 
should consist, as they certainly do in Eu**, of the suc- 
cessive components of a normal ‘F multiplet. Taking 
the ground state as ‘Fo, Butement locates from the 
fluorescence the ‘F; at 269 cm, the 7F2 at 834 cm, the 
7F; at 1493 cm, and the *F, at 2296 cm“. Ina suitably 
transparent host lattice, the existence of these levels 
should lead to fairly sharp absorption lines or groups 
of lines at the wave-number values indicated. In 
CaF», however, the first lies within the region of strong 
host lattice absorption. The absorption at 963 cm™! 
mentioned in Sec. A.1 might be associated with the 
7F) — 'F.; the others, for some reason, have not been 
observed. 

Turning next to the group of absorption and emission 
lines around 14 000 cm~, we note that Feofilov’s analy- 
sis is based on his conclusion that the 14 497-cm™ line 
is a “resonance” line. This leads Feofilov to identify the 
final state of the 14 497-cm™ absorption with the initial 
state of the 14 118-cm™ emission line, and therefore to 
locate the final state of the emission line 379 cm~ (or 
396 cm~', according to his measurements) above the 
ground state. According to the results reported in 
Sec. A.1, however, the 14497-cm™ line is not a reso- 


nance line, since the emission at this frequency vanishes 


‘fF, D. S. Butement, Trans. Faraday Soc. 44, 617 (1948). 
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at low temperatures. From the temperature-dependence 
of the absorption lines at 14118 and 14 230 cm“, we 
may conclude, although with some reservation, that 
the lower states for these transitions lie 263 cm above 
the ground state. This means that the upper state 
for the 14 230-cm™ transition lies, within the experi- 
mental accuracy, at the same energy as the upper state 
of the 14497-cm™ transition, and may therefore be 
identified with it. On this basis we may then construct 
the level scheme shown in Fig. 6. 

Next we shall attempt to calculate the oscillator 
strengths for the three transitions under discussion. The 
oscillator strength associated with an absorption line is 
given by the equation: 


f=(mce/reN) Sf Kdv, (1) 


where .V is the density of atoms in the lower state of the 
transition. The oscillator strength associated with an 
emission line, on the other hand, is given by 

f=mc/8r'ev*7, (2) 
where 7 is the radiative lifetime, which will be equal to 
the measured lifetime divided by the quantum efficiency 
for emission into the line in question. 

The 14118 cm™ and 14234 cm” origi- 
nate in absorption from an excited level, and the 
fraction of Sm** ions excited into the 263 cm™ level 
is still small at 77°K. For these lines, V = No exp(— 263 
cm kT) = Vo/132, while we may write V = No for the 
line at 14497 cm“, which originated in the ground 
state. The value of .Vo, the total density of Sm** atoms 
in the crystal, was obtained in the following way. First, 
the distribution coefficient for Sm in crystals of CaF: 


lines at 
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Fic. 6. Level scheme for Sm** in CaF». 
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TABLE II. Absolute intensities of selected absorption lines. 


nN v 
(A) (cm) 


Kmax™D/t Av 
(cm~) (cm™) f 


14118 21 

14 234 13.2° 
14 497 1.6 

14 830 77 
14 874 36 
15 723 3 

19 677 5.30 
22 381 5.50 
23 540 8.85 
24 987 0.62 


7083 
7025 
6902 
6743 
6723 
6360 
5082 
4468 
4248 
4002 


6.9X 10 


ej eeacvanna ss & 


3.3K 10 


* Corrected for Boltzmann population factor for the lower state at 263 
cm™, Data from 77°K. The other measurements were made at 1.8°K on the 
Cary instrument. Note that the instrumental linewidth was 10-20 cm™, so 
that the values for Avy quoted above for the 14 497-cn and 14 830-cm™ 
lines are not to be interpreted as true linewidths 


grown from the melt is very nearly unity.’ Thus, the 
total Sm concentration is that which was originally 
added. Second, the Sm**/Sm** ratio was determined 
by converting the Sm** to Sm** in an oxidizing atmos- 
phere for a sample containing 0.05 mole Sm/mole 
CaF». The increase in absorption at 8152 cm where 
Sm** absorbs indicated that 20% of the total samarium 
was in the divalent state. The sample was found in 
this way to contain 2.6X10'* atoms Sm**+/cm*. From 
Eq. (1) and the values of V just determined, the f 
numbers for the lines in question are those given in 
Table II. The f numbers for certain other lines are also 
given in the table. 

By using Eq. (2) the f number for the line at 14 118 
cm~ may be obtained using the radiative lifetime from 
Sec. A.3; namely, (2 10~-°/0.1) sec at 77°K. The value 
of f=3.7X10~ thus obtained is in satisfactory agree- 
ment with the value 6.9 10~ obtained from absorption. 

As an additional check on these calculations, we have 
used the f values indicated in Table II to compute the 
relative strengths of the three emission lines at 77°K, 
allowing for thermal excitation from the metastable 
state at 14381 cm™ to the state at 14497 cm“. The 
values computed are 1:0.076:0.0059, as compared with 
observed values of 1:0.063:0.0017 (see Sec. A.1). The 
agreement is satisfactory, if it is noted that self- 
absorption will reduce the ratio for the 14 497-cm™ line 
but not for the other two. 

With respect to the assignment of the levels indi- 
cated in Fig. 6, the following remarks may be made. 
The state at 263 cm™ lies very close to the position of 
the 7F, state as proposed by Butement,' which in turn is 
close to that computed from the screening constant. The 
observation that the state is not split is consistent with 
the fact that J =1 states do not split in a cubic field. In 
principle it should be possible to check this assignment 
by finding, from the temperature dependence of the 
14 497-cm— line, whether the 256-cm~ level has the 
expected statistical weight of 3, but this has not yet been 
done. 


*K. Nassau, J. Appl. Phys. (to be published 
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In Eu**, the next higher group of levels is the °D 
multiplet, with °Do lying lowest.°”7 We may therefore 
tentatively assign the 14 381-cm™ level to 5Dy and the 
14 497-cm™ level to °D,. Supporting evidence for this is 
to be found in the absence of the 0 > 0 transition, which 
is forbidden in a cubic field. 

With these tentative assignments, we may proceed 
further and attempt to locate the 7F,---'Fs and the 
5Do, *©Ds, and *Dy, levels. As mentioned above, the 7F>5 
level may be tentatively located at 963 cm™. In addi- 
tion, there are, as will be seen from Figs. 2 and 3, 
numerous absorption lines lying at energies higher than 
14 497 cm“, which might be associated with the former, 
and numerous emission lines lying at energies lower than 
14 118 cm, forming part of what we have called the 
“long-wavelength continuum.” The number and com- 
plexity of these features has so far frustrated a more 
complete analysis. Of course, states having J>1 split in 
a cubic field, so that the number of intercombination 
terms increases rapidly as we ascend within each 
multiplet. 

Finally, there are the broad-band features of the 
absorption and emission spectra. The f numbers for the 
broad bands are of the order of 10~*. As pointed out by 
Feofilov' and by Butement,’ such broad and strong 
bands cannot arise from transitions wholly within the 4f 
shell; thus we are compelled to associate them with 
allowed 4f — 5d transitions. Why these should occur in 
the visible spectrum instead of in the ultraviolet, where 
the allowed transitions for Eu** are found, is not at 
present understood. The close proximity of these 5d 
levels to the §Do and *D, states of the 4f configuration 
suggests that the unusually large f numbers for the 
transitions near 14500 cm™ arise from interactions in 
which intensity is “borrowed” from the allowed 4f — 5d 
transitions. 

An alternative possibility that cannot be entirely 
ruled out is that the sharp lines at 14 500 cm™ as well as 
the many components of the group near 15 700 cm”! 
arise from the multiplet components of the 5d level, as 
split by the crystal field. Butement' has pointed out that 
the parent level may have rather high multiplicity and 
therefore may give rise to the many levels observed even 
in a highly symmetrical field. In this case, the (4f) 
transitions might have their customary f numbers 
(~10-) and so be too weak to be observed. 

As for the broad “long-wavelength continuum” in the 
emission spectrum, all we can suggest at the moment is 
that, since this persists to low temperatures, it too must 
be associated with transitions out of the 14 381-cm™ 
level. We might tentatively associate these transitions 
with the existence of many overlapping levels lying 
within about 1000 cm~ of the ground state. This energy 
figure is of the right order of magnitude to be ascribed to 
lattice vibrations. 


°K. H. Hellwege and H. G. Kahle, Z. Physik 129, 62 (1951). 
’ J. B. Gruber and J. G. Conway, J. Chem. Phys. 34, 632 (1961). 
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B. OPTICAL MASER EFFECTS 


1. Experimental Arrangements 


Samples of CaF,:Sm+*+ were cut into cylindrical (3- 
mm diameter and 20-mm length) shape, with the ends 
of the cylinders polished flat and parallel to approxi- 
mately 10 seconds of arc and subsequently silvered. 

The sample was mounted at the bottom of a vertical 
stainless steel tube, mounted inside a Pyrex Dewar, so 
that the sample was in the unsilvered appendix. Various 
arrangements were made for illuminating the sample. 
For illumination by a flash of the order of 1 msec dura- 
tion, the appendix of the Dewar was inserted into a 
General Electric FT-524 flash tube. This arrangement, 
however, has the disadvantage that the intensity of 
illumination of the sample is difficult to estimate with 
any accuracy ; in addition, the lamp is not designed to be 
run continuously. Alternatively, a confined source is 
used, and focused on the sample by means of a number 
of spherical mirrors, each arranged so that the lamp and 
the sample are as close as possible to the center of 
curvature, and so that the sample coincides with the 
tangential line focus of the source. A typical arrange- 
ment is shown in Fig. 7; the spherical mirrors in this 
setup each had a radius of curvature of 20 cm, and the 
total solid angle was approximately 3.2 sr. The aber- 
rations were small of the order of the size of the sample. 
For very short pulses, the source was an Edgerton, 
Germeshausen, and Grier FX-12, which has a maximum 
rating of about 4 joules for a pulse of duration ~10-6 
sec. For pulses having durations in the range 10~>-10~ 
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Fic. 7. Arrangement of mirrors for illumination of maser samples 
with light from a compact arc lamp. 
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Fic. 8. Optical maser ac- 
tion with a short light flash. 
Upper beam, maser signal; 
lower beam, pump signal; 
time scale, 1 usec per divi- 
sion. The traces have been 
smoothed to eliminate elec- 
trical pickup from the light 
circuit. 


sec, the source was a Hanovia xenon lamp; this lamp has 
a rating of 300 joules for pulses of duration ~10~ sec, 
and can also be run up to 30 kw for 0.1 second, or 1 kw 
continuously. In all cases, selection of the wavelength 
range of the exciting light was obtained by surrounding 
the tail of the Dewar with a cellophane filter immersed 
in water, or by an aqueous solution of suitable trans- 
mission properties. In particular, solutions of eosin were 
found convenient for transmitting light having wave- 
lengths falling within the 16 000-cm~ pumping band. 

Arrangements were made for inspecting the light 
emerging through the end of the sample and up the 
stainless steel tube, the light emitted from the sides of 
the sample, and the light from the lamp. To separate the 
fluorescent light from other wavelengths present, a 
small spectrometer containing a Bausch & Lomb 1200- 
line’ mm grating was used. Light emerging from the exit 
slit of this spectrometer was allowed to fall on a 1P-28 
photomultiplier, the output of which was displayed on 
a dual-beam Tektronix oscilloscope. Arrangements were 
made for displaying simultaneously on the oscilloscope 
either the lateral fluorescence signal and the lamp in- 
tensity, or the maser signal and the lamp intensity. 

To investigate the directionality of the maser beam, 
the light emerging through the end was photographed 
through a Nikkor 500-mm focal length lens with the film 
in the focal plane. When, in addition, information on the 
monochromaticity was required, a 10-mm Hilger Fabry- 
Perot etalon was set immediately in front of the lens. 

Finally, a few measurements were made on the 
spectral distribution of energy in the light emitted by 
the lamp. These measurements verified, within the ac- 
curacy required for the present investigation, the dis- 
tribution reported by the manufacturer, and further 
showed that the distribution was approximately the 
same when the lamp is operated on a pulse basis. 


2. Maser Threshold 


The critical excess inverted density for optical maser 
action is* 
8r°Av (1—R) 
> vu (3) 
bv |» l 


where V is the volume, / the length of the crystal, Av the 
width of the fluorescent line, \ its wavelength, and r its 
radiative lifetime, and R is the reflectivity of the ends. 
If the sides of the sample are illuminated in such a way 


L. Schawlow and C. H. Townes, Phys. Rev. 112, 1940 
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that the intensity of illumination for wavelengths be- 
tween \’ and \’+d)’ is J(A’)dX w cm, and if the 
absorption constant at \’ is K(\’) and the quantum 
efficiency for excitation at that wavelength n(\’), then 


(N/V)=(4r he) J NTOX)K Wn), (4) 


provided that the light is incident nearly normally on 
the surface, or at any rate, proceeds nearly normally to 
the surface after refraction thereat ; # and ¢ are Planck’s 
constant and the velocity of light, respectively. In Eq. 
(4), it is supposed that K(A’) is at all wavelengths small 
in comparison with the radius of the sample, and, 
further, it is supposed that the terminal state of the 
transition is empty, so that (V/V) can stand indiffer- 
ently for the density in the upper state and for the 
excess density in that state. 

Other considerations aside, it is desirable to pump at 
a wavelength as close as possible to that at which the 
emission occurs, in order to reduce the amount of energy 
which has to be dissipated (even when 7=1) to the 
lattice. For CaF,:Sm**, the most favorable pumping 
region is the band between 6000 and 6600 A. For 
(nominal) 0.05% Sm (0.01% Sm**), the absorption 
constant has around 10 cm™ for an interval of about 
500 A in the vicinity of 6400 A (see Fig. 1). Using this 
figure we can compute, for a particular length and 
reflectivity, the expected optical maser threshold for 
pumping in this region. Taking A=7.08X10-° cm, 
\’=6.4X10- cm, /=1.2 cm, Av=1.6 cm, and R=0.9, 
and using the value 7=0.2 corresponding to the effi- 
ciency for emission of the 14 118 cm™ line at 20°K (see 
Sec. A.1), we find 2.5 w cm™~. This, however, is calcu- 
lated on the assumption that the sample is thin in 
comparison with (1/A). To get the average density 
throughout the sample up to the required value, we 
should multiply this by 2Kr, where r is the radius of the 
sample; this leads us to approximately 5 w cm~*. 

Measurements of the threshold were made with the 
arrangement shown in Fig. 7, by maintaining constant 
flash conditions, and progressively reducing the mirror 
aperture until maser action disappeared. An eosin solu- 
tion was used to isolate the 16000-cm™ band. The 
duration of the pulse was chosen to be long in compari- 
son with the fluorescence decay lifetime. The peak 
power emitted by the lamp in the wavelength range 
effective for pumping was then compared with the 
power emitted in the same wavelength range when the 
lamp was run continuously at the manufacturer’s rating 
of 1 kw. In one experiment the ratio of the peak flash 
power to the continuous power was 29. With this peak 
flash power, maser action disappeared when the mirror 
aperture was reduced below 0.24 sr. Using the manu- 
facturer’s data, we find that the total power emitted 
within the wavelength range around 16 000 cm~ that 
can be absorbed by the sample is 23 w when the lamp is 
run at 1 kw. Assuming the light to be emitted roughly 
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isotropically, the peak pumping power falling on the 
sample at threshold is thus about 13 w, which corre- 
sponds to an intensity of illumination of about 21 w 
cm~*. This estimate we believe to be accurate to about 
a factor of 2. No threshold lower than this was found; 
some samples showed a threshold that was considerably 
higher. 

It will be seen that the experimental threshold in- 
tensity of illumination exceeds that calculated by a 
factor of 4-8, depending on whether one takes the value 
expected to lead to the critical density throughout the 
sample or that giving the critical density only at and 
close to the surface. Various possible explanations now 
present themselves. One is that the sample has internal 
strain, which reduces the Q of the favored modes. 
Certainly there is evidence for some interna! strains 
from inspection of the crystals between crossed nicols. 

A few threshold measurements were made at liquid 
helium temperatures. Here the measurements had to be 
made without the eosin filter, because of the necessity of 
surrounding the Dewar with an outer Dewar containing 
liquid nitrogen. With the same electrical power, the 
threshold solid angle appeared to be about a factor of 3 
less than in the liquid hydrogen experiment. Since the 
other bands are now also effective in pumping, and since 
there are additional reflexion losses at the walls of the 
outer Dewar, it is difficult to make a quantitative com- 
parison, but it is certainly clear that there is no gross 
difference between the thresholds at hydrogen and 
helium temperatures. 


3. Experiments at High Illumination Intensities 


With the experimental arrangement described in the 
preceding sections it is possible to explore the optical 
maser phenomenon over a wide range of pulse durations 
and of pumping intensities. In this section we shall dis- 
cuss the dependence of the maser beam intensity on the 
intensity of illumination and on the previous pumping 
history. 

Figure 8 shows the time dependence of the pumping 
intensity and of the maser intensity when the sample is 
illuminated with a pulse having a duration of ~10~ sec. 
The intensity of the pumping flash was chosen to be 
close to that at which maser action is first seen. The 
picture shows that maser action begins some 1.5 usec 
after the pumping light has passed its peak. Such an 
effect is to be expected from the nonzero fluorescence 
lifetime, which implies that a substantial time is re- 
quired to build up the critical density within the sample. 
Note too that the maser intensity shown in Fig. 8 is a 


Fic. 9. Optical maser ac- 
tion with a longer light 
flash. Low-intensity experi- 
ment; Upper beam, maser 
signal; lower beam, pump 
signal; time scale, 100 ysec 
per division. 
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Fic. 10. Repeat of the ex- 
periment shown in Fig. 9 
with a higher pump in- 
tensity, same time scale. 
The oscilloscope sensitivity 
was reduced, in comparison 
with the traces shown in 
Fig. 9, by five for the maser 
signal and five for the pump 
signal. 


smoothly varying function of the time; no “spikes” 
(relaxation oscillations) are to be seen. The time resolu- 
tion of the circuit and oscilloscope is of the order of 
21077 sec. The normal fluorescence of the sample, 
which naturally follows the intensity of the flash lamp, 
is several orders of magnitude smaller than the stimu- 
lated emission and can not be seen in Figs. 8-10. 

Figures 9 and 10 show the time dependence of the 
pumping and maser intensities when the pulse length is 
~ 10 sec. On this time scale the finite pumping time is 
no longer apparent. However, a new effect is now to be 
seen. In Fig. 9, in which the pumping intensity never 
goes far above threshold, the intensity of the pumping 
light is almost the same at the appearance and extinc- 
tion points of the maser action. In Fig. 10, however, 
where the peak pumping intensity is substantially 
greater, maser action is extinguished long before the 
pumping intensity has fallen to the value at which maser 
action began. Thus, at high pumping intensities, the in- 
tensity of the maser beam depends not only on the 
instantaneous value of the pumping intensity, but also 
on the previous history of the sample. 

Output-input curves for a number of flashes are given 
in Fig. 11. Only points taken in the ascending phase of 
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Fic. 11. Plot of maser beam intensity versus pump intensity of 
illumination. Data from a number of traces are given, but only 
points from the rising portion of each trace are shown. Points from 
the descending portions lie low. 
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the pulse are shown. It will be seen that the maser in- 
tensity varies linearly with the difference between the 
instantaneous pumping intensity and the pumping in- 
tensity at threshold, and all the curves coincide. In the 
falling phase, the maser intensity falls consistently low. 
This effect, which we associate with heating, will be 
further discussed in Sec. B.5. 

When the ordinary fluorescent light is seen by obser- 
vation of the light emitted through the sides of the 
sample, it is found that (with millisecond flashes) the 
intensity follows fairly closely the intensity of the ex- 
citing light. This is not what one would expect. For the 
elementary theory demands that, once the critical in- 
verted density has been reached, no further increase in 
the inverted density can occur, and all additional 
pumping energy (except, of course, for that converted 
into heat in the course of the radiationless transitions to 
the upper state) should go into the maser beam. Thus 
the lateral fluorescence ought to remain independent of 
time until maser action ceases, and thereafter fall off 
with the pump intensity. The fact that this is not ob- 
served shows clearly that only a small fraction of the 
excited Sm** atoms are so situated as to contribute to 
the stimulated emission phenomenon. 


4. Photographic Observations 


Photographs of the maser beam, using the arrange- 
ment described in Sec. B.1, revealed the following facts: 
(i) The maser beam was generally confined to a range of 
angle of about 3°; less at excitation levels close to 
threshold, more at high excitation levels. (ii) The 
blackened areas on the negatives were not uniformly 
dark, but consisted instead of a series of spots, randomly 
arranged, and separated by an average distance of the 
order of a few tenths of a millimeter. (iii) The same 
arrangements of spots showed up on all the negatives 
obtained with a given sample, but the relative intensities 
depended on the over-all intensity of illumination, the 
direction of incidence of the exciting light, and the part 
of the sample most strongly illuminated. Thus, the 
general effect—the size and shape of the blackened area 
on the negative—depended on all these factors. 

Photographs were also taken with a 10-mm Fabry- 
Perot etalon interposed in front of the camera lens. One 
of the resulting pictures is shown in Fig. 12. The effect 
of interposing the etalon is to permit the passage, in 
each direction, only of those wavelengths that satisfy 
the multiple interference condition. As will be seen in 
Fig. 12, the result is still a collection of dots, but most of 
the dots now lie on a series of fairly sharp Fabry-Perot 
rings. From this figure, it will be seen that there are five 
distinct frequencies in the ring pattern, each having a 
width rather less than 0.1 cm—. The limit of resolution 
of the etalon is approximately 0.03 cm~. Like the dot 
pattern, the same ring structure appears in all photo- 
graphs taken with a given sample. 

We offer the following interpretation of these observa- 
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Fic. 12. Photograph of the maser beam taken through a 10-mm 
etalon with a 500-mm lens. 


tions. The maser signal consists of at least five discrete 
frequencies, covering a total range of the order of 0.5 
cm~'. Obviously, many modes of the crystal are excited, 
either consecutively or concurrently ; the absence of any 
“spikes” in the oscilloscope traces would suggest the 
latter. If the crystal were perfect, one would expect 
those modes that have frequencies falling within the 
specified limits to couple to plane waves in the external 
medium having directions lying on Fabry-Perot rings 
corresponding to the length of the sample; that is to say, 
one would expect to see rings already in the absence of 
any external etalon. (Such rings have indeed been ob- 
served with highly perfect ruby crystals by Maiman, by 
Collins and Nelson, and also by the authors.) Evidently, 
the samples are insufficiently perfect, whether in ex- 
ternal dimensions or in homogeneity of refractive index, 
for this to occur. It is tempting, therefore, to associate 
the random collection of dots with the individual modes 
of the sample. The density of modes per steradian in the 
sample ought to be 2V*Av/c*, which for V=8X10 
cm*, y>=4X 10", Av=3 10° sec would be about 3X 10° 
sr~'. Allowing for refraction at the end of the sample and 
for the fact that five distinct frequencies are emitted, we 
would therefore expect about 210° “dots” per stera- 
dian in the external beam. The density of dots on the 
negative is about 10° cm corresponding to about 
2.5 10° per steradian. The size of each dot appears to 
be roughly consistent with the expected diffraction limit 
of about 5X 10~ radian. This interpretation enables one 
to understand why the dots should appear reproducibly 
from picture to picture, and also why the intensity as- 
sociated with each dot should depend on the particular 
way in which the sample is illuminated; evidently the 
gain associated with each mode configuration will de- 
pend on the distribution of excited atoms through the 
sample. 


5. Kinetics of the Maser Effect 


We begin by discussing the kinetics of the optical 
maser effect in the absence of heating effects, and then 





OPTICAL MASE 
extend the discussion to include them. For systems 
where the density of atoms in the ground state is fixed, 
and the terminal state empty, the equations governing 
the system are 


dN/dt=yI(t)—(N/r)(1+elW), (5) 


dW/dt=(aNW/r)—B8W, (N,W>0). (6) 

Here N stands for the total number of atoms in the 
upper state, as in Eqs. (3) and (4); /(¢) for the time- 
dependent pumping intensity, W for the number of 
photons within the crystal associated with the co- 
herent excitation, a=cd?/8r'lr2Av, B=c(1—R)/l, and 
y=4nrriKX’/hc, and the term (aNVW/r) represents the 
stimulated emission process, whereby, for each atom 
that becomes de-excited, one additional photon appears 
in the coherent excitation; BW represents the loss of 
photons in and through the end mirrors. Unit quantum 
efficiency has been assumed. 

Equations (5) and (6) are nonlinear and may under 
certain circumstances lead to large signal instabilities, as 
discussed for the microwave maser case.’ If 7(¢) becomes 
time independent, a stable solution may or may not 
exist. If a stable solution does exist, it will be given by 


aN =£r, (7) 
which is another form of Eq. (3), and 


W = (y/B)I—(1/a), (8) 


which shows that W (and hence the intensity of the 
maser beam) should increase linearly with (/—J;,), 
where 7; is the maser threshold, which in the present 
notation is (@/ya); the linear term is easily seen to 
correspond to the fact that, for every additional photon 
absorbed by the sample, one additional photon is 
emitted into the maser beam. 


Where a stable solution, as given by Eqs. (7) and (8), 
exists, we may linearize Eqs. (5) and (6) and study the 
approach to the steady-state values for V and W. We 
set 


N=(Br/a)+n, (9) 


W = (yI/8)— (1/a)+w. (10) 


Equations (5) and (6) then lead to the following 
equation for w: 
w+ (1/T)(@/7)+(8/r)LU/1)—-1]Jo=0, (11) 


where /;= (8/ya), the threshold intensity. The solution 
to this equation is 


(utiv)t 
’ 


w= Ae t Be 


*H. Statz and G. de Mars, in Quantum Electronics, edited by 
C. H. Townes (Columbia University Press, New York, 1960). 
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where w= (J/2/,7) and 
v={P/40 2r?—L(/T)—1] (8/7) }}. 


In the present experiments, r=2X10~® sec while 
= ~3X 10° sec, so that 8r>>1. Thus the response to 

the sudden application of a step function /(¢) should 
lead to damped oscillatory approach to the steady-state 
value for w, provided always that such a steady-state 
solution exists. The frequency of the damped oscillation 
should be ~ (8/r7)!, or ~4X 10? sec“ in the present case; 
the damping time should be ~r. These oscillations, if 
they occur, lie beyond the limit of frequency response of 
our measuring instruments. 

We turn lastly to the “heating” effect reported in 
Sec. B.3. Plainly there are various sorts of heating effect 
which might be occurring. In particular, we may dis- 
tinguish: (i) Accumulation of Sm++ atoms in the final 
state of the maser transition, which makes the “‘temper- 
ature” defined between the terminal state and the 
ground state rise progressively with time. (ii) Ac- 
cumulation of Sm+* atoms in some state intermediate 
between the terminal state and the ground state. This in 
effect progressively exhausts the ground state to the 
point at which no further pumping can be achieved. 
(iii) Heating of the whole system (samarium atoms plus 
lattice), leading, among other things, to an increased 
fluorescence linewidth and so to an increased threshold. 

Each of these effects will lead to a decrease in maser 
beam intensity—or an increase in the apparent thresh- 
old, which is the same thing—proportional to the total 
amount of pumping which has occurred, which is f/dt. 
Careful comparison of the extension of curves shown in 
Fig. 10 into the region of the falling part of the pulse 
with the measured time dependence of the pumping 
intensity show in fact that the maser intensity may be 
described by the equation: 


BW =aLI—I,.—(7’) \fTdt), (13) 
where 7’, for one particular experiment, was approxi- 
mately 10~* sec. Now this time is clearly far too long for 
explanation (i) above to be correct ; for it is easily shown 
that this mechanism ought to lead to 7’~7. With regard 
to mechanism (ii), we note that the threshold intensity 
corresponds to a puimping rate of about 8X10” atoms 
cm sec~!, compared with a total Sm** content of 
1X 10'S cm; thus we would expect r’~1.3X 10 sec, 
which is very much of the order found. However, ex- 
planation (ili) leads, under adiabatic conditions, to 
(7!) ~ (€1/Cor) (1/Av)dAv/dT ], where ¢ is the frac- 
tion of the light going into heat, C, the specific heat per 
unit volume, r the radius of the sample, and Av, as be- 
fore, the fluorescence linewidth. Substituting Avo=1.6 
em™, dAvo/dT=0.2 cm™ deg, Cp=1.6X10™ joule 
deg cm“, ¢=0.3, r=0.1 cm, and J,=20 w cm™, we 
obtain 7’~10~ sec, which again is of the order of magni- 
tude found. Thus, on the basis of 7’ alone, we are unable 
to distinguish between mechanisms (ii) and (iii). 
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To investigate the matter further, we made a few 
measurements with an intensity of illumination in the 
range 10-30 w cm™ with pulses lasting up to 1 sec. We 
found that, for intensities below about 15 w cm”, 
the temperature of the sample (whether measured 
spectroscopically, by observation of the 14 497-cm™ 
absorption line, or by means of a thermocouple attached 
to the sample) remained at or close to 20°K. For in- 
tensities greater than this, the sample became thermally 
disconnected from the bath, and the sample temperature 
rose within 1 sec to a value greater than 100°K. Fur- 
thermore, absorption measurements within the 16 000- 
cm~ band gave no evidence for ground-state depopula- 
tion. The authors therefore believe that explanation (iii) 
above is correct, and that there is no evidence at the 
present time for accumulation in any level between the 
terminal state and the ground state. This is in any case 
reasonable on other grounds. The energy difference be- 
tween the terminal and ground states is equal, within a 
factor of 1.5, to the principal reststrahlen energy at 242 
cm',”° so that rapid nonradiative depopulation ought to 
occur. 


© F. Matossi and H. Brix, Z. Physik 92, 303 (1934). 
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time, it is not clear whether these facts are related, and 
likewise it is not clear how much the situation would be 
improved if samples optically more nearly perfect were 
available. 
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An expression for the elements of the dielectric susceptibility tensor for an ionic crystal has been derived 
in a manner analogous to that employed by Kubo in his treatment of magnetic susceptibility. In the high- 
temperature (classical) limit, this expression reduces to the Laplace transform of the autocorrelation function 
of the single normal coordinate which interacts directly with the external radiation field. We have applied 
this formalism to the calculation of the high-temperature linear optical absorption coefficient of an anhar- 
monic ionic crystal for which we have retained only cubic anharmonic terms in the lattice Hamiltonian. We 
have solved directly for the Laplace transform of the autocorrelation function to lowest order in the anhar- 
monic coupling constant by solving the equations of motion for the normal coordinates after they have been 
linearized. The linear absorption coefficient obtained from the susceptibility tensor is of Lorentzian form with 
a frequency-dependent damping constant which varies linearly with temperature. The absorption coefficient 
for a diatomic linear chain with nearest neighbor interactions has been evaluated. 


I. INTRODUCTION 


N a series of papers published in the 1930’s, Born 

and Blackman presented a classical theory of 
anharmonic optical absorption in ionic crystals.' They 
started with the equations of motion of the individual 
normal coordinates which, due to the anharmonic 
interactions, form a set of nonlinear coupled equations. 
Treating the dispersion oscillator, i.e., the optical mode 
of infinite wavelength which couples directly to the 
external radiation field, separately from the other normal 
coordinates, they effectively linearized the equations 
of motion and solved them using ordinary time- 
dependent perturbation theory. Their results show a 
Lorentzian shape for the absorption curve as a function 
of the frequency of the external field which is peaked 
about the frequency of the dispersion oscillator (“‘disper- 
sion frequency’’), but in addition, the damping constant 
in the Lorentzian expression is itself a function of the 
frequency of the external field. This frequency depend- 
ence of the damping constant imparts additional, 
subsidiary, maxima to the absorption spectrum in 
qualitative agreement with experimental results. 

Recently, notable advances have been made in the 
theory of transport properties and in methods of dealing 
with the statistical mechanics of systems of many 
interacting particles. These developments have 
prompted us to re-examine the theory of anharmonic 
optical absorption in ionic crystals with the objective 
of obtaining a systematic theory which not only can be 
extended to include higher-order contributions in the 
classical limit, but also can serve as the starting point 
for a satisfactory quantum mechanical theory. The 
necessity for a fresh approach is emphasized by certain 


‘'M. Born and M. Blackman, Z. Physik 82, 551 (1933); M 
Blackman, Z. Physik 86, 421 (1933); M. Blackman, Phil. Trans. 
Roy. Soc. London A236, 103 (1936). 


weaknesses in currently available quantum mechanical 
treatments.” 

In this paper we develop the basic formalism which 
will be employed in these investigations. 

We derive the equations of motion for the normal 
coordinates, and after linearizing them, solve them to 
obtain the absorption coefficient. The motivation for 
studying the linearized equations of motion is heuristic. 
If the equations are correct to lowest order in the 
anharmonic coupling constant, then we expect the 
solution to be correct to the same degree of approxima- 
tion. We restrict ourselves to the classical case because 
its relative simplicity permits us to display our methods 
to best advantage. The more difficult quantum mechan- 
ical case will be treated in a subsequent paper. 

The basic formulas required for the evaluation of the 
optical absorption coefficient are derived in Sec. II. 
In Sec. III, the equations of motion of the normal 
coordinates are obtained, and their solution, in the 
linear approximation, is carried out in Sec. IV. The 
resulting expression for the absorption coefficient is 
evaluated for a simple model in Sec. V. 


II. FORMULA FOR OPTICAL ABSORPTION 
COEFFICIENT 


In deriving the formula for the optical absorption 
coefficient, we follow a procedure analogous to that 
employed by Kubo’ in treating the magnetic susceptibil- 
ity. We begin with the equation of motion of the density 
matrix for our crystal system in the absence of an 
external time-dependent perturbation: 


Op 1 
[p,H7 ]. 


1 
[ell — Hp |= 


at ih ih 


(2.1) 


2 A. A. Maradudin and R. F. Wallis, Phys. Rev. 120, 442 (1960). 
*R. Kubo, J. Phys. Soc. Japan 12, 570 (1957). 
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We now assume that, at time ‘=—, an external 
electromagnetic field E(¢) is turned on. The interaction 
energy of our system with the external field has the form 


H'(i)=—M- E(), (2.2) 
where M is the dipole moment of the crystal. The 
equation of motion for the perturbed density matrix 
p+Ap becomes 


0 1 
—[p+Ap ]= [ot Ap, H—M- E(t) ] 


ol in 


1 
~—{[p,H]+[Ap,H ]—[p, M-E(¢)]}, (2.3) 


mm 


where, since in all that follows we will be interested only 
in a linear relation between the dipole moment of the 
crystal and the external field E(#), we have neglected 
the commutator [Ap, M- E(¢)] as small of the second 
order in writing Eq. (2.3). With the aid of Eq. (2.1), 
we see that the equation of motion satisfied by Ap is 


—| 1 


=—[Ap,H]+—[p, M- E()]. 
ot ih ih 


OAp 
(2.4) 


The solution to Eq. (2.4), subject to the condition 


Ap(— ~)=0, is 


<[M,,p je HIRE, (t'\dt’, (2.5) 
as can be verified by differentiation with respect to ¢. 

The ensemble average of the expectation value of an 
operator B is given by 


(B)=Trace(p+Ap)B. (2.6) 
In the present case, we are interested in the expectation 
value of the 4 component of the dipole moment of our 
crystal M,. Since in the absence of the external field 
the crystal has no permanent moment, we have that 


(M,)=TraceApM, 


1 , 
=— Trac e>. f ett Ah 
h ¥ 2 


XLM,,p je OH *E,(U)M dt’. (2.7) 
With the aid of the cyclic theorem for traces and the 
fact that E,(t) is not an operator, this expression is 
rewritten as 


VW, Trace Sf [M,,o|\M,(t—t)E,(t’)dt’, (2.8) 
h y ° 


AND R. 


WALLIS 
where we have put 
M (t)=e'*#Me-i"4, 


With a change of variable we obtain 
t . 

(M,)=-— Trace >> f [M,,o|M,(r)E,(t—r)dr. (2.10) 
h v 


If we describe our external field by the following 
relation, 


E(t) =et'Epe*, (2.11) 


where the factor e*‘ is introduced to turn on the field 
adiabatically for ‘<0, and «€ is eventually put equal to 
zero, we obtain finally that 


i 
(M,)= = Trace > Ep,etttiet 
h ; 
xf [M,,p|M,(r)e~* 


The expression for the uv element of the dielectric 
susceptibility tensor thus becomes 


X,»(w) 


1 £ 
=— lim Trace f e~“7-eT M,,p |M,(r)dr, 


hV e+ 


(2.13) 


where V is the volume of the crystal. 
If we assume that the unperturbed system is in a 
canonical distribution so that 


p=¢*4/Z, (2.14) 


where Z is the crystal’s partition function; then, with 
the aid of Kubo’s identity, 


h 3 


1 
we obtain 


Trace a 
Xy»(w)= lim — em iwr—erg-BH 
er ZV 


xf 4M ,e Md\M,(r)dr 


0 


Trace 
= lim 
€ be yA’ 
8 


xf e PHM ,(—idh)M,(r)dd. (2.16a) 
In the classical limit, # — 0 and we have 


lim 


ee 4H 


B 7 : 
X»(w) = f e #t-(M,(0)M,(r))dr, (2.16b) 
V 
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where (---) means an average over the unperturbed 
canonical distribution. 

The relation between the susceptibility tensor and the 
absorption coefficient is obtained as follows.‘ From 
the relation between the dielectric constant and the 
susceptibility 


Eur (w) = 5, +49Xy(w), (2.17) 


we find, in the plane-polarized case, that 


€22(w)= 1+ 42X,,(w). (2.18) 


We now set €z,:=", where n=A+iyu and break up 
X,2 into its real and imaginary parts 


X22(w) =X 2259 —iX,,™. (2.19) 


\ is known as the ordinary index of refraction, while u 
is the extinction coefficient. If X,, is so small that its 
square can be neglected relative to X,, itself, then we 
find for A and yp 


A= 1+-27X,,"! (w), 
.20) 
= —27X,, (w). 


The linear absorption coefficient a,,(w) is given by 
azz(w)=— = X) . 2.21) 


Since the absorption coefficient a,z(w) is just propor- 
tional to the imaginary part of X,,(w), Eqs. (2.16) 
formally solve the problem of determining the absorp- 
tion coefficient of our crystal. 

We will be concerned here with the classical limit, 
and Eq. (2.16b) is the basic equation of this paper. 

In an ionic crystal, the dipole moment M is given by 


M= : 2 €,u(/k), 


Ik 


(2.22) 


where u(/x) is the vector displacement of the «th ion 
in the /th unit cell from its equilibrium position and 
é, is the charge on the «th kind of ion in a unit cell. 
We now expand u(/x) in terms of normal coordinates, 


u(/k)= (2.23a) 


— TF e(k| kK/JO(ks/er*2O, 
(VM,)} ‘e 


where e(x|kj) is an eigenvector (normalized to unity) 

of the dynamical matrix for our crystal. The normal 

coordinates Q(kj) satisfy the reality condition 
Q(kj)=0*(—ky), 

where 7 labels the branches of the frequency spectrum, 

with the consequence that Q(0/) is a real quantity. 


The » component of M can be written as 


M,=VJN &; M,(0/)0(0)), 


(2.23b) 


(2.24) 


*R. C. O'Rourke, U. S. Naval Research Laboratory Report 
No. 4975, 1957 (unpublished), p. 207. 
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LINEAR APPROXIMATION 
where 
. &« 
M,(0/)=> 


—€,(x|07). 
« iM, 


In fact, however, M,(07) vanishes for j corresponding 
to an acoustic branch, so that we can write 


M,=V/N M,(07)Q(0)), (2.26) 
where it is now to be understood that 7 refers to an 
optical branch. 

Thus, for the partial dielectric susceptibility asso- 
ciated with the jth dispersion oscillator, we find, on 
combining Eqs. (2.26) and (2.16b), 


lim 


NM,(0j)M,(0j) s 
Y(w)= —_-——- { é wt—et 
VkT e+ 


<(Q(07;0)O(0j;8)dt, (2.27) 
where by Q(07; 4) we mean the value of the normal 
coordinate Q(07) at time ¢. If we can find a way of 
expressing Q(07) at time ¢ in terms of its value at 
time ¢=0 in the form 


O(07; )D=O(07; O)Fo;(Q+Q(07;0)Go;(0), (2.28) 


then we can rewrite Eq. (2.27) as 


VM,(0j7)M,(0j) 
Xv? (w) = 


“ 


(Q(07; 0)Q(0;; 0) 
VRT 


< lim f ete, -(t)dt, 


since the thermal average of Q(0j;0)Q(0j;0) will 
vanish. This is essentially what we will do in the 
present paper, although we will have to be somewhat 
more careful in evaluating the thermal averages than 
has been indicated in the derivation of Eq. (2.29). 

As an illustration of the use of Eq. (2.27), we calculate 
the absorption in a purely harmonic lattice. In this 
case, we have that 


(2.29) 


(07; t)=Q(07;0) cose ;t+Q (07; 0) (sinawo,t/wo;), (2.30) 


where wx; is the frequency associated with the mode 
(kj). Equation (2.27) becomes 


pe (w) 


NVM,(07)M,(07) ‘ 
= - lim f« wt—et sinwjtdt, (2.31) 


} @ 03 


since in the harmonic approximation (Q(0j; 0)Q(0j7; 0)) 
=kT, so that 


a NM,(07)M,(07) 
ImxX,, (w)=— 5(wyj—w). (2.31) 
2 Vwo; 


Combining this result with Eq. (2.21), we find for the 
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linear absorption coefficient 


2x? w M,(0j)M.(0)) 
6(w—wo;), (2.32) 


C Wj Ua 


where 7, is the volume of a unit cell in the crystal. This 
is the expected result. A factor (1/mo), where mo is the 
high-frequency refractive index, may be included on 
the right-hand side of Eq. (2.32) to take into account 
the electronic polarization. 

The approach outlined in this section has at least 
two advantages over more conventional ways of 
calculating the optical absorption. Firstly, since all 
that is required is the time evolution of one particular 
normal coordinate, questions relating to the intensive 
or extensive nature of the damping constants which 
appear in the course of the calculations are absent; the 
required damping constants come out automatically 
as intensive quantities rather than as the differences of 
extensive quantities. note that the 
integral in the expression for the susceptibility tensor 
Eq. (2.29) is of the Laplace form with a complex 
parameter S- e+iw. This suggests that if we solve not 
for the primitive function Go;(¢) but instead for its 
Laplace transform go,;(s), we need only replace s by 
e+iw in the expression for go;(s) and pass to the limit as 
e— 0+ in order to obtain the susceptibility and hence 
the absorption coefficient. Not only does this proc edure 
eliminate any need for ever returning to the time- 
dependent representation, but, more importantly, it 
introduces the frequency dependence into the damping 
constants in a very natural way, something which 
appears to be extremely difficult in the time-dependent 
formalism. Indeed, it is rather natural to solve the 
equations of motion by Laplace transform techniques, 
since the latter are particularly well suited for solving 
initial-value problems. 


Secondly, we 


III. EQUATIONS OF MOTION OF THE 
NORMAL COORDINATES 


If we retain only cubic anharmonic terms in the 
expansion of the potential energy of the crystal, the 
Hamiltonian for our vibrating lattice becomes® 


H 1> M i? (Ik +3 : 3 > Pag Ix 3 L's’ Ua (Ik ug(l'k’) 


<a ica tap 


1 — ee 2, 
6 { Ta 5 K \ta (lk) 


rr poe 
X ug(L'x’)u, (LK) ++ - 


Ma(lk) is a-Cartesian component of the 
displacement of the «th atom in the /th unit cell from 
its equilibrium position, M, is the mass of the «th 
1, and the indices / and « range 


two atoms per unit cell, respec 


where the 


kind of atom in a unit cel 


over .\ unit cells and 


ry 


K. Huang, Dynamical T he 
it 1954), | 


Press, New York, 


AND EK. FF: WALLIS 
tively. The © coetlicients are general force constants 
for our crystal. 

If we apply the normal coordinate transformation 
given in Eq. (2.25) to the above Hamiltonian, we obtain 
the result that 


H=3 > (Q(ks/)Q(—kj) +7 (KO(ks/)O(—kj)} 
k) 


1 
+— SS > A(k+h’+k")6(kj; k’7’; kj”) 
Oy/N ck’ 3777” 
KOK /)O(K DOK’ 7”), 
A(k+k’+k”)=1, k+k’+k’=K 
0 otherwise, 
where K is a primitive translation vector of the recip- 
rocal lattice. The {w;7(k)} are the eigen values of the 
dynamical matrix for our crystal, and are the squares of 


the normal-mode frequencies. 
The coefficient &(kj; k’ 7’; kj” 


b(kj; kj’; kj") 


is given explicitly by 


Pagy (Ok; 

<—S e 

— iw — 
ca I’'«'B ‘e'9 ( UMM, 

XCalk k j)es(x’ k’ 7’ )e, (0" |e? 7” 

Kerr ilk’ aC (3.4) 


and is completely symmetric in the indices kj, k’)’, 
seocee 
B” 7”. 


For convenience we put 


2y 


1 
A(kK+k’ +k" (kj; kj’: kj” 
N 
V (kj; ke’ 7’: ke" 7”), = 63. 


and we see that this function satisfies the relation 
V(—kj; —k’7’; —k’ 7 =V* (kj; k'’5 kj"). (3.5b) 
Hamilton’s equations of motion for the lattice become 


aH 
P(kj)=— Q(k) (3.6a) 
aQ)(—kj) 
; oH 
P(kj)=—- 
a0(—kj) 
—-> YLV(—-kj; kj’; k’;” 
ke’ ke’? j’7"" 


“"? 


KOCK’ ;’ )( k”’j ). 


(3.6b) 
Combining these two equations, we obtain 

O(k j) +,?(kKO(K/) > V(—kj; kj’; k"7”) 
<O(W j’)0(K"" 7”). 


In the harmonic approximation, the right-hand side 
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of Eq. (3.7) vanishes, and the solution for the normal 
coordinates can be written as 


1 Q(kj; 0) 
O(kj; )= [ork iso+ Jesse 
2 iw; (k) 


1 Q(kj;0) 
+ [okiso)- fom (3.8) 
2 iw; (k) 


In the anharmonic case, it is convenient to introduce 


new variables C(kj; 7?) and C(k—j; 72) in place of 


QO(kj; 0) and Q(kj; ¢) by means of the relations 


1 Q(kj; 4 


2 iw ;(k) 


1 Q(kj; 2) 
C(k—j;)= Joni» Jere (. 
2 iw; (k) 


C(kj; d- 


Ob) 


By using Eq. (3.7) one can verify that the quantities 
C(k+ j; t) satisfy the equation 


d 
C(k+ 7; ¢) 
dt 
SF iwj (kt 
a >~ DL V(—kj;k’7’3k’"7”) 
2iw; (Ik) &’e"7977"” 


x(C(k’ 7’; Deivi"®!# +C(k’ — 75 Denier oe] 


<x[C(k" 7”; fe wyre(k’’)e 


+C(k”— j’’; He aogee("De') (3.10) 


v=—— FY > V(-kj; 


Qa, (Kk) «ke? 575" 


PF... sr ooee 
7% 


i 


V(b WG 5G Yew je er jor Delos e495!) 


w;(R) w/e’? 377" 
It is with the solution of this equation (in the special 
case k=0) that we will be concerned in this paper. 
IV. SOLUTIONS OF EQUATIONS OF MOTION 


In calculating the dielectric susceptibility tensor, we 
must evaluate the thermal average 


(Q* (kj; )O(kj; 0), 


in the special case k=O. In terms of the new normal 


wo; NM,(0j)M,(0j) 
i VkT 


eH 
0 


® 
+f entetinn 
, 


Thus, the problem of obtaining X,,“?(w) reduces to finding 


TREATMENT IN 


LINEAR APPROXIMATION 


By adopting the notation 


w,(k) ) (k), 


V(—k+j;k/’+/’;k’+)") 
V(—kj;k’j’;k’7"), (3.11) 
we can rewrite Eq. (3.10) in the compact form 


d 
C(kj; ¢) 
dt 
1 
- > | V(—-bj: 07 ;8"7") 
Qiw; (Ik) we’ ee? 457 47"" 


xC(k’ 7’; OC(k" 7"; 0 


x eileir 
where 7’ and 7” are now summed over positive and 
negative values and j may be either positive or negative. 

For the purposes of the present*paper, we linearize 
the equation (3.12) in the following way. In the absence 
of the anharmonic interactions the C(k/; ¢) are inde- 
pendent of time. We thus write 


C(kj; )=cx, ) 4+ ¢y 5" (Z), (3.13) 
where cy, is the time-independent solution to the 
harmonic equation of motion, and c,;“(¢) represents 
the time-dependent correction due to anharmonicity. 
Substituting Eq. (3.13) into Eq. (3.12) and retaining 
only linear terms in cx; (4), we obtain 


Pew jp ewe Me’ 


(3.14) 


coordinates C(kj;?) and C(k—j;?), this 


becomes 


average 


— iw, ((C* (kj; 0) —C*(k— 7; 0) ] 


X[C (kj; Det+-C(k—j; Dem 


iwokjt ] . 


In this expression and in what follows, for typographical 
convenience, we have expressed w;(k) as wx,;. If we 
substitute this expression back into Eq. (2.29), we 
obtain the result that 


lim if e~ (et ie—iwos) ((C* (07; 0)—C*(O— 7; 0) JC(OJ; 2) dt 


iwos) ((C*(07; 0) -—C*(0— 7; 0) JC(O— 7: t) at 


[ (4.1) 


the Laplace transforms of C(0j; 2) and C(O—7; 4) 


and evaluating the indicated thermal average. In view of Eq. (3.13), ‘the Laplace transform of C(kj; 4) can be 





> 
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written as 


L{C(kj; i)} Lf cn; +en;()} 


Cxj” 


s 
We begin by taking the Laplace transform of Eq. (3.14). We obtain 


(Q) 


‘ 


+— 


Ck 
Y« (s) = 


V( —kj; k’j’; BP eee iO Cage je 0) 


Ss St (Wer jp FOKe jr — Wj) 


+—. 5 


Sy j ww I7’ 


V(b Jew Ove [stow yp toss) ]. (4.3) 


, 


We assume that c,;"’(0)=0. This can be regarded as equivalent to incorporating it into the definition of cy; 


For the purpose of calculating optical absorption we need o;(s). However, it is just as easy to solve for a general 
yx;(s), and we solve for this variable by iteration: 
Vk ROP ew pO ce 
wx) ] 


V(—kj; k’j’; k”’ j’ )V(—k" 7"; ky’ jr’; ky” jr’ )cw'y" 


Y«j(S)= 
Wk s—il 


AY 
L 


+ 


gr 0 


GW’ j’ 


wie je" 5° LST (wer jr rye’ jr 


1 


— Ww, ) 


x 


S—1 (wre — Wj) — 1 (wk 5y' + wky 51 — Ok” 


kT 


At this point, we can effect an immediate simplification 
in this expansion if we remember that, for the calcula- 
tion of optical absorption, we require the thermal 
average of the product of yx;(s) and yx_;(s) with 
C*(k—j7;0) and C*(kj;0) in the special case k=0. 


(C*(k— 7; 0)C(k’— 7’; 0) -A(k’—k)6; 


I, 
£W kj 


The thermal averages, Eq. (4.5), have been evaluated 
in the harmonic approximation. They suffice, however, 


From Eqs. (3.10) and the relations 


( (kj O( k’ 7’) 


kT 
—A(k’—k)é;;-, 


Wkj 


(Q*(kj)Q(k’ j’))=kTA(k’ —k)5,,, 


we obtain the results that 
kT 


C*(k7; 0)C(k’ 7’; 0 


205" 
=(C*(kj; 0)C(k’— 7’; 0)) 
(4.6) 


C*(k— 7; 0)C(k’j’; 0 


=0, 


to give us final results which are correct to the lowest 
order in the anharmonic coupling constant. 

These results imply that only the even-order terms 
in this expansion give a nonvanishing contribution after 
averaging since the thermal average of the product of 
an odd number of normal coordinates vanishes. Further- 
more, in the even-order terms, certain pairings of 
indices on the cx; are required in order that the 
thermal averages do not vanish. As an example, we 
work out explicitly the second-order contribution. We 
compute first (C*(kj; 0)yx;(s) 
by 


. This quantity is given 


V(—kj; k’j’; k”’ 7’) V(—k’;”; k,' ji’; ky” j1’) 


We je? jr | S— 1 (Wer jp FOE 577 — Wj) | 
(cj * 04675 Chey 'Ce51 
——_______—_ . ee 
[Si (wns oe’ — Wj) — 1 (Whey 1’ F515") | 


The thermal average vanishes unless the normal coordinates are grouped in pairs. We neglect here the cases in 
which all four normal coordinates are equal since neglect of such terms leads to an error of only O(.\V~'). In view 
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of Eqs. (4.6) and (3.9) there are three possible pairings, and these are given by 
(a) ky"=k, f=j; 9 k’=—-k, j'=—j' 
(b) k,’=k, j'=J; k,”=—Kk’, j=-j 
(c) W=k, j=j; ki” =—k, j,"=—jy. 


However, of these three possible pairings, only the first two give nonvanishing contributions since it is a general 
result that® 


V(—kj; kj; k"7")=0. (4.9) 


The contributions from the first and second sets of pairings are equal to each other and are given by 


v(- ‘j3k’ ‘7; ” j')V(— kj 70 peeeen co) 1 1 


? 


Wk Wk! oe as alge 1— Wk )] Zz We j7W Ke jr? [s—i(we jp —- wx )—i(wxj—wr ;) | 


_ (kT)? [V(b gs 7) |? 1 
po (4.10) 


O52 20» ess" Wk jWk’ iQ) er jr SH1U(W jp FOR 1 — WK; 
In a similar fashion, the thermal average (C*(k— 7; 0)y;,;(s)) is found to be the sum of two terms, each of which 
t J ’ 


is equal to 
i)? (RT)? V(-kj; T3 ¥ hin 1 
— yy — “ae ' (4.11) 


27wx ; eer Wk jWk? j ra myer [s—i(wr hier ) [s+ + iw, 
Similarly, the thermal averages (C* (kj; 0)yx_j(s)) and (C*(k— j; 0)y«_;(s)) are given by 


(i)? (kT)? V(— kj; ky’ hk") |? 1 
chit, i--s——— 5. oe 2 _ 


’ 
2s 27a; Es 3"" Wie jQ i? 5? "Wg 51” SHU WE jp FOR; +a ;) l[s— 2iws; | 


)? (kT')” |V(—kj; kj’; k”7’") |? 1 
*(k— 7; O)yu-;(s))=—2 } - —— : (4.13) 
2s? Days? kk! 93" OD ig je! 5? "Wg? 57” S—1 (Wee jp FOK 511 — Wj) 
respec tively. 
Before proceeding to a general discussion of the contribution from the 27th term in the expansion (4.4), we have 


one more point to bring out, and this is illustrated by the contribution from the fourth-order terms. Explicitly, 
we have that 


V(-kj; k’ 7’; k’’7’’) V(—k’;"; ky’ ji’; ky" ji") 
Wh jk 'j"/ Wey "j/k 


—k, me m. k.’ je’; . ‘5s! js (5 es! ja!" )ome Cy je Ce 


marta +wr’’j’’— kj) os rows j= Wk) bina it habia jy! — @k’j’’) | 


1 


[s—z( (co's oe’ j''— Wk) )—i( (Wky'i1 ey” jG" "=i (Wko' jo’ + Wko! "jo! — Wk '"j1' ) | 
1 


[St (we'j’ ork’ 15’— Whe }) — 1(Wiey 51’ PO "1" — We”) — U(Wkeg'jo’ F Wk ‘j2 '— Wk") — (Wk 3" 73’ + Wks’ j3'’—Wk2"’j2"’) | 
(4.14) 


The law of formation of all higher-order terms should — {cx;“} into three groups of two each, if Eq. (4.9) is 
be clear from the results of Eqs. (4.4) and (4.14). kept in mind. However, not all of these 12 groupings are 

Now, for each of the four kinds of thermal averages, equivalent for our purposes. We are primarily interested 
which arise from pairing either of C*(kj;0) or in those terms which dominate at large values of time, 
C*(k—7;0) with either of yx; (s) or yx_;(s), there and we neglect all other terms. This choice follows from 
are 12 possible groupings of the six normal coordinates the fact that the dielectric susceptibility is associated 

©R. Peierls, Quantum Theory of Solids (Oxford University with the long-time forced motion of the system produced 
Press, New York, 1955), p. 37, second footnote. by the external radiation. Ordinarily, short-time 
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transient terms will also occur, but these are of no 
importance in determining the susceptibility and should 
be neglected. 

What criterion can we use to eliminate all terms in 
each order except those which give the dominant 
contribution? We are working with Laplace transforms 
which are of the form 


2 1 
II — (4.15) 


s i=! (s+ia;) 


in 2uth order. Here some of the {a;} can be equal to 
each other, and can also be zero. We know, for instance, 
that 


= ——_——- (¢~ #'—¢ 


i} 1 - | _ : at y—ibt) 
| (stia)(s+ib)} i(b—a) 


=x axb, 


will dominate F.(¢) for large values of the 


so that F,(t 


Cif Cy" C 


[s—1t (wre jew 5 — wk) — (Wey 51’ FO j1' 


When the numerator of this expression is multiplied 
either by cx;* or cx_;*, as is required in taking the 
thermal averages indicated in Eq. (4.1), then there is 
a one-to-one correspondence between the 2n+2 factors 
in the numerator and the 2m+2 frequencies in the 
denominator. Thus, when the {c,;“} in the numerator 
are paired two-by-two in order to yield nonvanishing 
thermal averages, the frequencies in the denominator 
are paired in the same way. However, since in pairing 
the {cx;“} we must form the product of ckaja with 
C—Ke-ja'” * and since wx; changes its sign on 
reversing the sign of j regardless of the sign of k, we 
see that, for every permissible pairing, the frequencies 
in the denominator cancel in pairs. This is the case for 
all sets ka, ja except for the one which pairs with kj. 
In this case, we have two different results depending 
we have multiplied 


= CKaja 


0)* 
3 


on whether it is Cr 
7x; by. In the former case, it is clear from (4.17) that 


OT CK 


w,; in the denominator is cancelled also, and the entire 
factor collapses to s. In the latter case, it is seen that 
wx; is not cancelled and that, in fact, the factor in the 
denominator reduces to s—2iw,,;. Since in our present 
discussion, j always refers to an optical branch, wo; is 
nonvanishing. An analogous set of results holds for the 
thermal averages of the products of cy;* and cy_;* 


°* *Ckon—1'j2n—1” CKan—1"'j2n-1' 


Ce'7 Chey "51 Cea’ j0" 
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time. This is a special case of a more general result, 
which can be stated in the following way: Of all 
Laplace transforms of the form of (4.15), the ones which 
contribute the highest power of ¢ to the primitive 
function F(t)=£~'{ f(s)} are those which contain the 
largest number of equal parameters {a;}. The truth of 
this statement follows from a partial fractions expansion 
of the right-hand side of Eq. (4.15) and the fact that 


(4.16) 


This result tells us, for example, that as long as we 
are interested in only those terms which dominate the 
long-time behavior of the integrand of Eq. (4.1), we can 
neglect the contribution from Eq. (4.11) in comparison 
with that from Eq. (4.10) and the contribution from 
Eq. (4.12) in comparison with that from Eq. (4.13). 
We now show that these results are contained in a 
more general result. Consider that part of the general 
2nth order term in the expansion of yx;(s) which 
contains the product of the {cx;“} coefficients and the 
last frequency denominator: 


(0) 


'— Wik 51) —1(Wke' jo’ Wk’ jo’ — Wk") — sd rd 
—1(Wkon—1'jon—1' FWkon—1"j2n—1''— Wk, 


0) oO; 


**CKon—1'j2n—1"> CK2n—1"'J2n—1 


(4.17) 


with y%_;, as can be seen explicitly in the second-order 
results. 


This fact has the consequence that we can neglect 
the thermal averages of the form (C*(0— 7; O)C(07; t)) 
and (C*(07;0)C(O—j7; 4)) in determining the suscep- 
tibility tensor by means of Eq. (4.1). This is due to the 
following reasons. In determining the thermal averages 
C* (kj; 0)yx;(s)) and (C*(k—j; 0)yx;(s)) there isclearly a 
one-to-one correspondence between the pairings of the 
{cx;} in the two cases. What is more, these pairings 
are identical in the two cases except in the case of the 
Ckaja which pairs with cy;* or with cx 
tively. In the former case, ja=/; 
ja= — j. We have just seen that in the former case the 
last frequency factor in the denominator collapses down 
to s, while in the latter case it reduces to s—2iw,;. There 


0)* 0 


J 


*, respec- 
in the latter case 


are thus two cases to consider. 
0)* 


(a) Cx 4; with either Cke,_1’ 1 or 


pairs n 
Con—1"jon—1"". In this case only the last frequency 
factor in the denominator is different in the expressions 
for the two thermal averages, the remaining factors are 
identical. Thus ignoring the frequency factors arising 
from the pairing of the remaining {c,;“°} among 
themselves which will be the same in the two cases 
the average (C*(kj;0)yx;(s)) will contain a factor s~? 
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while the average (C*(k—7; 0)yx,;(s)) will containa factor 
s~!(s—2iw,;)~'. The former average will thus contain 
at least one more power of / in the long-time behavior 
of its primitive function. 

(b) cxgj* pairs with Ckaig, where a#2n—1. 
Equation (4.15) takes the following forms in the two 
cases: 

1 (7 1 | 1 
(C*¥(k7; 0)yx;(s))= —} (4.18a) 


, 


Ai farm 3 


an-1 1 ) 1 
i 


l=] $— $8; )8— tenes 


*(k—7; O)yx;(s) oa (4.18b) 


where the only difference between a and {; is that, if 
Wj appearing in a, is cancelled due to the pairing of the 
{cy}, it appears as — 2w,; in 8). To obtain the highest 
power of ¢ in the primitive function, we must have as 
many of the factors (s—ia;)~! in Eq. (4.18a) equal to 
each other and/or to s~' as possible, while for Eq. 
(4.18b) the condition is that as many of the factors 
(s—78,)"' must be equal to each other and/or to s"! or 
(s—2iw,;)' as possible. It is clear that, however many 
equal factors (s—ia;)"' we have in Eq. (4.18a), we 
have the same number of equal factors (s—78;)"' in 
Eq. (4.18b), and the factors are in one-to-one corre- 
spondence between the two expressions. Equally 
clearly, we obtain the largest terms in / from Eq. (4.18a) 
if the factors (s—ia,;) which are equal to each other in 
the product can also be made to equal s. Assuming, 


1 


(i)! V —Ke'k’’V - 
(C*¥(R; O)ye™ (5) : ye 
. a 


wh’ wk — OI eee 


1 


—— 
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We have written out the last frequency factor in full, 
although we know that every pairing of the {c,“} two- 
by-two consistent with the nonvanishing of the thermal 
average causes it to collapse down to s~'. Acombinatorial 
argument familiar from the theory of the imperfect gas‘ 

tells us that in 27th order there are 
(2n+2)! 


[ (m+1) !2"*"], (4.20) 


possible pairings of the {c.“} two-by-two. Of these, 


7 The number of ways of arranging r distinguishable objects 
into k, groups of one object, ke groups of two objects, etc., is 
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provisionally, that this can always be done, the truth 
of our original assertion follows directly, since whatever 
pairing scheme is used to reduce any of the {aj} to 
zero, it requires the cancellation of the wx; appearing 
in it. This means that the corresponding 8; reduces to 
s—2iw,;. However, there more factor of s~! in 
(4.18a) than there are factors of in 
(4.18b), hence the latter, in the most favorable case, 
contributes one power of ¢ less than the former. It 
follows by the same arguments that the thermal average 

*(k7;0)C(k—j; ¢)) can be neglected compared with 
the thermal average (C*(k— 7; 0)C(k—/; 0). 

It now remains to show that it is always possible to 
pair indices in the expression for the 2mth order term 
in the expansion for (C*(kj;0)yx;(s)) in such a way 
that the value of a, which maximizes the number of 
equal factors (s—ia;)~' in the product in Eq. (4.18a) . 
is zero. We will see that the solution of this problem 
in the form of a systematic scheme for classifying these 
dominant terms in each even order will lead immediately 
to the complete solution for yx;(s) and for yx_;(s). 

At this point it is advantageous to go over to a 
slightly more compact notation in which we replace the 
pair (kj) by a single index &. The index —k means 
(—k—j). Since V (kj; k’j’; k’’j’") is independent of the 
signs of the 7’s, we can write it in the new notation as 
V(k; kh’; kk”). Furthermore, 

—w,;, we have in the new notation w_,= —a@,. 

In this notation the fourth-order contribution 
(C*¥ (kj; O)yu;(s)), Eq. (4.14), 


is one 
(s= 2iw,;) 


since Wkj = W_ kj, but Wj 


to 
bec omes 


ka" V —ko""h 
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)—12(wy 9’ 
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however, 
(2n—2) 


(n—1)!2 
vanish because of Eq. (4.9). Hence, there are 15 possible 
pairings in fourth order, or which five can be ignored in 
view of Eq. (4.9). Direct enumeration shows us, with 
the aid of Eq. (4.16), that of the remaining ten pairings, 
four give rise to contributions which are proportional 
to & while the remainder are of lower order in ¢. 

However, as a general method for studying the 
contributions from the 2th order, direct enumeration 
is completely impractical, and it becomes convenient 
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(c) 


Fic. 1. Diagrams which represent the three possible pairings of 
normal coordinates to give a nonvanishing thermal average for 
the second-order term in Eq. (4.4). 


to introduce diagrams to classify the various contribu- 
tions. The diagrams corresponding to the three second- 
order pairings given by Eq. (4.8) are shown in Fig. 1. 
In these diagrams, the sequence of events described by 
the product of matrix elements V —s&’*’ 
reading from left to right corresponds to reading the 
diagrams from top to bottom. Each dot corresponds 
to a matrix element V -ka’’kas1’ka+1”’. The solid line 
corresponds to the transfer of “momentum” k,” 
which is implied by the repetition of the last subscript 
in each matrix element as the first subscript in the 
succeeding element. At each vertex (dot) “momentum” 
is quasi-conserved in view of the A function which is 
included in the definition of V_yu%, Eq. (3.5). The 
dashed lines describe the pairings of the various 
subscripts as required for the nonvanishing of the 
thermal averages, supplemented by the A-function 
restrictions. We have used the convention that a line 
(solid or dashed) carrying momentum — to a vertex is 
described by a line directed toward the vertex, while a 
line carrying momentum & to a vertex is represented by 
a line directed away from the vertex. 

We see clearly the difference between terms in the 
expansion which vanish due to Eq. (4.9), Fig. 1(c), 
and terms which do not vanish. The former are char- 


V —k’'ky ky” 


(e) 


Fic. 2. Typical fourth-order diagrams associated with Eq. (4.19) 
Only the first four correspond to the sequential pairing of vertices. 
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acterized by a vanishing momentum transfer between 
two consecutive vertices. 
The diagrams for some typical fourth-order and sixth- 
order terms are shown in Figs. 2 and 3, respectively. 
We now ask, of the 


(2n—2)! 


(2n+2)! 


(4n—3) 


(m-+-1)!2"*!) (m—1)!2"-! 


possible diagrams which are consistent with the 
requirements of nonvanishing thermal averages and 
Eq. (4.9), which ones correspond to terms contributing 
the highest power of ¢ to the primitive function of the 
Laplace transform? This question was answered by 
Brout and Prigogine® in connection with the study of 
an expansion similar to Eq. (4.4) but in the time 
representation. They pointed out that the most effective 
pairing scheme in 2th order was the sequential 
pairing of the matrix elements in the product V_xy-,- 
KV eye” Vk y''ko’ke’’V —ke By this we 
mean pairing V_yx%- with V—-«7%1%1" so that k,/=k, 
k,"=—k’ or ki’ =—k’, ky"=k; pairing V—-4y'%k2'k2” 
with V —ko’’k3’k3’" so that k;’=—k,”’, k3’’=—k.’, or 
k3’=—ke', ks’’=ky"’, etc. In 2mnth order there are 
clearly 2" such diagrams. That such a pairing should 
give rise to the highest power of ¢ in each order may be 
seen from the following remarks. Firstly, we see that 
each of the 2” sequential pairing of the V’s corresponds 
to a pairing of the (2n+2) {c,“} two-by-two, and hence 
is of the form required for nonvanishing thermal 
averages. Secondly, each such sequential pairing of the 
V’s causes every second frequency factor in the denom- 
inator to collapse to s, while the remaining factors 
reduce to the form [s—i(wi+w2+w;) |. This result is 
what was required to justify the neglect of the thermal 
averages (C*(kK—7;0)yx;(s)) and (C*(k7j; 0)yx_;(s)). 
Finally, nonsequential pairing leads to the loss of at 
least one power of ¢ in the primitive function. The 
pairing of additional subscripts to collapse any of the 
remaining factors of the form 
would lead to the loss of at least two summation indices 
and hence to two powers of .V. 

The 2” diagrams in 2th order which correspond to 
the sequential pairing of the V matrix elements can be 
constructed without difficulty by starting at the top 
and drawing a different diagram for each of the alterna- 
tive pairings at every second vertex. These diagrams 
have the property that if they are cut by a horizontal 
line between two consecutive vertices belonging to 
the same pair only one pairing line is cut, while if they 
are cut by a horizontal line between two consecutive 
vertices belonging to two different pairs, two pairing 
lines are cut. Thus, in Fig. 2 only the first four diagrams 
correspond to sequentially paired vertices, and these 
in fact exhaust the possibilities in fourth order. In 
Fig. 3 only the first two diagrams correspond to sequen- 


[s—i(witwetws) | 


§ R. Brout and I. Prigogine, Physica 22, 35 (1956 
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tially paired vertices. The remaining six can be drawn 
with the aid of the rules given above. 

Of the 2" dominant diagrams in 2nth order, two play 
a particularly important role if we restrict ourselves to 
a solution for (C*(k;0)y.(s)) which is exact to lowest 
order in the anharmonic force constants. These are 
the diagrams which correspond to those given by ‘ 
Figs. 2(a), 2(b) and Figs. 3(a) and 3(b), for fourth- . 
and sixth-order terms, respectively. Since Vix is (c) 
completely symmetric in the indices, the contributions p,,, 3. Typical sixth-order diagram. The first two correspond 
from these two diagrams in each order are the same, to sequential pairing of vertices. 
and we need study only the contribution from the first 
kind of diagrams, i.e., those given by Figs. 2(a) and _ interacting electron gas in the high-density limit.? The 
3(a). The importance of this kind of diagram is that it consequence of this is that the contribution from such a 
represents a situation in which the same momentum k diagram in 2nth order is just the mth power of the 
is transferred between every second pair of vertices. contribution of the second-order term given by Fig. 1(a) 
These diagrams are thus somewhat analogous to the or equivalently by Fig. 1(b). This is shown explicitly 
so-called “ring” diagrams which describe the dominant by writing out the contributions to (C*(k;0)y,(s)) 
contributions to the thermodynamic functions of the from the diagrams of Figs. 1(a), 2(a), and 3(a): 


(2)? (RT)? V_xnrne Vege ery 
2nd order: ae — =— Go, (4.22a) 
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In these expressions, we have put where " 
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Recalling Eqs. (4.2) and (4.6), we obtain finally that, 


‘ . | : ; to lowest order in the perturbation, 
If we sum the contributions from all orders in 


expansion, we obtain ; kT kT Go 
kT G (C*(kj; O)L{C(kj; 9} + 
7m ; ae ete ae an 
(C*(k; 0)y;-(s) : (4.24) 2sux*  2sux* 1—Gy 
4su,.? 1—Ge kT 1 
(4.27a) 
° Jew, 
This result must be doubled to give the total contribu- =e 
tion from the “ring” diagrams. at kT F, 
In similar fashion, we find that the analogous (C*(k— 7; 0)£{C(k—j; )} 
° e . . . eyo, 2 Pes. 2 fan 
contribution to (C*(—k; 0)y_x(s)) is given by 2s,”  2sw%? 1—F2 


gr 4 


2 5—sGo 


y 6. : ; (4.27b) 
(C*¥(—k; 0)y_-x(s))= Sener, (4.25) un? s—sF 
2su,? 1— Fe 
= Sanations (4.97) c : ae , . 
‘Sen, for cumple, EW. Menteell and 3. C. Wend, Pins. Equations (4.27) constitute a formal solution to our 
Fluids 1, 55 (1958). problem. 
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Before proceeding to write down the expression for 
the absorption coefficient, we must discuss briefly the 
contributions from the terms in 2mth order which we 
have neglected. We have pointed out earlier that 
there are 2" terms in 2mth order which arise from the 
sequential pairing of the V’s and which give the same / 
dependence to the primitive function. Of these 2" 
terms, we have used only two. 

We have neglected the remaining 2"-2 terms primarily 
for two reasons. Firstly, they are at least of fourth 
order in the anharmonic force constants, compared with 
the terms of second order which we have retained. 
Since we have omitted the quartic anharmonic terms in 
the Hamiltonian which in general give a contribution of 
the same order in temperature as the cubic anharmonic 
terms we have neglected here, it would be inconsistent 
to retain higher-order cubic anharmonic terms without 
wo; VM,(07)M,(0)) £ 

— lim 


i VkT —_— 0 


»? (w)= 


wo; VM,(07)M,(0)) 


th 


i VkT 
If we substitute Eq. (4.27) into Eq. (5.2) we find 


wo; VM,(07)M,(07) 
X,»? (w) =— 7 
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at the same time introducing quartic, quintic, - - - terms 
into the Hamiltonian. Secondly, the linearization of 
the equations of motion of the normal coordinates has 
the effect of making all terms past second order in the 
expression for G: of doubtful validity. Furthermore, in 
evaluating the thermal average of a product of two 
normal coordinates we have used the harmonic approxi- 
mation. This is sufficient to the order we have worked. 
The retention of terms of fourth and higher orders in 
Gz would require a more accurate evaluation of these 
averages, including anharmonic corrections. 


V. THE ABSORPTION COEFFICIENT 


In view of the remarks made in the preceding section, 
we can rewrite Eq. (4.1) for the dielectric susceptibility 
associated with the jth dispersion oscillator as 


if e7 (et w—iwo (C*(07; O)C(O7; t))dt 


-f eet iet wo; “C*(0— 7; 0)C(0—j; ) at 


(5.1) 


lim {(C*(07; O)L{C(07; t)} 8 =et+iw —iwfj 


—(C*(O— 7; 0) L{C(O— 7; 1)})s=et+iotivgs}. (5.2) 
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We pass to the limit as «—>0+ with the aid of the 
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and obtain, finally, for the susceptibility 


relation 
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Comparing Eqs. (5.5) and (2.21) we find that 


NM,(07)M,(07) 
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so that, finally, the linear absorption coefficient becomes 
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(5.8) 


where v, is the volume of a unit cell in our crystal. 

We now evaluate the damping constant y and the 
absorption coefficient a for the linear diatomic chain 
with nearest-neighbor interactions. The values of the 
various quantities required have been obtained pre- 
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viously.” The result for the damping constant is 
| <a 
y= ; -w*[ (watws)?—w? Pw? — (wa— wn)? 3, 
fl 
Wa— Wp << watws 
=(0, otherwise, 
where 
2o;, M,, 
20; M>, 


26 47 (hay wa wy?wo?)[ (M it M2) M?M- |, 


(5.10) 


o, is the harmonic force constant, o, the anharmonic 
force constant, and M,; and Mz are the lighter and 
heavier masses, respectively. The absorption coefficient 
is obtained by substituting Eq. (5.9) in Eq. (5.8), 
taking j=1 and using the relations 


WOT = Wo = Wa tur’, 


(5.11) 
M,(01)= —€{(Mi+M2)/MiMe}}, 


where ¢€ is the magnitude of the electronic charge. 


VI. DISCUSSIONS AND CONCLUSIONS 


In the preceding sections, a systematic classical 
theory has been developed for the optical absorption 
coefficient associated with the lattice vibrations of an 
anharmonic ionic crystal. The various terms which 
arise in the solutions of the equations of motion can be 
classified in accordance with a natural measure of their 
importance in the long-time approximation. The 
solutions are obtained in a straightforward manner 
without the use of an artificial device such as an ansatz. 

The earlier treatment of Blackman, like the present 
one, is based on perturbation theory and makes use 
of the long-time approximation. For the case of the 
diatomic linear chain, the damping constant obtained 
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by Blackman has the same qualitative dependence on 
frequency as that given by Eq. (5.9) although there are 
minor quantitative differences. Both theories lead to 
a damping constant which is proportional to the first 
power of the absolute temperature 7. Recently, 
Neuberger’’ has used a procedure similar to that of 
Blackman to calculate the optical constants for a 
generalized Kellerman model of an ionic crystal. His 
results can be described in terms of a damping constant 
proportional to 7 as in the other classical calculations. 

Experimental measurements of the high-temperature 
lattice vibration reflectivity have been carried out by 
Heilmann" for lithium fluoride and by Hass" for sodium 
chloride. Their results are reasonably well described by 
a damping constant proportional to 7*. Since the 
classical theories should be valid at high temperatures, 
it appears probable that quartic, and possibly higher- 
order anharmonic contributions, should be included in 
the theory. A theoretical investigation of the influence of 
quartic terms is being pursued by D. W. Jepsen. 

As pointed out in a recent paper,’ quantum-mechan- 
ical calculations of anharmonic lattice-vibration absorp- 
tion based on the Born-Huang theory lead to a different 
high-temperature dependence from that given by the 
classical theories. Work is in progress on an improved 
quantum-mechanical theory which would overcome 
certain weaknesses in the Born-Huang approach and 
would make possible a more meaningful comparison 
with the classical case. 
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The angular distributions of potassium particles issuing from a potassium surface under bombardment 
by noble gas ions were observed under moderately good vacuum conditions. Sputtered potassium atoms 
were detected for incident ion energies above approximately 15 ev and useful observations of angular distri- 
butions were obtained for incident ion energies in the range 50 to 450 ev for all available values of the 
incident angle. A means was discovered for the discrimination between the total sputtered flux and that 
fraction of it possessing particle energies above a certain threshold. The apparatus and experimental pro 
cedures are described and the observed distribution patterns and a two-collision sputtering mechanism 


are discussed, along with related observations. 


I. INTRODUCTION 


ECENTLY several mechanistic theories of sput- 

tering have been advanced by Henschke,' Lang- 
berg,’ Silsbee,’ Harrison,‘ and others, in which particle 
ejection is evisioned as the terminal event in a succession 
of collision processes. These theories have been sup- 
ported by the valuable experimental contributions of 
Wehner,*~’ Moore,* Bradley,’ Thompson,” Bader," and 
others. In spite of the general success of these studies, 
certain details of the sputtering mechanism have not 
yet been established, and it was thought that observa- 
tions of the spatial distribution of sputtered particles 
performed during the surface bombardment would 
provide valuable information. 

The method adopted was a more extensive application 
of the experimental proc edure developed by Bradley® 
for his studies of the sputtering of potassium by argon. 
In this adaptation, freshly formed potassium surfaces 


were bombarded at various angles of incidence by noble 
gas ions. The flux per solid angle of sputtered potassium 
was measured with a surface ionization detector which 
could be swung in the plane of incidence about the 


target. The energies of the incident ions were varied 
over the range of 0 to 450 ev although consistent data 
were obtained at energies above 50 ev. 

It was discovered in the course of the experiment that 
some fraction of the incident atom flux at the detector 
filament becomes ionized and detected with the filament 
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unheated.” Preliminary study indicates that the signals 
obtained under cold filament conditions originate from 
potassium particles whose energies after rebound from 
the platinum surface are sufficient to overcome the 
surface adsorptive forces. A means was thus made avail- 
able for the discrimination between these relatively 
energetic particles and the total sputtered flux. (See 
Sec. IV.) 

The observed experimental distribution curves were 
inagreement with the hypothesis that at incident ion 
energies of less than one hundred times the sublimation 
energy (approximately) the dominant sputtering mecha- 
nism is a two-collision chain. This chain is of the type 
proposed by Langberg’ in the case of argon, krypton, 
or xenon where the incident ion mass is equal to or 
greater than the potassium mass. The chain was at least 
partially of the rebound type proposed by Henschke! 
and suggested as likely by Wehner" for the case of 
helium or neon ion bombardment, where the ion mass 
is less than that of the surface particle. A three-collision 
mechanism was in evidence in the case of incident ener- 
gies greater than one hundred times the sublimation 
energy particularly at near normal incidence. 

The experiment was complicated, and the results 
clouded in some measure by the presence of small 
quantities of contaminant residual gases. The potassium 
surface became partially coated during the experiments, 
so that a minimum bombarding flux was required to 
maintain static conditions, a requirement which pre- 
cluded measurements at the lower bombarding energies. 
For this reason the sputtering yield (sputtered atoms 
per incident ion) is dependent upon the bombarding 
flux and upon the apparatus vacuum history. Despite 
this difficulty, it was possible by suitable techniques 
and procedures to obtain distributions in flux exhibiting 
the same principal features on different days for the 


same conditions of incident energy and angle. 


II. EXPERIMENTAL APPARATUS 
The capillary-arc ion source shown in the experimental 
apparatus schematic diagram, Fig. 1, is similar to one 
=F. Molecular 
Beams Conference, University of Colorado, 


June, 1960 (unpublished), p. 152. 
8G. K. Wehner (private communication 
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described by Kosch and Bendt-Nielson."* Tank helium 
and argon of standard purity were employed, and neon, 
krypton, and xenon of somewhat greater purity. The 
helium and argon gases were passed through a dry-ice- 
acetone trap and sometimes, although its effect was 
not apparent, passed over heated potassium before 
admission to the arc source. The maximum impurity 
in the argon was 0.06%, and the xenon contained 0.03% 
krypton and 0.005% argon. 

The portion of the ion beam passing through the 
entrance hole was focused on the target by means of the 
}-in.-diam lenses shown in Fig. 1. The target could be 
rotated about an axis normal to the incident plane by 
a shaft passing through an ‘“O”’-ring seal. The target 
surface itself was formed by slicing a potassium billet 
with a knife blade which was restricted to move in the 
plane passing through the axis of rotation. Fresh sur- 
faces of potassium could be formed as required by 
“feeding” the billet forward with a threaded screw, and 
as many as 10 fresh surfaces could be obtained without 
disturbing the vacuum. The actuating mechanism was 
an Q-ring sealed push-rod mounted on a sylphon. 

The detector consisted of a ;'gin. X tin. X0.5-mil plati- 
num strip whose supporting stems were mounted on a 
Mycalex base. In Fig. 1 the filament has been rotated 90° 
from its normal position for the sake of illustration. The 
ion collector was a rectangular copper strip enclosing 
the filament. The detector was maintained at 20 v 
negative with respect to the ground filament. A screen- 
ing grid consisting of a single loop of copper wire was 
maintained at 85 or more volts positive potential with 
respect to the filament. This screen, located between 
the entrance pupil and the filament, served to prevent 
scattered ions and secondary electrons from striking 
the filament or collector electrode. 

The solid angle subtended by the detector was 
0.002 sr as determined by the filament area and its 
distance from the target. The detector block was made 
of aluminum and was maintained at — 100°C or less by 
conduction of the filament energy through copper braids 
to a liquid-nitrogen-cooled trap. As indicated in Fig. 1, 
the detector could be swung freely around the target 
in the plane of incidence. The range of the angular 
measurements was set by the geometrical configuration 
such that the detector could not be brought closer than 
20° to the incident ion beam. 

The pressure in the experimental chamber was main- 
tained at about 10-§ mm Hg with source flow as meas- 
ured with B.A. ion gauge. Liquid nitrogen trapping was 
employed. The pressure of the chamber without source 
flow was around 10-7 mm Hg. This pressure may have 
been lower in the area of the target, since liquid nitrogen 
cooled surfaces subtended an appreciable part of the 
solid angle visible to the potassium surface. Conditions 
permitting useful observations in the case of the 50-v- 
argon run were achieved by use of a liquid helium trap. 


“J. Kosch and B. Bendt-Nielson, Kgl. Danske Videnskab 
Selskab. Mat.-fys. Medd. 21, No. 8 (1944). 
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Fic. 1. Sputtering apparatus schematic diagram 


The incident ion beam flux density at the potassium 
surface was not known accurately, since the beam diam- 
eter at the target was not measured for each run. 
However, this diameter was measured once in the case 
or argon ions by means of a probe and was shown in this 
instance to be 2 mm. 

The total ion beam current striking the target varied 
from 10~* to 0.25 X 10~* amp, depending upon the energy 
and composition of the beam. Electrostatic analysis of 
this beam showed an energy width of 7 ev. Multiply 
charged species were determined to be below 5% of 
the incident flux with a strong-focusing 
spectrometer.!*:'® 

A zero-beam detector current was observed to be a 
function. of detector position. In order to permit the 
correction of the data in respect to the zero-beam signal 
the ion beam was “‘chopped”’ electrostatically. The total 
measurement cycle was 20 sec in length, one-third 
being the beam-off period. Both detector and target 
current were continuously monitored. 

Changes in surface conditions during observation 
were made apparent by observation at alternate points 
on successive sweeps. This procedure was employed 
for observation under both hot and cold filament condi- 
tions. The time to take a single distribution curve at a 
given angle was generally less than 10 min. 

The time interval between the formation of new sur- 
faces was usually less than an hour, depending in some 
degree on vacuum and beam current conditions. 


mass 


III. DISCUSSION OF THE RESULTS 


The data have been presented in the form of polar 
plots, Figs. 2-4, on which the heavy lines indicate the 
direction of the incident ion beam relative to the potas- 
sium surface. The short lines are drawn between experi- 
mental points obtained sequentially at the same detector 
angle, as an indication of the internal consistency of 
the data. Data obtained both with detector filament hot 
and with ‘filament cold are presented and_ suitably 
identified. 

185 W. Paul, H. P. Renhard, and V. von Zahix, Z. Physik 152, 
143 (1958) 

16 M. Hertzberg, D. McKibbin, and D. Briglia, Rev. Sci. Instr. 
(to be published). 
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Fic. 2. Polar plots of sputtered potassium flux for helium 
and neon ions incident on potassium. 


Representative argon data at various angles of inci- 
dence for 50-, 100-, and 240-ev ions are shown in Fig. 2. 
These data exhibit, as do the other data of these studies, 
a predominance of sputtering in forward directions and 
a general lobal configuration of the distribution. Certain 
limiting angles are ordinarily seen at the extremes of 
the patterns. 

Data for helium, neon, krypton, and xenon are pre- 
sented in Figs. 3 and 4. It should be noted that the neon 
hot filament curves show unusually large sputtered 
potassium flux by comparison with the other gases. 
In some instances the limiting angles at the right-hand 
extremes of the cold filament patterns are not defined ; 
for example, xenon at 70°, 250 ev. It has not been de- 
termined what fraction of signals in these regions is due 
to sputtered potassium, since signals were also obtained 
with the platinum filament removed from the detector. 
These signals may be attributable to secondary electrons 
emitted from the collector upon incidence of neutral 
energetic atoms of the noble gases and of potassium. 

An inspection of the typical distribution curves herein 
presented shows that sputtering is not an evaporative 
phenomenon in this energy range, and that a connection 
exists between the direction of incident momentum and 
the direction of ejection of sputtered particles. As the 
energy of the incident beam is increased, however, the 
curves do show a tendency toward the cosine distribu- 
tion of the evaporative process, a trend also shown in 
recent observations of Wehner and Rosenberg.!” 


7G. K. Wehner and D. Rosenberg, J. Appl. Phys. 31, 177 
(1960 
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The observed flux distributions differ in magnitude 
from run to run, but exhibit characteristic configura- 
tions. The total sputtered yields are estimated to vary 
from three or four at a maximum to 0.05 at a minimum, 
depending upon surface conditions and the energy of the 
ion beam. However, these yield estimates suffer from 
numerous sources of inaccuracy, among which is a lack 
of precise information relative to distributions out of 
the plane of incidence. In general, there is a substantial 
difference between the data obtained with the hot and 
with the cold detector filament, the chief difference 
lying in the strength of signal, the ratio of hot to cold 
signals varying from 3 to 100, and decreasing for the 
higher energies of impact. The magnitude of this ratio is 
an indication of the fraction of atoms having energies 
sufficient for rebound (3 or more volts are suggested 
in the last section). The shapes of the cold filament 
and hot filament patterns also differ somewhat, notably 
at the largest angles from the incident beam. In these 
regions the cold filament pattern is reduced in ampli- 
tude, an effect which can be understood in consideration 
of the energy which can be delivered to particles at 
large angles from the initial direction. (See Figs. 6 and 
7 and the remarks which follow.) This effect is more ap- 
parent at the lower incident ion energies and for the 
heavier gases. Data were obtained in the case of neon 
and argon at sufficiently low energies so that the large- 
angle energy requirement would influence the distribu- 
tion of the heated filament patterns as well. 

These observations are consistent with a sputtering 
model in which a series of two-body collisions takes 
place. The series is terminated by a favorable collision 
which directs the particle away from the surface with 
sufficient energy to overcome the surface binding forces. 
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Fic. 3. Polar plots of sputtered potassium flux for 
argon ions incident on potassium 
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The total sputtering process would hence be a composite 
of sputtering chains of one or more collisions. 

One can interpret the experimental distributions in 
the sputtered flux as a measure of the probability of the 
occurrence of sputtering. A realistic computation of 
these probabilities, even for the billiard ball or hard 
elastic sphere model, is quite difficult in view of the 
roughness, both macroscopic and microscopic, of the 
surface, and in view of surface modification under 
continued ion bombardment. However, one may gain 
insight from computation of the probability distribution 
of particles after two billiard-ball collisions, where equal 
particle masses (argon-potassium) and random locations 
of the potassium atoms are assumed. Such a calculation 
was carried out, the results of which are shown in Fig. 5. 
A comparison of this curve with the observations reveals 
that in some cases, particularly at 30° incidence, the 
experimental values are larger than calculated. In this 
event a three-or-more-collision model is necessary to 
explain the large yields. At lower energies the require- 
ment of multi-collision models is not imposed by the 
experimental observations, so that two-or-more-collision 
mechanisms could be dominant throughout. Although 
the collisional picture is not in question, the present 
distribution curves at the higher energies do at times 
resemble those of an evaporative process in regions at 
large angles from the normal in the sense that a cosine 
distribution may be fitted without difficulty.!” Appar- 
ently the various randomizing factors, surface rough- 
ness, for example, are of particular importance here. 
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Fic. 4. Polar plots of sputtered potassium flux for xenon 
and krypton ions incident on potassium. 
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Fic. 5. Polar plot of the angular probability distribution of 
struck atom after two collisions, assuming hard elastic spheres 
of equal mass. 


One may also calculate quite simply maximum ener- 
gies of sputtered particles for a two-collision mechanism, 
assuming no dissipative losses. The maximum energy is 
found as a function of the angle @ which the ejected 
particles make with the incident direction. The results 
of such a computation are presented in Figs. 6 and 7. 
Here the ratio of the maximum energy of the sputtered 
particle to that of the incident ion energy is plotted in 
terms of the angle @ as indicated above. The curves 
of Fig. 6 correspond to the chain wherein the noble gas 
particle rebounds from a potassium particle and ejects 
another potassium particle on the subsequent collision 
in the manner postulated by Henschke.' Figure 7 il- 
lustrates the chain wherein an initially struck potassium 
particle subsequently collides and ejects either itself or 
another potassium particle in the manner advanced by 
Langberg.? The curves are nearly identical for argon 
because of the similarity of the masses of potassium and 
argon. Where the incident ion mass is greater than the 
surface particle mass, the energy ratio approaches zero 
with increasing @ in accordance with the expression 


E Ey= B cos‘ (6, 2), (1) 


where B is the maximum energy fraction which can be 
delivered with a head-on collision. Thus, no zero-energy 
points are available in the cases of helium or neon. In 
these calculations we have assumed that the energy of 
ionization of the incident ion can be neglected. This 
energy is assumed to be given to a conduction electron 
in the manner proposed by Hagstrum!* from studies of 
secondary electron production at clean surfaces by low- 
energy positive-ion bombardment. 

On the basis of these computations one may find 
maximum ejection angles if one assumes the energy of 
release from the surface to be approximately that of 
the sublimation energy, 0.75 ev. The values of 6 so 
computed lie beyond 145°, the approximate limit of 
experimental observation, except for the cases of argon 
at 50 and 100 v, respectively. For these cases the angles 
(139° and 145°) were not in disagreement with the 
observed limiting values. 

If one requires the sputtered potassium particles to 
have a minimum energy of 3.75 ev, as an example, for 
detection at the cold filament, the total energy delivered 
to the sputtered particle before ejection must be at least 


18H. D. Hagstrum, Phys. Rev. 96, 336 (1954). 
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Fic. 6. Ratio of maximum terminal energy to incident 
energy as a function of total deflection angle 6. 


4.5 v. Maximum angles for ejection in the various experi- 
mental situations have been found on this basis and are 
listed in Table I. Again the observed cutoff angles and 
the tabulated values are not in disagreement for mass 
ratios greater than or equal to 1. Similar agreement was 
obtained in the case of a distribution previously reported 
for 82-v argon ions incident at 60° upon a potassium 
surface." Experimental limiting values were also ob- 
served with either hot or cold filament in the cases of 
helium and neon (30° and 50°) which are not in agree- 
ment with limiting values from process 1, Fig. 6. It may 
be concluded that process 2, Fig. 7, has influenced the 
results. It should be noted that the fourth-root de- 
pendency of cos(@/2) makes the angle insensitive to 
small variations of incident energy or energy require- 
ments for detection. 

The experimental observations reported herein and 
the preceding conclusions are not inconsistent with the 
observed preference of single cyrstals to sputter along 
directions corresponding to the nearest neighbor axis, 
as described by Wehner.® The potassium surfaces of the 
present experiment consist of many crystals possessing 
nearest neighbor axes at various orientations so that 
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Fic. 7. Ratio of maximum terminal energy to incident 
energy as a function of total deflection angle 0. 


%R. P. Stein, First Symposium on Surface Effects on Space 
Craft Materials, edited by F. Clauss (John Wiley & Sons, Inc., 
New York, 1960). 
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TABLE I. Values of maximum angle for the observation of 
potassium sputtering using the two-collision model. 


Minimum 
energy 
(ev) 


Bombarding 
energy 
Ion (ev) 


Angle 
Calcu- 
lated 


Measured 





Argon 50 4.5 k 98 
100 : 148 
240 d 163 
200 4.: dK 140 
400 143 
240 4. ‘ 122 
340 = 130 
440 140 
300) 30° incident 4.5 : 146 
400, angle ; 155 
300\ 50° incident : ‘ 137 
400) angle d 148 
300\70° incident 4.! k 140 
400 angle : 144 
Neon 75 Insufficiently 
150 2 precise 
250 data 
450 
Argon 50 
100 


Krypton 


Xenon 


Helium 


Neon 


structure in the distributions due to preferred directions 
would be obscured. It has also been pointed out by 
Silsbee* that potassium crystals which have much wider 
lattice spacings than most metals might be expected in 
consequence to exhibit directional effects less strongly. 


IV. OTHER OBSERVATIONS 


In the calculations above and in the interpretations 
relating to them, the specific arrangements of the atoms 
participating in the two-collision process have been ig- 
nored. Realistic orientations in two-collision chains will 
be relatively unimportant in view of the random orienta- 
tions of the microcrystals, but will be important to a 
complete understanding of sputtering where three-or- 
more-collision processes are dominant. 

The surface may be considered to have been in quasi- 
equilibrium throughout the measurements. Fluctuations 
of ion intensity were accompanied by an immediate 
proportional change in the observed sputtering rate, 
followed by slower changes as new levels of surface cover- 
age became established. For example, in the case of 
xenon and krypton it was noted that an increase in 
bombarding current increased the yield, the time con- 
stants for this process again being of the order of a 
minute. If sufficiently high signal levels were not 
maintained the sputtering yield would decrease to zero 
in times of the order of minutes. Even with the best 
vacuums and the highest bombardment fluxes, a decay 
of signal after several hours was observed for all gases. 
The flux of incident ions was of the same order of magni- 
tude as the flux of background noble gas under the best 
conditions, and ten times larger than the unknown im- 
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purity. One easily understands the variation of yield 
in this situation as noted by Wehner® and more recently 
by Yonts and Harrison.” An independent means of 
observing the surface coverage was not at hand. Obser- 
vations of sputtering at the lowest incident energies 
were obtained immediately after formation of a clean 
surface (argon on potassium at 15 ev), but flux distribu- 
tions could not be obtained at this energy because of 
the rapid deterioration of the signal. The very low 
threshold values observed by Bradley,’ approximately 
2 ev, were not observed, in part, quite possibly, because 
of insufficient observation time. The sputtering yield was 
observed to be greatest at angles of incidence in the 
neighborhood of 45° corroborating the observations of 
other experimenters. The sputtering yield in the case of 
neon was observed to be as great as that in the case 
of argon in spite of the mass inequality and resultant 
limitation on energy transfer, a possible consequence 
of the more efficient rebound mechanism available to 
neon. Sputtering in the case of helium was reduced, 
indicating that here the mass inequality effect was 
dominant. 


V. ENERGY REQUIREMENTS FOR COLD 
FILAMENT DETECTION 


Operation of the Taylor surface ionization detector 
is governed by the Saha-Langmuir equation where ther- 
modynamic equilibrium is presumed to apply at the 
detector surface. Prediction is followed quite closely 
by experiment in the case of potassium and other alkali 
metal atoms on tungsten filaments, as indicated for 
example in the work of Werning.*! However, careful 
observations by Datz and Taylor” of potassium ioniza- 
tion at a platinum surface require the assumption of 
reflection without either ionization or adsorption for 
some fraction of the incident atoms. The Saha-Langmuir 
equation predicts that the efficiency of ionization, which 
is ordinarily a substantial fraction of unity in the pres- 
ent case, increases as the ionizing surface temperature 
decreases, although it is ordinarily observed that the 
platinum filament must be maintained at a certain ele- 
vated temperature before any ionization is observed at 
all. This is attributable to the requirement that the 
surface be clean, and that the elevated temperature be 
sufficient to evaporate from the surface all incident po- 
tassium atoms, as well as the atoms of residual contami- 
nant gases. In a very clean vacuum system the platinum 
filament remains clean after an initial flashing for some 
period of time. If, now, the incident potassium atom 
has sufficient kinetic energy to overcome the attractive 
forces, it might well rebound from a cold filament as 
an ion. It is known from the present experimental 


OQ. C. Yonts and D. E. Harrison, Jr., J. Appl. Phys. 31, 1583 
(1960). 

21 J. R. Werning, University of California Radiation Laboratory 
Report UCRL-8455, 1958 (unpublished). 

2S. Datz and E. H. Taylor, J. Chem. Phys. 25, 389 (1956) 
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results that this effect does in fact occur. However, 
since equilibrium theory cannot be expected to apply, 


and since independent observations of the energies of 
sputtered atoms of this system have not yet been made, 
many questions are presented which remain unanswered. 

One may make a crude estimate of the minimum 
energy requirement for the escape of potassium atoms 
by setting the energy of the recoiling particle equal to 
the energy of adsorption of potassium on the surface. If 
the energy of adsorption is taken to be 2.5 ev (the value 
for potassium on tungsten), the minimum incident en- 
ergy becomes 5.7 ev for a head-on collision, and 3.75 ev 
for a collision in which the potassium ion rotates its mo- 
mentum vector by 90°. Such a process is credible if the 
adsorption energy is principally due to Coulomb attrac- 
tion since the incoming neutral particle will not have its 
kinetic energy augmented. If a portion of the adsorption 
energy can be represented in terms ofa potential well 
common to both incident and leaving particles, a corre- 
spondingly lower figure is obtained for the single two- 
body collisions. Accurate prediction is complicated also 
by the likelihood that the effective threshold is in fact 
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Fic. 8. Time dependence of detector signal for 
cold-filament condition. 


established by a two-collision mechanism rather than by 
a single collision. The value 3.75 ev was arbitrarily used in 
the determination of thresholds although values of 3 ev 
and 4.5 ev could equally weil be used without disturbing 
the conclusions. 

Typical time dependence of cold filament ionization 
is indicated in Fig. 8. Potassium atoms were produced in 
sputtering by 240-v argon ions incident at an angle of 
50° on the potassium surface. The detector assembly 
was located 20° from the surface normal. The platinum 
filament had not heated closure of the 
vacuum chamber. At the initial time the potassium 
surface was cleaned by slicing. No signal was observed 
by the detector for a period of 5 min, indicating that 
positive ions were not getting through the grid. The 
platinum filament was then flashed and the initial point 
of the curve was obtained. A decay of signal with time 
was observed until the filament was again flashed, 
yielding the last point of the curve. The difference in 
value between the initial and final points is attributed 
to deterioration of the potassium surface. Under other 
conditions, when the level of background pressure had 


been since 
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been reduced to 10-7 mm by a day’s pumping, the de- 
terioration of the potassium occurred much more slowly, 
and decay in detected signal attributable to coating 
of the platinum filament was virtually nonexistent. 
It may be concluded that the partial pressures of non- 
noble gases had been reduced to very low levels. 
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Image of the Fermi Surface in Spin-Wave Spectra of Rare-Earth Metals* 


Epwin J. Wott, Jr.,t AND STEPHEN J. NETTEL 
Department of Physics, University of California, San Diezo, California 
(Received March 20, 1961) 


Calculations of spin-wave spectra in rare earth metals were carried out to find whether images of the 
electronic Fermi surface might be observable. In the space of spin-wave vectors q there should occur surfaces 
on which the frequencies have an infinite gradient with respect to q, the location of such abrupt changes, 
“kinks” in the dispersion curves, being determined by the shape of the Fermi surface. The spin-wave spec 
trum is found by assuming that the coupling between ionic spins takes place primarily through exchange 
scattering of conduction electrons, paralleling the calculation on the coupling of nuclear spins by Ruderman 
and Kittel. Spin-wave dispersion curves in two directions of high symmetry are computed numerically. The 
sought-for kinks in the dispersion curves are found to amount to about 2% of the maximum excitation fre 
quency. The development is for ferromagnets, but extension to spiral antiferromagnets is taken up briefly. 


I, INTRODUCTION 


HE suggestion has been made by Kohn that, 
because of screening of the ions in a metal by 
conduction electrons, images of the electronic Fermi 
surface might show up in the phonon spectrum.' Kohn 
also pointed out that a similar effect might exist for 
spin waves in cases where the interaction between ionic 
spins originates primarily from exchange scattering with 
the conduction electrons.’ In the space of wave vectors, 
for either of these excitations there will occur certain 
surfaces on which the frequencies will vary rather 
abruptly with q; the location of these surfaces will be 
determined by the shape of the Fermi surface. This 
raises the possibility of obtaining direct experimental 
information about the Fermi surface by examining these 
spectra, for example, with neutron scattering techniques. 
For phonons special considerations, which will be 
discussed in a later publication, cause the effect to be 
so small as, probably, to be unobservable at present. 
A study of spin waves in the rare-earth metals, which 
will be the subject of the present paper, leads to more 
encouraging results. 

The calculation of the spin-wave spectrum is similar 
to that carried out by Kasuya.’ In view of the small 
radius of the 4/ shell in the rare-earth metals the lattice 
spins are assumed to be coupled primarily through ex- 

* Supported in part by the Office of Naval Research. 

+ National Science Foundation Predoctoral Fellow at the 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania. 

!W. Kohn, Phys. Rev. Letters 2, 393 (1959). 

2M. A. Ruderman and C. Kittel, Phys. Rev. 96, 99 (1954). 
3T. Kasuya, Progr. Theoret. Phys. (Kyoto) 16, 58 (1956). 


change scattering of conduction electrons.’ A quasi- 
Hamiltonian describing the interaction of any two 
lattice spins is obtained, first, by choosing suitable 
interaction potentials between otherwise free conduc- 
tion electrons and individual lattice spins. The change 
in total energy is then found by a perturbation calcula- 
tion carried out to second order, paralleling the calcula- 
tion on the coupling of nuclear spins by Ruderman and 
Kittel.2 This leads to the familiar Heisenberg scalar- 
product interaction for the lattice spins. The spin-wave 
excitations are found in the usual way by expanding 
the Hamiltonian in powers of 1/S.°° 

Since the rare-earth metals of interest have hexagonal 
close-packed (hep) structure, that is, they have two 
atoms per unit cell, an additional transformation is 
required to diagonalize the Hamiltonian. Approximate 
numerical calculations of the spin wave frequencies as 
functions of the propagation vector q in two directions 
of high symmetry are carried out, so that the magni- 
tudes of the expected discontinuities can be determined. 
Throughout the development the assumption is made 
that the ground state of the crystal is ferromagnetic. 
The extension of these results to the antiferromagnetic 
case is taken up briefly in the final discussion. 


Il. THE CALCULATION 


In view of the small radius of the ions, the inter- 


action between a conduction electron and the ionic 


*P-G. de Gennes, Compt. rend. 247, 1836 (1958). 


5 T. Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1940). 
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spins is chosen to have a Dirac delta function spatial 
dependence. The interaction can be written as 


H’=G¥, 8(R.—r.)J,°S.. (1) 


Here J, and S, are the angular momentum of the lattice 
ion, and electron spin operators. 6(R;—r,) is a delta 
function of the displacement of the electron relative to 
the position R; of the ion 7. The summation runs over 
the V ions of the lattice. G is the coupling constant of the 
metal under consideration. The scalar product form 
J,-S,. appearing in the interaction has been discussed 
by Kasuya® and by Liu.® The interaction (1) has been 
postulated by de Gennes and Friedel’ in their calcula- 
tion of the resistivity of gadolinium. They were able to 
deduce an approximate value for the coupling constant 
G from experimental resistivities. de Gennes has sug- 
gested that for the series of rare-earth metals from Gd 
to Tu the coupling constant G can be taken proportional 
to (g—1)J, where g is the Landé factor.‘ 

To second order in the interaction (1), the effective 
Hamiltonian for the lattice spins is? 


H= (@/2) >’ J.-5,F(Ri—R;). (2) 


Here the sum runs over all lattice spins 7 and j, terms 
for which i is equal to j being omitted. F(R:—R,) is 
the well-known long-range oscillating interaction intro- 
duced by Ruderman and Kittel, and is given by 
F(R,—R)=V? > (2m*/h*) (RP — Rk?) 
kk! 
Melee) -A-e), (3) 

The sum in (3) runs over all occupied electronic states 
of momentum /ik, and over all unoccupied states of 
momentum hk’. V is the volume of the crystal, and m* 
the effective mass of the conduction electrons. 

The next step is to substitute into (2) the Holstein- 
Primakoff operators a,*, a;, defined by® 


a,*ai\ 3 
@i(1- ) —JuctiSn 
2J 


a,*a;\ 3 
@'as(1- ) =J iz—tl iy, 
2J 

J—a*a;=Ji:. 


The resulting expression is expanded in powers of 1/J, 
giving 


Hes= (G*/2)J? phy F(R,—R;) 
i? 


) 
[+ (—atatata) | (5) 
J 


®S. H. Liu, Phys. Rev. 121, 451 (1961). 
7P-G. de Gennes and J. Friedel, J. Phys. Chem. Solids 4, 71 
(1958). 
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Higher order terms with three or more operators repre- 
sent interactions between spin waves, and are omitted.® 

As already noted, the rare-earth metals of interest 
have hep structure. The lattice ions can, accordingly, 
be regarded as lying on two hexagonal Bravais lattices, 
whose relative displacement will be denoted by the 
vector D. The position vector of any ion on the first 
lattice will continue to be written as R;,i=1,2, ---,N/2, 
and the corresponding spin operators a;*, a; will be 
written as a;*‘®, a;“. For the second lattice the posi- 
tions and spin operators will be (R:+D), and a*, 
and a,’. The transformations to be substituted into 
(5) are then 


a,‘ = (2/N)! us expLiq: R Ja, "s 


(6) 
a, = (2/N)! }°, expliq- (R,+ D) Ja,. 


Here >", indicates a sum over all wave vectors lying in 
the first Brillouin zone of the hexagonal Bravais lattice. 
Omitting the J? term in (5), one gets 
~9 rae é é 
Heg=GJ > fA g(aq* ag 
= Ba.’ . 


+a,* a, 0)) 
“7. @ 


0) R* * (0) ( 
ag B, aq dg 


where 


A,=—DrLF(R)+F(R+D)—exp(iq- R)F(R)], (8a) 


and 


By=— Dr expLiq- (R+D) JF(R+D). (8b) 


Here the sums run over all the relative displacements R 
of a single Bravais lattice, including R=0. 

Finally, to diagonalize (7) one uses the substitutions 
b,=2 Ta, +ag(ag,*) 4a,“ ji 

Cg=2-'La, —ag(aqa,*)4a, J, (9) 


a = B,/ Ag. 
The result is 


Hon=G@JI Y fbq*b A — (B,B,*)'] 


+c,*c,[Aot+(B,B,*)']}. (10) 


For simplicity this study will be restricted to the 
“acoustical” spin waves, whose frequencies w, are 
given by 


hioy=GJITA .— (B,B,*)!)). (11) 


To carry out the computations one needs to define 
the Fourier transform, f(p), of F(R:,—R,): 


F(R,—R;)=V" >, f(p) exp[ip-(R:—R,) ], (12a) 
where from (3) 
f(p)=— (2m*/h?)V4¥.(p?+2p-k)-. = (12b) 


The sum in (12b) runs over all occupied electronic 
states k. These are assumed to occupy a sphere in 
reciprocal space of radius kr, where ike is the Fermi 
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momentum.® A straightforward integration yields 
" —m*kp 1 ke p |p+2kr 
f(p) ——{14+-(—"-— in| 
p kel |p—2ke 


A plot of the function f(p) is shown in Fig. 1. It should 
be noted that the derivative of f(p) has a logarithmic 
infinity at p=2kr. 

When the lattice sums indicated in Eqs. (8a) and 
(8b) are carried out with the help of the transform 
(12a), one finds that 


8x7h? 2 


\ 
—— > [/(K)—/(K+q) 
2V kK ; 
+/(K) cos(K-D)], (14a) 


(14b) 


> C/(K+q) exp(iK- D)]. 
K 


2V 
The sums run over all reciprocal vectors K of the 
Bravais lattice. Use has been made of the fact that f is 
even in p. 

The spin-wave frequencies w, are calculated by sub- 
stituting Eqs. (13), (14a), and (14b) into Eq. (11). 
The reciprocal vectors of a hexagonal lattice also form 
a hexagonal lattice. For spin wave vectors q pointing 
in the direction of the ¢ axis in reciprocal space, the 
formula for the acoustical frequencies takes the par- 
ticularly simple form: 


-« L{(K)—/(K+q)] 


<[1+cos(K-D)]}. (15) 
Approximate numerical calculations of the dispersion 
curve in the directions of the c axis and of the a axis 
have been carried out. The results are shown in Fig. 2. 
In finding the frequencies, discrete sums over the first 
307 points in reciprocal space were taken. The sum 
> «Ll f(K)—f( K+q) ] exp(iK-D) was found to con- 
verge sufficiently rapidly that more distant points 
could be neglected. The sum }> x f(K)— (K+) ] over 
the more distant points was approximated by a suitable 
integral. 


% 
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Fic. 1. Plot of Fourier transform f(p) of the range function 
F(R,—R,). Note infinite slope at p/2kr equal to unity. 


8 Inclusion in the sum of statesk for which states k’ (k’=k+p) 
are also occupied does not affect the result. 
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Fic. 2. Calculated spin-wave dispersion curves in high-sym 
metry directions. Fermi images are indicated by arrows. Fre- 
quency values are calculated using the coupling constant G for 
gadolinium, derived from the observed resistivity; m* is taken to 
be the free electron mass. Frequencies for other rare-earth metals 
can be obtained by multiplying by (g—1)J/7.5. 


Ill. DISCUSSION 
A Fourier component f(K-+q) undergoes an abrupt 
change with q whenever 


q+K =2kr, (16) 


as already mentioned. Consequently, a “kink” occurs 
in the spin-wave dispersion curves at every vector q 
that satisfies Eq. (16) with any one of the reciprocal 
lattice vectors K.° From the calculations one sees that 
these kinks, marked by arrows in Fig. 2, are of the 
order of 2% of the maximum excitation frequencies. 
They would appear, therefore, to be within the range 
of experimental detection. 

It will be observed that the frequencies become nega- 
tive for qin the c direction. The calculations have shown 
that the frequencies are extremely sensitive in magni- 
tude and sign to small changes in the location of the 
Fermi surface. However, the magnitude of the kinks is 
not seriously affected by such changes. When for some 
frequencies the dispersion curve becomes negative, the 
ground state of the crystal is no longer ferromagnetic ; 
rather, it corresponds to an antiferromagnetic spiral 
structure with a pitch that can in principle be deduced 
from what is essentially the negative ‘dispersion 
curve.’ Some of the rare-earth .metals have, in 
fact, been observed to have spiral antiferromagnetic 
structures.’2 The sensitivity of the dispersion curves, 
already suggested by the disparity between the two 
curves of Fig. 2, may help to explain some of the re- 
markable magnetic properties of the rare-earth metals.” 

®When the Fermi surface is not spherical, (16) must be re 
placed by Eq. (10) of reference 1. 

10 J. Villain, J. Phys. Chem. Solids 11, 303 (1959). 

11K. Yosida and H. Miwa, Technical Report of Institute for 
Solid-State Physics, Ser. A, No. 14, University of Tokyo, Tokyo, 
Japan (unpublished). 

2B. L. Rhodes, S. Legvold, and F. H. Spedding, Phys. Rev. 
109, 1547 (1958). See also W. C. Koehler et al., Rare-Earth Re 
search Developments Conference, University of California, Lake 
Arrowhead, California (unpublished), Sec. IT. 
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The present results are applicable to rare-earth 
metals only when in a ferromagnetic state, either 
naturally or under the action of a strong magnetic 
field.” For spiral antiferromagnetic structures of 
crystals with only one atom per unit cell, Kasuya as 
well as Yosida has found a spin-wave spectrum give by" 
hw, « 2 {d—I(q)+1(qo)} 

X {7(q)—37 (qo+q)—37(qo—q)} }', (17) 
where d is a constant used to describe anisotropy energy 
in the hard direction of magnetization, i.e., is positive, 
and /(q) is directly proportional to >> xl f(K)—f(K—q) ] 
in the present notation. qo gives the pitch of the ground- 
state spiral structure. Formula (17) indicates that in 
the spin-wave spectra of antiferromagnetic structures 
images of the Fermi surface such as found in the ferro- 
magnetic case will appear, and with comparable magni- 
tudes. The condition for a kink is that the vector q 
satisfy any one of the conditions: 

q+K\|=2kr, |q+qo+K| = 2k, 


q—qo+K|=2kp, (18) 
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where K is again any one of the reciprocal lattice 
vectors. 

In conclusion, a few remarks about the effect of the 
finite size of the ion core are in order. These are ex- 
tremely difficult to treat quantitatively. However, it 
should be noted that to some extent these effects are 
allowed for in the determination of the constant G from 
observed resistivities, and that the dimensionless pa- 
rameter that measures the importance of these effects, 
namely kpro, where ro is the ‘‘radius” of the ion cores, 
has a value of 0.4. It is, therefore, not to be expected 
that the estimate of the relative size of the kinks given 
here is significantly in error. 
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Ultrasonic attenuation in single crystals of CdS has been observed to be a function of light irradiation. 
Two distinct types of behavior have been observed. Some crystals (type A) show a decrease of attenuation 
with white light application, and others (type B) show an increase of attenuation with white light. The ultra- 
sonic attenuation and the conductance of the crystals were measured asa function of temperature. An excellent 
correlation between the conductance and the ultrasonic attenuation is evident for type B crystals. A strong 
correlation between the directional piezoelectric properties of CdS and the ultrasonic attenuation in both 
types of CdS is also shown. An interaction between conduction electrons and stress waves coupled by the 
piezoelectric property of CdS is isolated as the dominant mechanism for the photosensitive ultrasonic 
attenuation in CdS of type B. Two or more competing effects appear to be responsible for the type A photo 


sensitive attenuation behavior. 


INTRODUCTION 

N a previous paper by one of the authors it has been 
observed that there are pronounced changes in the 
ultrasonic attenuation in single-crystal samples of CdS 
when such samples are exposed to light over the spectral 
range from the band edge at 5100 to 8000 A. In that 
paper, two distinct effects of light irradiation on the 
*Some of the low-temperature measurements on cadmium 
sulfide were made at Brown University and in this connection 
acknowledgement of support is made to the National Science 


Foundation. 
1H. D. Nine, Phys. Rev. Letters 4, 359 (1960). 


ultrasonic attenuation in different CdS crystals, called 
type A and type B crystals, were discussed. Type A 
crystals showed a decrease of attenuation upon irradia- 
tion with light in the indicated spectral region and type 
B crystals showed an increase in attenuation upon 
irradiation. This paper describes recently completed 
work by the authors on the temperature variation of 
both ultrasonic attenuation and electrical conductance 
and further work on the photosensitive attenuation as 
a function of crystal direction which has made it 
possible to isolate the mechanism primarily responsible 
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for the phenomena observed. A pulse-echo technique 
was used to make the ultrasonic measurements.” 

The CdS crystals were grown by a vaporization- 
recrystallization process.’ The crystals are ‘‘pure”’ in the 
sense that they are not deliberately doped. They, how- 
ever, contain both impurity and stoichiometric defect 
structure which introduce defect levels into the band 
gap. These CdS crystals are highly photoconducting in 
the wavelength region from 5100 to 8000 A and can be 
quenched by infrared irradiation (most effective at 
9000 A). A detailed description of the photoresponse of 
attenuation and conductance to light wavelength and a 
description of the physical properties of the samples is 
contained in reference 1. 

Light-sensitive effects on the  elasto-mechanical 
characteristics of CdS have also been reported by 
Gobrecht and Bartschat.* Their observations were made 
by loosely coupling a CdS single-crystal plate to a high- 
frequency, vacuum-tube oscillator of variable frequency 
and utilizing the piezoelectric property of CdS to drive 
the CdS crystal at the frequency of the vacuum-tube 
oscillator.’ These investigators observed qualitative 
effects of temperature and infrared irradiation on the 
piezoelectric and elasto-mechanical properties of CdS— 
effects which in this paper are called type B behavior. 

The pulse-echo method of measurement used by the 
present authors allows a quantitative measurement of 
the changes in damping (i.e., attenuation changes) not 
possible by the oscillator method. In addition, by use 
of an external transducer which may be used in the 
pulse-echo technique, it is possible to distinguish more 
easily between changes which are only amplitude 
changes of the observed acoustical waves (or oscilla- 
tions) as compared to changes in the damping of the 
acoustical waves (or oscillations). Use of an external 
transducer also permits an investigation of the effect of 
both compressional and shear waves as a function of 
crystal direction. 

Using the pulse-echo technique, measurements can 
be made both with an external quartz transducer 
coupled to the CdS crystal and with the single CdS 
crystal used as both sample and transducer. The self- 
transducer® use of CdS is possible because CdS is piezo- 
electric itself. It is important to realize that these two 
pulse-echo methods are different because, in the first 
instance, with the separate quartz transducer, a me- 
chanical wave is introduced into the sample and the 
effects are those resulting only from a mechanical wave. 
Additional complexity in interpretation of the effects is 
introduced in the second instance where an applied 


2 B. Chick, G. Anderson, and R. Truell, J. Acoust. Soc. Am. 32, 
186 (1960). 

3D. R. Boyd and Y. T. Sihvonen, J. Appl. Phys. 30, 176 (1959). 

*H. Gobrecht and A. Bartschat, Z. Physik 153, 529 (1959). 

5 The experimental arrangement is described in H. Gobrecht 
and A. Bartschat, Z. Physik 136, 224 (1953). 


® A discussion of ‘‘Production of sound in piezoelectric crystals” 


may be found in E. H. Jacobson, J. Acoust. Soc. Am. 32, 949 


(1960). 
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oscillating electric field is placed across the sample in 
addition to the mechanical wave (or waves) generated 
by this electric field. Changes in the applied electric 
field, such as reduction of the field by photoactivated 
electrons, can produce amplitude changes in the me- 
chanical wave; they cannot, however, produce attenua- 
tion changes unless a nonlinear behavior is present. 

The self-transducer use of the CdS crystals is some- 
what like the oscillator use of CdS made by Gobrecht 
and Bartschat. However, when used as a self-transducer, 
the surfaces of the large single crystals of CdS act as 
transducers as discussed in reference 6; while in the 
oscillator use of CdS, the single-crystal plates oscillate 
as a whole. In both the oscillator and self-transducer 
methods the foregoing discussion on electrically caused 
amplitude changes applies. However, using the pulse- 
echo self-transducer technique, quantitative measure- 
ments of the ultrasonic attenuation changes can be 
made. 

The more quantitative nature of observations possible 
using the pulse-echo technique and the use of a separate 
transducer allows a better assessment of the possible 
causes of the photosensitive piezoelectric and elasto- 
mechanical properties of CdS to be made. 


EXPERIMENTAL RESULTS 


The two types of behavior, type A and type B, which 
the authors have observed, represent two extremes of 
behavior. In different crystals there are found inter- 
mediate magnitudes of these effects between the ex- 
tremes of type A and type B. The maximum in attenua- 
tion as a function of light intensity reported by Hutson’ 
was not observed in the extreme types A and B. A 
maximum was seen in one intermediate crystal which 
shows type B behavior with low-intensity light irradia- 
tion but goes through an attenuation maximum as light 
intensity increases and shows type A behavior with 
more intense light. 

The ultrasonic attenuation has been studied over a 
temperature range from 2°K to room temperature. 
Ultrasonic velocity changes accompanying these attenu- 
ation effects have also been measured. The application 
of magnetic fields up to 15000 gauss produces no 
detectable effect on the ultrasonic results at room 
temperature. 

Except as specifically noted, both the separate 
transducer and the self-transducer methods of measure- 
ment give the same results and measurements were 
made both ways. The data displayed in the figure 
showing temperature variation of ultrasonic attenuation 
were obtained using the self-transducer method since it 
eliminates the external transducer bonding problem 
which often causes trouble at low temperatures. 

The work reported in reference 1 showed a correlation 
between the electrical conduction and the ultrasonic 
attenuation and suggested an electron-acoustical inter- 


7A. R. Hutson, Phys. Rev. Letters 4, 505 (1960) 
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Fic. 1. Temperature dependence of attenuation in CdS using 
sample as self-transducer. A: Attenuation-temperature curve of 
type B crystal for descending temperature and dark condition. B: 
Attenuation-temperature curve for rising temperature after 
irradiation with visible light at 70°K for comparison to thermally- 
stimulated current curves. Arrows indicate peaks in thermally- 
stimulated current curve found by Bube. C: Conductance-tempera- 
ture curve measured during descending temperature run. Measured 
along with curve A. Conductance on arbitrary scale. D: Attenua- 
tion-temperature curve for type B crystal under intense irradiation 
by visible light. 


action. A group of experiments was undertaken to 
further test the correlation between the electrical con- 
duction and the acoustical response of the CdS crystals. 
The detailed characteristics exhibited by the two types 
of crystals found by these experiments are as listed 
below. 


Type B 


1. No differences in the light-sensitive effects were 
observed for type B behavior between using a separate 
transducer and using the CdS as a self-transducer for 
type B behavior. 

2. A large increase in attenuation is observed in going 
from dark to light condition for light in the wavelength 
range 5100 to 8000 A. The magnitude of the attenuation 
change at room temperature is from approximately 
0.4 db/usec dark to >4 db/usec light and is too large 
to be measured (limit of measurability is 4 db/ysec) 
with intense light, incident on the sample at room tem- 
perature. The wave appears to be completely damped 
out by a sufficiently intense light source. On removing 
all the incident light, the attenuation returns rapidly 
to the original dark value (at room temperature). The 
sample shows a large photoconductance response. 

3. The incidence of infrared light (8000 to 10 000 A) 
causes the crystal, which has been or is being illuminated 
with white light, to recover its original, lower, or dark 
attenuation value. Infrared irradiation of the CdS 
crystal also increases markedly the rate of recovery of 
attenuation to the original dark value compared to 
removing all incident radiation. Infrared light quenches 
the photoconductance. 
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4. Since quantitative measurements of attenuation 
could be made, it was possible to plot attenuation versus 
temperature data for comparison to conductance versus 
temperature data. As the temperature is decreased from 
room temperature, the dark value of the attenuation 
decreases slowly and shows structure down as far as 
60°K (Fig. 1A). The electrical conductivity was meas- 
ured (Fig. 1C) together with the attenuation and the 
major peaks of the attenuation measurements correlate 
with those of the conductivity measurements. In addi- 
tion, the ultrasonic attenuation was measured as a 
function of increasing temperature (Fig. 1B). At 70°K, 
during an increasing temperature run, the sample was 
irradiated with light from a tungsten-filament lamp for 
the purpose of comparing the positions of the attenua- 
tion peaks with the positions of the peaks obtained from 
the standard type “thermally stimulated current” 
results of conductivity measurements such as those of 
Bube.* The attenuation-temperature curve peaks do 
seem to agree in position with those from the conduc- 
tivity measurements of Bube. More structure appears 
in the attenuation data than in the conductivity data. 
The amplitudes of the various peaks in the attenuation- 
temperature data depend strongly on the light-excita- 
tion history of the sample. 

The response time of the attenuation as the tempera- 
ture changes is more rapid than is the corresponding 
response time for the conductivity measurement.’ 

5. The time rate of change of attenuation from dark 
to light values, or during recovery, decreases as the 
temperature is lowered until, at 40°-60°K, the change 
occurs so slowly that it is almost undetectable. The rate 
of response of the photoconductance is also slowed by 
low temperatures. 

6. The attenuation from dark to light, 
measured as a function of decreasing temperature, 
becomes smaller in magnitude as the temperature is 
lowered. Measurements taken with intense illumination 
show unmeasurably high attenuation values and low 
amplitude at room temperature; but at temperatures 
below 100°K, the attenuation becomes measurable. 
(See Fig. 1D). The photoconductive response is also 
smaller in magnitude. 


change 


7. Measurements of ultrasonic velocity changes 
accompanying the attenuation increase from dark to 
light condition showed, at room temperature, a decrease 
in velocity of 0.5% with the most intense light used. 


8 R. H. Bube, Phys. Rev. 92, 1105 (1955). 

®In addition to the low-temperature behavior reported here 
using the self-transducer method, the attenuation-temperature 
behavior has been examined with type B crystals up to 600°C. 
At about 470°C, the attenuation became so large that compres- 
sional wave measurements were no longer possible. By increasing 
the temperature still further, it was found that a new shear-wave 
mode appeared, and this mode was present at temperatures up to 
at least 600°C. This type of attenuation behavior may indicate a 
phase transformation as it does, for example, in quartz at 575°C. 
However, there is not a known phase transformation in CdS at 
normal pressure for this temperature range. 
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Type A 


1. Measurements were again made both with an 
external quartz transducer coupled to the CdS crystal 
and with the CdS sample used as its own transducer. In 
this case, differences are observed in both amplitude 
and attenuation between these two methods of measure- 
ment. For example, with a quartz transducer on the CdS 
sample it is observed that, from dark to light condition, 
the attenuation always decreases and the amplitude 
always increases. On the other hand, when the CdS 
sample is used as its own transducer, there are two 
the attenuation decreases at low-pulse ampli- 
tude in going from dark to light conditions (low gain) 
and the effect tends to reverse so that the attenuation 
actually increases when the pulse amplitude (gain) is 
increased sufficiently. This last effect appears to depend 
on the pulse amplitude which indicates that a nonlinear 
or strain-amplitude-dependent effect is present. The 
same effect may be present in the case of type B per- 
formance, but it has not been observed in that case; the 
reason for the difficulty in determining whether or not 
this effect is present is simply that the attenuation in 
the dark-to-light transition goes beyond attenuation 
values that can be measured. Where differences occur 
between the external-transducer results and the self- 
transducer result, the external-transducer results are 
regarded as more reliable. 

2. Using an external transducer, type A samples show 
a decrease in attenuation from dark to light condition 
for light in the wavelength range 5100 to 8000 A. The 
decrease in attenuation is about 50% for the largest 
attenuation change (of this type) observed. A large 
photoconductance is observed. 

3. Infrared irradiation is not as effective in restoring 
the attenuation to its original value under dark condi- 
tions as it is with type B samples. The infrared light 
does, however, effect a partial recovery. Infrared 
quenches the photoconductance to the dark value. 

4. Using the CdS as a self-transducer, as the tem- 
perature is lowered, the dark value of attenuation 
increases as shown in Fig. 2. As the attenuation becomes 
too large to be measured, at about 125°K, a shear wave 
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Fic. 2. Attenuation-temperature curve for type A crystals 


using sample as self-transducer. 
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arises and grows in amplitude as the temperature is 
decreased; at the same time, the attenuation of this 
shear mode decreases as the temperature decreases. 

Using an external transducer, the measurement of the 
dark value of the attenuation shows the same trend with 
temperature as the self-transducer measurement. Tem- 
perature effects in the acoustical bond between the 
external transducer and the CdS crystal do not allow 
reliable measurements to be made below about 150°K. 
The conductance of sample A falls off much like 
sample B. 

5. A time rate of change in attenuation could not be 
studied as with type B behavior because, as can be seen 
from Fig. 2, the temperature range in which the effect 
should be most pronounced is not accessible (attenua- 
tion-wise) in type A experiments. The rate of photo- 
conductive response is slowed as with type B. 

6. Measurement of attenuation as a function of 
decreasing temperature with the sample illuminated 
shifts the curve slightly toward_lower temperatures. The 
photoconductance temperature 
decreases. 

7. Measurements of the largest velocity change 
observed, accompanying the attenuation decrease, in 
going from dark to light conditions, showed a very small 
velocity decrease of about 0.04%. 

The excellent correlation between the electrical con- 
ductance and ultrasonic attenuation of the type B 
crystals indicates a mechanism connecting the two 
effects. 

Evidence is very strong, if not conclusive, that the 
dominant factor in determining the observed attenua- 
tion behavior is a consequence of the piezoelectric 
properties of CdS. This can be shown from a comparison 
of the observed attenuation effects with the piezoelectric 
polarization effects to be expected. CdS crystals have 
hexagonal structure and belong to the 6mm crystal 
class. Ultrasonic stress waves propagated along the 
various crystal produce polarizations P; as 
specified by the relation 


P = ij40 jx, 


becomes less as 


axes 


where oj, are the stress components. 

For CdS with 6mm symmetry, the nonzero matrix 
values of the piezoelectric moduli dj, are d311, d322, d3sa, 
do93, d232, d131, and dj,3 or, in the usual matrix notation," 


9 
2325 


Ca Oe o3 O% 06 


P, 0 0 0 0 a 0 
P2 00 0 0 des 0 
P; dx d 2 ds; 0 0 


From Tanaka and Tanaka," d3;=d3.=4.6X10-° cgs 
units, d24=d 5 (values not reported), and d3;= 7.7 10-8 
cgs units. 

Comparison of measured, photosensitive, ultrasonic- 


1 See for example, J. F. Nye, Physical Properties of Crystals 
(Oxford University Press, New York, 1957), p. 116. 
4 T, Tanaka and S. Tanaka, J. Phys. Soc. Japan 15, 726 (1960). 
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TABLE I. A comparison of the piezoelectric polarizations induced 
by given ultrasonic stress waves to the photosensitive ultrasonic 
attenuation observed for these stress waves in cadmium sulfide 
samples A and B. 


Stress applied 
L wave S wave 


1 to 1 to 
¢ axis axis ¢ axis 


Photo- 
sensitive response 


Piezo 
electric 
modulus 


Polari- 
zation d B 


Small 
Small 
Large 
Small 
Small 
NME 
Medium 
NME 
Medium 


NME 
Medium 
Weak 


Small 


* NME: no measurable effect. 


attenuation changes, in various crystal directions, with 
the piezoelectric polarizations expected for stress-wave 
propagation in those directions shows nearly perfect 
correlation with the presence or absence of the measured 
attenuation changes. 

Table I shows for the two types of crystals, and for 
different crystal directions, the comparison between the 
ultrasonic-attenuation response to light for a stress wave 
in a given direction and the piezoelectric response 
expected for the stress wave. 


DISCUSSION 


The correlation between the attenuation response 
observed and the polarization to be expected from the 
piezoelectric character of CdS for ultrasonic stress waves 
in the various crystal directions is excellent. There is 
also excellent agreement between the relative magni- 
tudes of the responses and the expected relative magni- 
tudes of the polarizations as indicated by the available 
values of the piezoelectric moduli. The type B crystals 
show complete correlation while the type A crystals 
fail only to show an expected response for oy, and o22. 


PROPERTIES OF CdS 803 
The failure of the o1; and o22 to show a response may be 
attributed to the fact that the magnitudes of all the 
responses are much smaller in crystal A than in crystal 
B. Present information thus strongly indicates that the 
observed photosensitive ultrasonic attenuation in CdS 
is closely related to an interaction with the piezoelectric 
field. 

In crystals of type B, correlation between the electric 
conductance and the ultrasonic attenuation shows an 
interaction between the electrons in the conduction 
band and the piezoelectric field. The observed increase 
in attenuation of the type B crystals can be attributed 
to the piezoelectric field doing work on the conduction 
electrons and the transfer of energy by the conduction 
electrons to the lattice by collisions. 

With crystals of type A, there appears to be little or 
no correlation of the electrical conductance and the 
ultrasonic attenuation. However, there is good correla- 
tion between the piezoelectric effect and the ultrasonic- 
attenuation response. The observed attenuation effects 
in crystal A are much weaker and also show nonlinear 
character. These results have the appearance of two or 
more competing effects connected to the ultrasonic 
attenuation through the piezoelectric character of CdS. 

Other sources of photosensitive ultrasonic attenua- 
tion, such as scattering from photoactivation defect 
sites in the lattice, are undoubtedly present; but the 
evidence indicates that a piezoelectric interaction is 
dominant in both A and B types of response. 
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Observations of the thermal resistivity of solid helium containing He isotopes have indicated that the 
phonon scattering cross section of the isotope is three times larger than the theoretical value obtained by 
considering only the mass-difference. Using as a model a helium atom in the potential well formed by its 
neighbors, and taking account of the zero-point energy of that atom and of the strain energy in the surround 
ing solid when the atomic cell is expanded, it is shown that around a He’ isotope the lattice suffers an outward 
distortion of about 1-2°%. This distortion can account for the discrepancy in the phonon scattering cross 


section. 


I. INTRODUCTION 


N order to test the theory of the scattering of lattice 

waves by substitutional atoms differing only in 
mass, Walker and Fairbank! measured the thermal con- 
ductivity of solid helium containing known amounts 
of the isotope He*. Their results were violently incon- 
sistent with a simple theory,’ according to which the 
anharmonic .V processes affected the phonon mean 
free path only at lowest frequencies and always in a 
manner independently of the relative strength of the 
\ processes. Walker and Fairbank suggested that these 
results could be interpreted on that simple theory if 
one abandoned the supposition that the He’ isotopes 
are randomly dispersed. 

It had become increasingly obvious that the thermal 
resistance due to point defects depends not only on the 
scattering of phonons by point defects, but also on the 
strength of the .V processes. In particular, measurements 
by Berman and co-workers*® on the thermal resistivity 
of lithium fluoride due to various lithium isotope concen- 
trations showed a marked nonlinearity of thermal resis- 
tance with isotope content even at lowest concentra- 
tions. Two different refinements of the theory can de- 
scribe quantitatively the combined effect of point 
defects and processes: a variational method due to 
Ziman and co-workers,’ and an approximate treatment 
of the effect of momentum conservation on the effective 
relaxation time of .V processes by Callaway.‘ The exact 
relationship between the two theories is at present still 
obscure, because of their widely different approaches, 
but they appear to give results which are at least super- 
ficially similar, and in the limit of infinitely strong .V 
processes they both tend to the same limiting value, 
originally obtained by Ziman® from momentum balance 
considerations. 

In view of these considerations, Sheard and Ziman® 
suggested that the thermal resistivities of isotopic mix- 
tures of solid helium obtained by Walker and Fairbank 

' E. J. Walker and H. A. Fairbank, Phys. Rev. 118, 913 (1960). 

2? P. G. Klemens, Proc. Roy. Soc. (London) A208, 108 (1951). 

7R. Berman, P. T. Mottley, F. W. Sheard, A. N. Spencer, 
R. W. H. Stevenson, and J. M. Ziman, Proc. Roy. Soc. (London) 
A253, 403 (1959). 

* J. Callaway, Phys. Rev. 113, 1046 (1959). 

5 J. M. Ziman, Can. J. Phys. 34, 1256 (1956). 


*F. W. Sheard and J. M. Ziman, Phys. Rev. Letters 5, 138 
(1960). 


could be described by a proper treatment of combined 
N processes and isotope scattering. Actually it is not 
difficult to see that this cannot be correct, because the 
observed resistivity exceeds Ziman’s limiting value for 
infinitely strong .V processes, and thus the theoretical 
value for any finite strength of V processes. Neverthe- 
less, one could expect at least a considerable reduction 
of the discrepancy by such a treatment. 

Callaway’ has recently applied his theory to the case 
of solid helium. He empirically fitted the strength of 
N processes and point defect scattering to the observed 
resistivities, and obtained quite a good fit for the various 
isotope concentrations over the full temperature range. 
The strength of the V processes was in reasonable 
accord with the crude estimates of anharmonic inter- 
action rates at present available. The theory of mass- 
defect scattering, however, is not subject to any sub- 
stantial uncertainties, and it is thus extremely signifi- 
cant that Callaway had to assume a point defect scat- 
tering probability which was three times the theoretical 
value in order to fit the experimental data. That this 
cannot be blamed on a possible deficiency of Callaway’s 
theory is, of course, borne out by the fact that the ob- 
served resistivity exceeds the Ziman limit for infinitely 
strong .V processes. 

One is thus forced to conclude either that the He’ 
isotopes in solid helium are not randomly dispersed, 
so as to enhance the scattering by reinforcement, or 
that the scattering of phonons by these isotopes is not 
only due to their mass difference, but also due to some 
change in the effective interatomic forces around the 
isotopes, arising from a distortion of the surrounding 
lattice. 

While the interatomic forces around an isotopic im- 
purity are normally unchanged, so that isotopes scatter 
phonons only in virtue of their mass difference, in the 
case of solid helium, where the zero-point motion of the 
atoms plays a large role in the stability of the lattice, 
one can expect a mass difference to affect this motion 
and thus produce a distortion of the lattice around the 
isotope. Such a distortion, in turn,, would contribute to 
the phonon scattering. To investigate whether this can 
indeed occur and could contribute appreciably to the 


7J. Callaway, Phys. Rev. 122, 787 (1961). 
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phonon scattering, we have investigated the crudest 
model of solid helium: a helium atom confined in the 
potential well formed by its neighbors. It is indeed 
found that since a He’ isotope has a larger zero-point 
energy, there is a tendency for the potential well to 
expand. This is counteracted by the resistance of the 
surrounding lattice to shear. The resulting outward dis- 
tortion of the lattice is about 1-2% of the atomic radius, 
and this will significantly enhance the phonon scattering. 


II. STABILITY OF HELIUM ATOM IN A 
DEFORMABLE POTENTIAL WELL 
Consider a helium atom (of mass M) in a sphericai 
potential well of radius R and, for the sake of simplicity, 
of infinite depth. Its zero-point energy is 


Eo=?/8M R°. (1) 


Let the walls of the potential well be subjected to an 
inward pressure p. We identify the volume of the poten- 
tial well with the volume per atom of the solid (V.), and 
the pressure p with the external pressure acting on the 
solid. 

In the first instance we fix on a normal atom, and 
consider the stability of the system against an expansion 
of all the potential wells. The change in free energy per 
atom is then given to first order by 

56F = (0Eo/AR)6R+p5V.4+---, 


where 6R=€eR is the change of radius, and 6V,.=3eV, 
is the change of volume. In a stable configuration 
OF /de=0, so that, using (1) and dividing by e, 


2Eo= 3pV a. 


(2) 


(3) 


Consider now the case when one atom is replaced by 
an atom of mass M+6M. There is a change in energy 
due to the change in £» given by (1), together with a 
change in Zo due to a distortion ¢, work done by the 
distortion against the external pressure, and strain 
energy due to the inhomogeneous distortion of the 
surrounding solid. 

The strain energy due to the outward expansion of a 
spherical inclusion of radius R is given by* 

Ea=8ruR*eé, (4) 


where ¢ is the fractional radial expansion and y the 
shear modulus. Thus the increase in free energy due to 
a change of mass and an outward expansion of a single 
atomic cell is given by 
Oy 
+—iM + piV a 
OM 
1 Ey ra a 
+— ——-GRY+ 5RSIM+--- +E. 
2 AR? dRAM 
= —2kyet+3pVae— Fo(6M/M) 


+3 yO +2 ye(6M/M)+---+8yurRe. (5) 


8 J. D. Eshelby, Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1956), Vol. 3, p. 79. 
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The first two terms cancel because of (3), the third 
term denotes a change in the free energy due to the 
change in mass, and the last three terms determine the 


new condition of stability. This stability criterion is now 


(OF Oe)su =(), (6) 


which becomes, in view of the last three terms of (5), 


6 ve +2E)(6M/M)+16rpuR%e=0 


1 —( 3K ) 
== : ° 
3 M 3 Eot82rpR? 


Thus a reduction in mass is accompanied by an out- 
ward expansion of the deformable potential well. 

For the shear modulus of solid helium we take a 
value of w= 2.1 10° ergs/cm*, which is consistent with 
a velocity of transverse waves of 3.2 10' cm/sec anda 
density of 0.208 g/cm* quoted by Walker and Fairbank. 
To calculate Ey we can use two methods. According to 
the first (method I), Zp is obtained from (1), using for R 
the radius of a sphere of volume V,, where V, is the 
volume per atom. Thus 


—( 1 ) 
—- ~ reise . 
3 M \1+6.3 

But it may be argued that the numerical constant in 
(1), which depends on the shape of the potential well, 
is not well known, and that it may be better to use the 
stability condition (3) to give Zy in terms of the external 
pressure. Thus in method II we use (3) and obtain 


from (7) 
—( 3p ) 
ce - ~ ‘ ° 
3 M \3p+4u 


The experiments of Walker and Fairbank were carried 
out under an external pressure of p=9.8X 10 ergs/cm* 
(96 atm). Method II yields thus a somewhat higher 
value of €, namely 


16M 1 
3 M \14+2.85 
In the case of the isotope He*, 6M/M=-—0.25, so 


that e= 1.2% according to method I, and 2.2% accord- 
ing to method II. 


(7) 


(81) 


(9) 


(SIT) 


III. SCATTERING OF PHONONS BY THE STRAIN 
AROUND THE ISOTOPE 


The phonon scattering cross section of a point defect 
can be written® in the form 


(10) 


*P. G. Klemens, Proc. Phys. Soc. (London) A68, 113 (1955). 
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where v is the phonon velocity and S is a parameter 
describing the strength of the point defect scattering. 
For mass-difference scattering alone, S°= (6M/M)?/12. 
If there is a radial distortion around the point defect, 
the anharmonic nature of the interatomic forces causes a 
change in the effective elastic constants in the region 
of this strain field. In that case 


S?= (6M/M)?/12+S;?, (11) 


where S; is a measure of the phonon perturbation 
Hamiltonian due to the strain field, and depends on the 
cubic anharmonicities. Using the Griineisen constant y 
as a measure of these anharmonicities, and taking ac- 
count of the change of the force constants of individual 
linkages in the distortion field around the point defect, 
the following expression was obtained for S;: 


S2=32(4.2y6)?. (12) 


In (12) we may take y=2, irrespective of the thermal 
expansion data, for reasons discussed elsewhere.”” Thus, 
in order that the total scattering cross section should 
be three times the cross section calculated from the 
mass difference alone, we would require that |e 
=(6M/M)/17. Since 6M/M=0.25, we would require 
'e| to be about 1.5%, which is certainly consistent 
with the estimate of the distortion given above. 


IV. DISCUSSION 


The present crude considerations have shown that it 
is quite likely that there is a distortion around a He’® 
1 P. G. Klemens, Solid-State Physics, edited by F. 
D. Turnbull (Academic Press, Inc., 


p. 1. 


Seitz and 
New York, 1958), Vol. 7, 


AND 


A. A. MARADUDIN 
isotope in solid helium, the distortion corresponding to 
an expansion of the effective atomic radius by about 
1-2%. Such a distortion field would enhance the phonon 
scattering cross section of the He’ isotope sufficiently 
to account for the observed thermal resistance according 
to Callaway’s theory without the need to assume any 
but a random distribution of the isotopes. It should be 
emphasized, however, that one cannot ascribe quantita- 
tive significance to the present results. In the first 
place, the present model of the isotope in a deformable 
potential well, with the surrounding solid treated as an 
elastic continuum, is undoubtedly a considerable over- 
simplification. In the second place, one must remember 
that (12) is based on extremely crude considerations. 
In that connection it must be mentioned that Car- 
ruthers," using a continuum theory of the anharmonic 
scattering of phonons by static strain fields, obtained a 
value of S; higher than (12) by a factor of about 20. 
Nevertheless it is significant that where we have evi- 
dence of the phonon scattering cross section due to the 
distortion field of a point defect, such as in the case of 
zinc in copper,” Eq. (12) seems to be quantitatively 
correct, while Carruthers’ expression definitely over- 
estimates the scattering. 

Thus it is still an open question whether the reasonable 
quantitative agreement obtained by the present con- 
siderations is more than just fortuitous. 
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The composition La**+Fe?*+Fe;;3+O.1, was prepared by sintering the oxides, and its magnetic moment was 
measured from liquid air temperature to the Curie point. At the lowest temperature a value of 17.5 Bohr 
njagnetons per formula weight was obtained, as compared with 19 Bohr magnetons of BaFe2**Oyy. The 


difference is qualitatively ur.derstood if the Fe?* ion is a nearest neighbor to the La** 


in the crystal, i.e., in 


the [12K ] site, thus decreasing the total magnetic moment. The Cu.ie temperature is 695°K, compared to 
725°K of BaFe,:*+Oj. The lower Curie point can again be qualitatively explained by less exchange inter 
action with the divalent iron of LaFe?*Fei:°*Ois, or possibly by the change in unit cell dimension which 
modifies the short-range exchange interaction between the iron ions 


HE magnetoplumbite ferrite M**Fei*tOj was 

investigated! with M standing for Ba?*, Sr°*, or 
Pb*+. Deschamps and Bertaut? substituted fully or 
partially the Ba by lanthanum, which they assumed was 
divalent, but did not give any magnetic data. Roth and 
Hasko* have prepared the La-Al magnetoplumbite, 
La-Al;,Ois, but not the iron variety. Recently, Morruzi 
and Shafer’ studied the phase equilibria in air for the 
La-Fe-O system, but again they did not give the 
magnetic moment. 

We have prepared the magnetoplumbite La**Fe** 
Fei:**Oyg by direct mixing of the appropriate oxides and 
firing at 1390°C for 48 hr followed by a rapid air quench- 
ing to room temperature. The LazO3 was prefired at 
1000°C for one hour in order to decompose possible 
hydrate or carbonate..-The samples thus prepared had 
some Fe,0, impurities. These were dissolved in 10% 
H»SO,, which was found to dissolve the magnetite much 
more than the magnetoplumbite. The reaction took 
place in a magnetic separator shown in Fig. 1, and was 
carried on until x-ray powder diffraction showed only 
the magnetoplumbite phase. 

For chemical analysis, samples were dissolved in 
concentrated HCl. The La** was separated and quanti- 
tatively determined as oxalate. The iron chloride was 
passed through a silver reductor, thus enabling a 
volumetric determination of the total contents with 
K2CreO;. To determine the amount of Fe**, a sample 
was dissolved in concentrated HCl under a strong flow 
of COs, followed by a rapid titration with K2Cr.O; in a 
CO. atmosphere. The results were a ratio of 1:11 of 
divalent to trivalent iron, thus giving the formula 
LaFe?*+Fe;;3*Oj. 

The magnetic moment was measured by the pondero- 
metric technique’ in a magnetic field of up to about 
12000 oersteds. The samples were finely divided 
powders which were mixed with a binder and allowed 
to set in a magnetic field. The results for the magnetic 


1'V. Adelskold, Arkiv. Kemi, Mineral. Geol. 12A (29) 1 (1938). 

? A. Deschamps and F. Bertaut, Compt. rend. 244, 3069 (1954). 

3R.S. Roth and S. Hasko, J. Am. Ceram. Soc. 41, 165 (1958). 

*V. L. Morruzi and M. W. Shafer, J. Am. Ceram. Soc. 43, 367 
(1960). 

®°G. W. Rathenau and J. L. 
239 (1948). 


Snoek, Philips Research Repts. 1, 


moment of the lanthanum ferrite are plotted in Fig. 2 
as a function of temperature. The same figure shows also 
the data for a similarly prepared and measured barium 
ferrite. The lower limit of our temperature range is too 
high for extrapolating to absolute zero, but it seems 
rather conclusive that the La ferrite, which has a some- 
what lower magnetic moment than the Ba ferrite, would 
extrapolate to about 19 Bohr magnetons per formula 
weight, or only slightly more. Pauthenet® obtained 
roughly 19.5 Bohr magnetons at liquid helium. Results 
somewhat higher than ours were obtained by Morruzi? 
at room temperature. . 

The results can be explained by assuming the Fe?+ to 
be one of the nearest neighbours of the La*+ in the 





Fic. 1, Magnetic separator in a liquid medium of fine divided 
powders. A cylindrical tube is rotated in a magnetic field by a 
motor. A glass rod is rotated in an opposite direction by a second 
motor. 


Pauthenet (private communication). 
L. Morruzi (private communication). 
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Fic. 2. The saturation magneti- 
zation n(8) in Bohr magnetons of 
Ba and La ferrites as a function of 
the absolute temperature T. 
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Fic. 3. The structure of magnetoplumbite crystal. The large 
spheres are the Ba?* ions which may also be replaced by La** ions. 
The smaller spheres are irons whose sites are described in the 
figure. The spheres without any arrows are the oxygen ions. 


crystals, or rather that the extra electron is shared by 
all of the 6 irons in the [12K ] octahedral site. A divalent 
iron at this site should reduce the magnetic moment by 
one Bohr magneton as compared to a trivalent iron ion, 
thus yielding 19 wz instead of 20 uz of the Ba ferrite. 
This argument is demonstrated in Fig. 3, which shows 
the atoms arrangement in the magnetoplumbite,*® with 
the [12K ] nearest neighbors to the Ba or La ion. 

As a further check on the model, two samples of a 
mixed composition La,Ba;-Fei2Owy (with +=0.2 and 
0.5) were prepared by firing BaCO 3, LasOs, and Fe2O; 
in the appropriate ratios at 1350°C for 24 hr. 

After washing with 10% H2SO, until pure magneto- 
plumbite phase was seen by x rays, the value of « was 
checked by chemical analysis. The magnetic moment 
was found to be intermediate between Ba and La 
ferrites, i.e., about 18 Bohr magnetons for both samples, 
at liquid air temperature. 

The Curie temperature of La**Fe?*Fei*Oy was 
found to be 695°K, as compared with 725°K of the Ba 
ferrite. This can be expected, because of the smaller 
exchange interaction” with the divalent iron. The Curie 
points of the x=0.2 and x=0.5 samples were about 
715°K and 710°K as determined by the Differential 
Thermal Analysis technique." 


Kittel has suggested that most of the lowering in the 
Curie point in the La plumbite might be explained by 
the smaller unit cell dimensions? compared with that 


of Ba ferrite. Here a change of 1.2% in the unit cell 


8J. Went, G. W. Rathenau, E. W. Gorter, and J. B. van 
Oosterhaut, Philips Tech. Rev., 13, 194 (1952). 

*F. Bertaut, A. Deschamps, and R. Pauthenet, Compt. rend. 
246, 2407 (1958). 

0M. A. Gilleo, Phys. Rev. 109, 777 (1958). 

"A, Aharoni, E. H. Frei, Z. Scheidlinger, and M. Schieber, 
J. Appl. Phys. (to be published). 
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dimension causes a change of 4% in the Curie point 
and this is a reasonable change in view of the experi- 
ments on change of the Curie point by hydrostatic 
pressure.” 


2 K. Werner, Ann. Physik 2, 403 (1959). 
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The Debye-Waller factor for copper was determined from x-ray intensity measurements on a single 
crystal over the temperature range 4.2°K-500°K. From a machine calculation of the vibrational spectrum 
of copper the values of the specific heat and Debye-Waller factor were obtained and compared with those 
found by experiment. The agreement indicates that for copper the central force model with nearest- and 
second-neighbor interactions is adequate for the interpretation of effects depending on simple averages over 


the frequency spectrum. 


INTRODUCTION 


- Radnp segue data on the Debye-Waller fac- 
tor for x-ray reflections have hitherto been inter- 
preted in terms of the theory for an ideal Debye solid. 
The general theory for an elastic solid has been avail- 
able for many years,' and has been applied to an 
analysis of the diffuse scattering’; there has been no 
corresponding analysis of the elastic scattering. At- 
tempts to correlate calorimetric data with x-ray results 
on the basis of the simple Debye theory have been 
somewhat inconclusive. 

To remedy this situation, we chose copper as a solid 
whose elastic properties have been extensively investi- 
gated down to 4°K, and for which accurate calorimetric 
data are available over a wide temperature range. We 
made corresponding x-ray intensity measurements over 
the temperature range 4.2°-500°K. We also carried out 
a machine calculation of the vibrational spectrum of 
copper, and compared the predicted values of specific 
heat and Debye-Waller factor with those obtained 
experimentally. 

DETAILS 


The x-ray measurements were performed on a single 
crystal of copper grown from the melt by the usual 
Bridgman technique. A slice was cut so as to expose a 
(100) face, and was polished electrolytically to remove 
the cold-worked layer and annealed in vacuum. The 
crystal was then mounted in the cryostat shown in 
Fig. 1. The cryostat is constructed of thin-wall stainless 
steel tubing, with over-all dimensions approximately 
15 in. in height and 43 in. in diameter. The liquid 

'R.W. James, The Optical Principles of the Diffraction of X-Rays 
(G. Bell and Sons, London, 1954), Chap. V. 

? See, e.g., E. H. Jacobsen, Phys. Rev. 97, 851 (1954). 


coolant is held in the 250-cc chamber L, surrounded 
by, successively, a vacuum chamber V, a secondary 
cooling well K, and again the vacuum chamber V. The 
specimen chamber S is enclosed by a copper radiation 
shield with an aluminum foil window. A 10-mil thick 
beryllium strip soldered onto a semicircumferential slot 
in the outer wall of the cryostat permits x rays to 
enter and leave the specimen chamber. Under a good 
vacuum (10~® mm) the cryostat will hold liquid helium 
for almost 24 hours. 

In order to align the crystal for maximum reflected 
intensity two degrees of freedom are needed in the 
specimen mount, which is shown in detail in Fig. 2. The 
single crystal is clamped on the flat plate M, which is 
free to rotate in its own plane in a bearing in the 
cradle C. Similarly, the cradle C is held on bearings in 
the base mounts B attached to the liquid chamber L. 
All parts, B, C, and M, are of copper. A screw T pushes 
against the cradle C so as to tilt the crystal out of the 
plane of the axis of the cryostat, and a screw R pushes 
on the mount M to produce a rotation of the crystal in 
its own plane. For x-ray measurements, the cryostat 
was mounted on a Berthold spectrometer equipped 
with a Nal(TI) scintillation counter. To obtain high- 
index reflections, we used Mo Ka radiation, crystal- 
monochromated to minimize background. By the method 
described in a previous paper’ we measured the inte- 
grated intensities of the (600), (800), and (1000) re- 
flections at selected temperatures between 4.2° and 
500°K. To correct for the diffuse scattering component 
of the measured intensity, the diffuse intensity adjacent 
to the Bragg peaks was extrapolated to the peak region, 
and this value was subtracted from the observed main 


3P. A. Flinn, G. M. McManus, and J. A. 
Chem. Solids 15, 189 (1960). 


Rayne, J. 


Phys. 





FLINN, 


f=) 


5 a a aw a om 


’ 
orryar4rrd: 





ee ee ee ee 


| 
| 


jie SS 


Fic. 1. The liquid helium cryostat. 


peak to give the total integrated intensity of the 
reflection. 

For low-temperature intensity measurements we used 
liquid helium (4.2°K), liquid nitrogen (77°K), and 
carbon dioxide and acetone (200°K) in the cooling 


| : 


hic. 2. Detail of the cryostat specimen mount. 
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chamber. For room-temperature measurements we 
placed acetone in the liquid chamber of the cryostat 
to act as a thermal reservoir. We obtained higher tem- 
peratures by using boiling butyl acetate (400°K) and 
boiling 2-decy] alcohol (500°K) in the cryostat chamber. 
An immersion heater maintained the liquid at the boil- 
ing point and the vapor refluxed. The high tempera- 
tures were stable to +2°C. 


EXPERIMENTAL RESULTS 


It is convenient to express the observed Debye- 
Waller factor in terms of an effective Debye 0. In the 
Debye approximation, the exponent 2M of the Debye- 
Waller factor is given by 


12h? (d(x) 1 sind\? 
2M= | —-+ ( -) ; (1) 
mkOl x 4 r 


Here m is the atomic mass, © the Debye temperature, 
x=0/T, and ¢(x) is the Debye function: 


zdz 


o(x)= 


This equation will apply to a real solid if © is now 
regarded as temperature dependent and different from 
the calorimetric ©, which involves a different average 
over the vibrational spectrum. The observed intensity 
is related to the initial intensity J by 


Ao*( o(x) 1 
InJ=InJ— + ; (2) 
(-) | x 4 


where o=sin@/\ and A contains only known constants. 
For each reflection, we can calculate the ratio of the 
intensities at two temperatures 7) and 7): 


n()--S{ |S I 


Because of thermal expansion, ¢ slightly varies with 
temperature. Equation (3) can be rearranged to give 


I [ 70° P(X) o1o(x1) 
I, T 0X0" Tx? 


0° a; 
. ) ; (4) 
rr Tx 


This can be greatly simplified by taking T)>=4.2°K, 
since for 9~ 300°K the first term of (4) is of the order 
10-6 and can be ignored. The last term of this equation 
has the form (@,—@»)/40,0 0 and, except for low 
temperatures, can be ignored in comparison with the 
remaining term. Under these restrictions, Eq. (4) as- 
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Fic. 3. The calculated and experimental effective x-ray 0's. 


sumes the useful form 


To (x 
in() =. 2 : (5) 
I; x? 


At each temperature above 100°K we calculated In/» 
—InJ, for the (600), (800), and (1000) reflection and 
averaged the three values of © determined from Eq. 
(5) to give the final 7 for that temperature. The 
value of ©» was found in the following manner: Know- 
ing the ©’s for T= 200°, 300°, 400°, and 500°K, the 
average value of InJ was calculated for the (600), 
(800), and (1000) reflections directly from Eq. (2). 
Using these values and the intensity of each reflection 
at T=4.2°K, @» was then determined from Eq. (2), 
giving Q)=322°K+22°K. With this value of @p, the 
value of @;; was determined from Eq. (4), using Eq. 
(5) as a first approximation. These effective values of 
©, are plotted in Fig. 3. The error estimates shown are 
based on the scatter in the results from the three re- 
flections measured. 


CENTRAL FORCE MODEL CALCULATIONS 


A review of the theory of lattice dynamics is given in 
the article by de Launay,*‘ and the information requisite 
to the calculation of the vibrational spectrum is con- 
tained therein. For a face-centered cubic lattice with 
nearest- and next-nearest neighbor central force inter- 
actions, the equations of motion of the Born-von 
Karman theory yield the dynamical matrix, 


2+28S;? 


( SSo 
| —C,(C2+C;3) 
| 


SiS3 
SS 2+ 28S," 
—C2(C\+ C3) 
| S153 SoS3 2+28S;? 
—C3(C;+C2) 
(6) 


SoS 3 


' J. de Launay, in Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, New York, 1956), Vol. 2, p. 220. 


DEBYE 


TEMPERATURE FOR Cu 811 
where S;=sin(raK;), C;=cos(raK,), B= (€11—C12— C44) / 
4c4s, and a is the lattice parameter. The eigenvalues of 
this matrix are pa*w*/2c4,, where p is the density. The 
exponent 2M is given in terms of the eigenvectors and 
eigenvalues of the vibrational spectrum by 


h 1 
2M= (S-e,;)(%;+3), (7) 


2mN ii w;; 


where S=42oe(unit scattering vector) ; e;;= polarization 
vector for the ith polarization of the jth lattice mode; 
w,;= angular frequency of the 7, j lattice mode; and 
i;;= average occupation number of the i, 7 lattice mode. 


nj= (expé,;—1)-, 


where £;;=hw;;/RkT. 

From consideration of cubic symmetry, it can be 
shown’ that the factor (S-e,;)* may be replaced by its 
average value outside the summation, so that Eq. (7) 
reduces to 
8h 1 
2 >> —(nij+3). (8) 


W Wij 


2M = 


—— 
3mN 


The specific heat is given by 


C.= k ps £, Petts, (ei— 1 )2. (9) 
ij 


To evaluate these sums, it is necessary to determine the 
characteristic frequencies at a suitable number of points 
in an irreducible section (1/48) of the first Brillouin 
zone. At low temperatures the major contributions to 
the sums come from low frequencies corresponding to 
small values of K. For this reason we used a smaller 
mesh near the origin of K space. Using the low-tem- 
perature values of the elastic constants of copper,® 


C= 1.76210" dyne/cm’, 
€12= 1.249 10" dyne/cm?, 
€44= 0.818 X 10” dyne/cm’, 


the dynamical matrix was diagonalized by the Jacobi 
method’ at about 4000 points in K space, and Egs. (8) 
and (9) evaluated at 50° intervals between 0° and 
500°K. The histogram of the frequency spectrum ob- 
tained is shown in Fig. 4. The cutoff frequencies and 
the critical points are in agreement with analytical 
predictions.* The calculated values of the Debye-Waller 
factor are given in Table I, and the corresponding 
effective x-ray ©’s are shown in Fig. 3. From the 
calculated specific heats, the effective specific heat @’s 
were derived and are shown in Fig. 5, along with ex- 
perimental data, corrected for electronic heat capacity 
®5W. H. Zachariasen, Theory of X-Ray Diffraction in Crystals 
(John Wiley & Sons, Inc., New York, 1945), p. 208. 

®W. C. Overton and J. Gaffney, Phys. Rev. 98, 969 (1955). 

7 See P. A. White, J. Soc. Indust. Appl. Math. 6, 393 (1958). 

8H. B. Rosenstock, Phys. Rev. 97, 290 (1955). 
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Fic. 4. The frequency spectrum histogram of copper. 


and converted to constant volume. The data up to 
300°K are from Giauque and Meads,’ and above 300°K 
from Bronson.” 


DISCUSSION 
It is clear from Figs. 3 and 5 that the central force 
model with nearest- and second-neighbor interactions 
is adequate for the interpretation of effects depending 
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Fic. 5. The calculated and experimental effective specific heat 0's. 


*W. F. Giauque and P. F. Meads, J. Am. Chem. Soc. 63, 1897 
(1941). 

© H. L. Bronson, H. M. Chisholm, and S. M. Dockerty, Can. 
J. Research 8, 282 (1933). 
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on averages over the frequency spectrum. We do not 
believe that the discrepancy between theory and ex- 
periment for the calorimetric © in the temperature 
range 200°-300°K is significant. The accuracy of the 
data in this range is low, and the discrepancy is of the 
order of the discontinuity between two sets of data. 
Effects such as inelastic scattering which depend on 
the fine details of the frequency spectrum are known 
to require a more sophisticated approach involving 
more complicated interatomic force laws." It is notable 
that both our experimental and theoretical results for 
the x-ray © fail to show the marked temperature de- 
pendence noted by other observers.” In addition, over 
most of the temperature range, the x-ray effective 0 is 
quite close to the calorimetric ©, rather than substan- 
tially higher, as predicted from a simple argument 


TABLE I. Calculated effective x-ray 0. 


T (°K) @(°K) 
0 315 
25 316 
50 317 

100 319 
150 319 
200 319 
250 320 
300 320 
400 320 
500 320 


based on a modified Debye model.'! We have made no 
correction for lattice expansion or other anharmonic 
effects in this work, since no adequate theory for such 
effects on either specific heat or x-ray scattering is 
presently available. It appears that it is not necessary 
to invoke anharmonic effects to obtain agreement be- 
tween theory and experiment at the present level of 
experimental accuracy. 
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Using four phonon energies, 7A =0.045, LA =0.067, TO=0.0955, and LO=0.1055 ev, it is possible to 
explain, as summation bands, the ten absorption bands lying in the energy range 0.130 to 0.300 ev. 
Phonon energies close to three of the four given here have been obtained by an analysis of the indirect 


interband absorption in SiC. 


I. INTRODUCTION 


ATTICE absorption bands attributed to two- 

phonon and three-phonon combinations (summa- 
tion or difference bands) have been reported recently in 
Ge,' Si,? GaP,’ and InSb.‘ The process which results in a 
summation band is absorption of a photon with emission 
of two or more phonons. A difference band involves 
phonon absorption also, hence difference bands are 
weak except at high temperatures. 

The strongest bands are usually two-phonon summa- 
tion bands. In these, momentum conservation requires 
that the wave vectors of the two emitted phonons be 
equal and opposite (neglecting the small photon mo- 
mentum). The shape of the band is determined by the 
density in energy of the phonon states in the two 
branches of the vibrational spectrum to which the 
emitted phonons belong. Phonon distribution functions 
usually have strong maxima corresponding to phonons 
whose wave vectors lie near the Brillouin zone (BZ) 
boundary. The energy of the photon absorbed in a two- 
phonon summation band is therefore the sum of two 
phonon energies, each of which represents phonon 
energies near the BZ boundary in a particular branch 
of the phonon spectrum. If the energy at the BZ 
boundary depends strongly on the wave-vector direc- 
tion, the broadening of the phonon distribution function 
will broaden the summation band, and may possibly 
introduce some structure into it. 

The optical or acoustical branches of the spectrum 
which are involved in the various combination bands 
may be identified if other measurements of the phonon 
spectrum exist, e.g., the neutron scattering measure- 
ments in Ge! and Si.* In other cases plausible phonon 
energy values have been found which fit a large number 
of bands.*# 

In many semiconductors the absorption which pro- 


duces hole-electron pairs is, in a certain energy range, 
due to a process which requires phonon assistance 
(indirect absorption).® An interpretation of such spectra 


'B. N. Brockhouse and P. K. Iyengar, Phys. Rev. 111, 747 
(1958). 

2 F. A. Johnson, Proc. Phys. Soc. (London) 73, 265 (1959). 

8D. A. Kleinman and W. G. Spitzer, Phys. Rev. 118, 110 (1960) ; 
D. A. Kleinman, Phys. Rev. 118, 118 (1960). 

*S. J. Fray, F. A. Johnson, and R. H. Jones, Proc. Phys. Soc. 
(London) 76, 939 (1960). 

° B. N. Brockhouse, Phys. Rev. Letters 2, 256 (1959). 

°G. G. Macfarlane, T. P. McLean, J. E. Quarrington, and V. 
Roberts, Phys. Rev. 108, 1377 (1958); ibid. 111, 1245 (1958). 


provides a method of finding phonon energies at those 
special places, within or on the boundary of the BZ, at 
which there are conduction band minima (or possibly 
valence band maxima). These special positions are at 
the BZ boundary in Ge and near the BZ boundary in 
Si.6 Because only small special groups of phonons are 
involved, phonon energies found in this way are not 
precisely those required to fit combination bands. 
Nevertheless, the agreement may be good enough to 
permit a correct assignment of the branches of the 
spectrum which make up the combination bands. 

In SiC, recent measurements of indirect absorption’ :* 
have yielded phonon energies which we shall use to 
interpret the lattice combination bands of SiC. The 
positions of the conduction band minima have not yet 
been established for SiC, but it is apparent that they 
are at or near the BZ boundary. 

A number of fairly strong absorption bands have 
been observed in SiC on the high-energy side of the 
fundamental lattice absorption.*-'' These have been 
considered to be combination bands, but no assignment 
of phonon branches has been given. We have found one 
additional band, and some structure in two of the bands; 
and we can now specify the phonon branches which 
contribute to each band. The phonon energies (in ev), 
which we have used to fit ten combination bands, are 
TA=0.045, LA=0.067, TO=0.0955, and LO=0.1055. 


II. EXPERIMENTAL PROCEDURES 


We used about 20 samples, all of which were single 
crystals grown in our laboratories by D. R. Hamilton.” 
These were of the two most common SiC polytypes,” 
6H and 15R. All were (0001) platelets, ranging in thick- 
ness from 50 to 1500 uw, and the light was directed along 
the optic axis of the hexagonal (6H) or rhombohedral 
(15R) crystals. 


7™W. J. Choyke and Lyle Patrick, Proceedings of the Inter- 
national Conference on Semiconductor Physics, Prague, 1960 (to be 
published). 

8 Lyle Patrick, W. J. Choyke, and D. R. Hamilton, Bull. Am. 
Phys. Soc. 6, 148 (1961). 

®W. G. Spitzer, D. Kleinman, and D. Walsh, Phys. Rev. 113, 
127 (1959). 

0 J. A. Lely and F. A. Kroger, in Semiconductors and Phosphors 
(Interscience Publishers, Inc., New York, 1958), p. 514. 

1H. G. Lipson, in Silicon Carbide (Pergamon Press, New York, 
1960), p. 371. 

2 PD. R. Hamilton, J. Electrochem. Soc. 105, 735 (1958). 

13 A. R. Verma, Crystal Growth and Dislocations (Butterworths 
Scientific Publications, Ltd., London, 1953), Chap. 7. 
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Fic. 1. Two-phonon optical-acoustical summation bands. 
Arrows point to the energy values calculated by using the four 
assigned phonon energies. 


Our measurements were made at room temperature, 
using a double-beam Perkin-Elmer model 221 spectrom- 
eter with prism-grating interchange. The spectrometer 
was flushed with dry nitrogen to eliminate some spurious 
structure which was traced to absorption by water 
vapor, and which lay in the same spectral region as the 
narrowest SiC peaks. No attempt was made to calculate 
absorption coefficients, as our interpretation requires 
only the positions of all bands on an energy scale. 


Ill. EXPERIMENTAL RESULTS 


The combination bands fall into three groups, shown 
in Figs. 1-3. Different scales were used for the three 
figures in order to bring out the peak positions more 
clearly. Only the peak positions are significant for the 
interpretation. The strongest peaks are those of Fig. 2; 
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Fic. 2. Two-phonon optical-optical summation bands. Arrows 
point to calculated values. These are the strongest bands. 


Ww. J. CHOYEKE 
the weakest, those of Fig. 3. No peaks were found in the 
portions of the spectrum omitted. 

The arrows indicate that a fairly good fit to ten 
combinations can be made by using four phonon 
energies. For convenience, we label the four phonons 
TA, LA, TO, and LO, although the phonons are strictly 
transverse (7°) or longitudinal (1) only in special sym- 
metry directions. 

The phonon energies found in the indirect absorption 
were used as a guide in choosing the four values 
TA=0.045, LA=0.067, TO=0.0955, and LO=0.1055 
ev. The order of the branches TO and LO was deter- 
mined by the fact that the fundamental lattice absorp- 
tion? (JO at zero wave vector) is at 0.0984 ev. The high- 
energy side of the 270 peak lies very close to twice 
0.0984 ev. Apparently the 7O branches are quite flat. 
A detailed comparison of observed and calculated peaks 
is given in Table I. 

The three-phonon combination bands shown in Fig. 3 
are quite weak, and were measured only on thick 
crystals (~1 mm) Their relative strength may be 
judged from Figs. 3 and 4 of reference 11. The values 
of absorption coefficients for the strong peaks have 
been given’ by Spitzer et al. 

Both 6H and 15R samples had the same bands, and 
even the same structure in the peaks of Fig. 2. This 
structure may be due to the anisotropy of SiC, or to the 
fact that there is more than one 7O branch. 

The order of prominence of the four phonons seems 
to be TO, LA, LO, and TA. TA appears in only one 
peak (at 0.1407 ev), hence is not well determined by 
our fit, but we have used the same energy value as that 
found in the indirect absorption measurements (see 
following section). 

All ten bands are summation bands. Because of the 
large energy of SiC phonons, it is necessary to go to 
higher than room temperature to observe difference 
bands. 
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Fic. 3. Three-phonon summation bands. 
These bands are relatively weak. 





LATTICES 
IV. DISCUSSION 


The phonon spectrum of a lattice containing two 
atoms per unit cell has six branches. In certain sym- 
metry directions there may be degeneracy of the 
transverse modes, so that the distinct phonon energies 
at the BZ boundary reduce to the four commonly 
labeled TA, LA, TO, and LO. If, for other directions of 
the wave vector, the separation of the transverse 
branches is small, and the energy dependence of BZ 
boundary values is small, then four phonon energies 
may be enough to fit combination bands, and it is con- 
venient to use the labels 7A, LA, TO, and LO. 

The number of atoms in the 6H SiC unit cell is 12. 
Hence, there are 36 phonon branches, and it may seem 
strange that we can fit the 10 two-phonon and three- 
phonon summation bands using only four phonon 
energies. However, we were unable to find any differ- 
ences in energy between the peaks of the 6H and the 
15R combination bands; and a less detailed measure- 
ment? of cubic SiC shows the same energy values for the 
peaks which could be measured. We therefore conclude 
that a change from cubic to the more complicated 
structures of 6H and 15R polytypes does not introduce 
any additional strong singularities into the phonon 
spectrum. It is thus possible to use the four phonon 
energies which we would naturally use to fit the combi- 
nation bands of cubic SiC. In contrast, the SiC polytypes 


TABLE I. Comparison of observed and assigned 
summation band energies. 


Assignment, using 7A =45, 
LA=67, TO=95.5, LG=105.! 
(1073 ev) Branches 
2 LA 
TO+TA 
TO+LA 
LO+LA 


Observed peaks 
(cm™) (10° ev) 


? ? 134 
1135 140.7 140.5 
1308 162.1 162.5 
1390 172.3 172.5 
1548 191.9 191 
1622 201.1 201 
1700 210.7 211 
2080 257.8 258 
2300 285.1 286.: 


2390 296.3 296.5 TO+LO 


ABSORPTION 


BANDS IN Si€ 
TABLE II. Comparison of “interband” and 
“lattice band” phonon er ergies. 


“TInterband” phonons 
(in 10-8 ev) 
6H 15R 
43 45 
69 72 
94 94 


“Lattice band” phonons 
(in 10-3 ey) 


can easily be distinguished by their interband absorp- 
tion edges.”:§ 

We now compare phonon energies derived from in- 
direct absorption (the “interband” phonons), with the 
phonon energies we have used to fit the summation 
bands (the “lattice band” phonons). The orientation, 
in both cases, is with the electric vector perpendicular 
to the crystal axis. These energies (in milli-electron 
volts) are shown in Table II for the phonons we have 
labeled TA, LA, and TO. The indirect absorption 
measurements have not given us a value for LO. In 
view of the uncertainty of 0.002 ev in “interband” 
phonon values, there is good agreement for 7A and TO. 

For LA, the difference is thought to be significant 
and is not unexpected. The fact that the BZ boundary 
phonon energy in a special direction may be quite 
different from the maximum in the phonon distribution 
is well illustrated in Si. Johnson’s “lattice band” 
energies? for TA and TO in Si are in good agreement 


with Brockhouse’s BZ boundary phonon energies for 
the [100] direction, the direction for “interband” 
phonons. Fer LA, however, Johnson finds 0.041, as 
against Brockhouse’s 0.049 ev. In Si, LA and LO are 
degenerate in the [100] direction, which makes LA 
particularly high in this direction at the BZ boundary. 


The good agreement between “interband” and 
“lattice band” phonons can now be used as evidence 
that the condition band minima in 6H and 15R SiC lie 
at or near the BZ boundary. 
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The Méssbauer absorption in Au has been measured at 4°K for 
the 77-kev gamma ray emitted by Au’ nuclei embedded in gold, 
platinum, stainless steel, iron, cobalt, and nickel. In each case, a 
Doppler-shift curve was measured to find the effective width and 
the chemical shift. The recoil-free fractions, /, are obtained with 
the aid of a straightforward analysis, which incidentally shows the 
errors that can be made in f if the chemical shift and effective 
width are not taken into account. The observed recoil-free emission 
fractions were found to be approximately 0.06 (Au), 0.34 and 
0.14 (Pt), 0.24 (steel), 0.32 (Fe), 0.27 (Co), and 0.35 (Ni). The 
relative f values are correct; the correct absolute f values might 
require a multiplicative correction factor that could be as small 
as 0.53. 

Relatively large f values were obtained when the Au’ radio- 
active nuclei were in high Debye-temperature lattices composed of 


I. INTRODUCTION 


HIS paper presents the results of a series of ex- 
periments which exploit the sensitivity of the 
Mossbauer effect! to energy changes produced by the 
environment of atomic nuclei. These results are based 
on the observed recoil-free resonant absorption by Au'’ 
nuclei of the 77-kev de-excitation gamma ray from the 
first excited state of Au’. Both the negative beta-ray 
parent, Pt'*’, and the K-capture parent, Hg"’, were used 
in different host materials as sources. The following four 
quantities have been measured for eight different com- 
binations of source and absorber: 


(a) the energy width of the observed resonance, 

(b) the fraction of events that gave recoil-free reso- 
nant absorption, 

(c) the chemical-energy shifts produced by the differ- 
ent Coulomb-interaction energies of the nuclear-charge 
distributions (of the ground and excited states of Au’? 
nuclei) with the different electron densities character- 
istic of the different environments, and 

(d) the hyperfine structure which was apparent due 
to the strong local magnetic fields at the Au nuclei when 
they were embedded in hosts of metallic iron or cobalt. 


Our measurements are the first experimental results 
that show (i) that heavy nuclei in a host material of light 
atoms can produce large recoil-free effects (as might be 
implied by the Debye temperature of the host material) 


+ This work was supported at the University of California by 
the U. S. Atomic Energy Commission, and at the University of 
Illinois by the joint program of the U. S. Atomic Energy Com- 
mission and the Office of Naval Research. 

* Summer visitor to Lawrence Radiation Laboratory, 1960. 

1R. L. Méssbauer, Z. Physik 151, 125 (1958); Naturwissen- 
schaften 45, 538 (1958); Z. Naturforsch. 14a, 211 (1959). 


light nuclei. Particularly low / values were found when the largest 
radiation-damage effects were expected. 

The observed chemical shifts were (in units of 10-6 ev): <0.13 
(Au), 0.26 (Pt), 1.3 (steel), 1.4 (Fe), 1.3 (Co), and 1.1 (Ni). These 
chemical shifts give information more directly interpretable than, 
but related to, the optical-isotope and isomer shifts and the 
Knight shift ; the magnitudes of the shifts measure directly either 
the depletion or the enhancement of electron density at the radio- 
active nuclei in the different lattices. 

Zeeman splittings of the nuclear energy levels caused by local 
magnetic fields at Au had relative magnitudes of 1.0: 0.43: <0.10 
for Fe, Co, and Ni lattices. If the magnetic moment of the 77-kev 
excited state in Au’ is 1.6 nm, the local magnetic fields in Fe and 
Co were 282 and 122 koe, respectively. 


and (ii) that nuclear states corresponding to different 
proton orbitals produce particularly large chemical 
shifts. 

The apparent width of a resonance is quite important 
in determining the fraction of recoil-free absorptions, f. 
In cases in which f values have been inferred from ex- 
perimental data without due regard for the apparent 
width, these inferred / values are lower limits of the true 
f values. Until the mechanism of line broadening is 
understood in detail, complete Doppler shift curves will 
be needed to deduce f values. A final interesting effect is 
the improvement in the precise determination of ab- 
sorber parameters that can be attained if identical 
source and absorber can be used. 


II. ANALYSIS OF A DOPPLER-SHIFT 
MOSSBAUER EXPERIMENT 


A. Complexity Introduced by Finite 
Absorber Thickness 


Thick absorbers introduce into Méssbauer experi- 
ments the mathematical complexity typical of signifi- 
cant energy-dependent absorption. An absorber con- 
sisting of m atoms/cm’, each of which has an absorption 
cross section, o(/:), transmits a fraction 7(/:) of the 
incident photons (or particles), where 


I (é)= 


exp[ —n0(F) }. (1) 


If the incoming beam has an energy distribution 
N(E)dE, the transmitted beam has an altered energy 
distribution, [.V(/) |rdF. 

Frequently the absorption parameters can be de- 
termined most easily by studying the total absorption, 
A, that occurs as F is varied over the entire range in 
which o(£) is significantly large. The absorption, A, is 


816 





RECOIL-FREE 


represented by the area under a transmission curve: 


z 


f vee f | CvEyhae) / 
f N(E)dFE. (2) 


Measured A values are particularly important because 
it is often difficult to measure [.V(£) |r directly. 

The familiar Lorentz form often is an adequate 
representation of o(/): 

war 
o(E)=———_ eer, (3) 

[ (2/1) (E— Ey’) P+1 
where o,,’ is the effective maximum cross section, and I” 
is the full width at half maximum. For example, the 
resonant absorption of neutrons, as given by the Breit- 
Wigner formula,’ follows this energy dependence. The 
analysis of early experiments with slow neutrons dis- 
cussed the absorption implied by Eqs. (1) through (3) as 
well as the additional complications introduced into 
neutron experiments by the thermal velocities of the 
absorbing nuclei.’ * In addition to the early calculations,‘ 
more extensive numerical results were obtained,°*:® and 
convenient summaries of these exist.’ [Of course, the 
calculations given as a function of the thermal velocity 
parameter A can be adapted simply to Eq. (3) by 
setting A=0. | 

Although these analyses (designed for resonant neu- 
tron absorption experiments) could be used to help 
interpret the data obtained in Méssbauer experiments, 
there are special features of the Méssbauer experiment 
which make a somewhat different approach more con- 
venient. In particular, a Doppler-shift Méssbauer ex- 
periment makes it quite easy to measure the absorption 
as a function of energy, i.e., {V(E)—[.N(E) Jr} / NV (2). 
The specific analysis given below is designed to show 
explicitly the relation between the experimental data 
and both the recoil-free fractions and the various line 
widths that enter into the problem. 


B. Standard Analysis Applicable to Finite 
Absorber Thickness 


In the typical Méssbauer Doppler-shift experiment, a 
detector beyond the absorber counts Vo gamma rays 
when conditions (such as very rapid Doppler velocities 
or very high temperatures) make nuclear resonant ab- 
sorption impossible. A fraction (1—f) of these gamma 


2 G. Breit and E. P. Wigner, Phys. Rev. 49, 904 (1936). 

3H. A. Bethe and G. Placzek, Phys. Rev. 51, 450 (1937). 

‘H. A. Bethe, Revs. Modern Phys. 9, 69 (1937). 

®W. W. Havens, Jr., and J. Rainwater, Phys. Rev. 83, 1123 
(1951) ; 92, 702 (1953). The latter paper also contains references to 
earlier papers which included relevant graphs. 

6G. V. Dardel and R. Persson, Nature 170, 1117 (1952). 

7 See, for example, D. J. Hughes, J. Nuclear Energy 1, 237 
(1955); or J. Rainwater, Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1957), Vol. XL, p. 373. 
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rays have the wrong energy to be absorbed resonantly at 
experimentally achievable Doppler velocities. [These 
(1—f)No gamma rays may have received large energy 
shifts because of nuclear recoil at emission, or they may 
be gamma rays of a quite different energy unresolved by 
the detector from gamma rays of interest. Whenever 
possible, the effect of gamma rays of different energy is 
subtracted so that the f values usually quoted are the 
fraction of gamma rays of one nominal energy, /2y’, that 
are recoil-free. | 
It is customary*—” to consider first the case in which 
the f.Vo recoil-free gamma rays have Lorentz distribu- 
tions with the same width, I’. Their energy distribution 
is 
No (2/I’)dE No dy 
N(E)4E= f— ————_— . =jf———, (4) 
" w ((2/1’)(E—EFo) P+1 x y+1 


where y=2(E—£)/T’ and where Fo will be different 
from /y’ of Eq. (3) if there is a chemical shift. Note that 
V(£) in Eq. (4) has been normalized to f.Vo: 


ne ss 2 


f xwue- f V(y)dy=2 f N(y)dy=fNo. (5) 


x 


Defining the chemical-shift parameter, C, by C 
=2(ky—ky')/T" gives 
ee 


a(k)= (6) 


(v+C)2+1 


If a Doppler-shift curve is measured, the presence of a 
finite C can be taken into account trivially. However, 
C should be known before interpreting either data taken 
at zero Doppler velocity or data taken combining 
measurements appropriate to +2 and —»v. 

A Doppler-shift curve is obtained by increasing the 
relative distance between source and absorber at a rate 
given by the relative velocity, +v. For a given velocity 
v, the emitted gamma-ray energy F that experiences the 
is E=Fy'+(v/c)Eo, where c is the 
velocity of light. The cross section appropriate to & then 
depends on v. Defining u=(2vko)/(I'’c), this cross 
section can be expressed in terms of dimensionless 
variables as 


* , 
cross section dd» 


om 
a(y,u)= : 
(y+C—u)?+1 


The absorber consists ef 2 atoms/cm? of the correct 
isotope (in the correct hyperfine state if there is signifi- 
cant hyperfine splitting). However, only a fraction f’ 
of these atoms can absorb a photon of energy near £2 
without recoil; therefore, only f’ atoms have the ef- 
fective cross section given in Eq. (7). It is convenient 

8 W. M. Visscher (unpublished, privately circulated notes), Los 
Alamos Scientific Laboratory, Los Alamos, New Mexico. 

® E. Cotton, J. phys. radium 21, 23 (1960). 


1 R. L. Méssbauer and W. H. Wiedemann, Z. Physik 159, 33 
(1960). 





818 SHIRLEY, 
to characterize the absorber thickness by ¢, which is 
the number of absorption lengths of the absorber for 
a gamma ray that is exactly resonant (i.e., /=nf’om’). 

Let \V(n,u) or V(t,u) be the total number of gamma 
rays counted by the detector when the relative velocity 
is ». Then we can write 

No 

N(n,u)= (1— f) No+f— 


T 


* dy 
xf —— exp[—nf'o(y,u)], (8) 
ee a 

No 
N(t,u)= (1— f) Not+ f— 
us 


* dy 
x f —— exp{—/[(y+C—u)?+1}°}. (9) 
i+y 


x 


When u=C, the integral in Eq. (9) can be evaluated 
analytically*: 


N (t,C)= (1— f) Not fNoe~ */*7J o(it/2), (10) 


where Jo(7t/ 2)=Jo(t/2) is the zero-order Bessel function 
of imaginary argument evaluated at ¢/2. 

Although \(t,«) has not been expressed analytically, 
numerical calculations have shown’ that, for /<10, 
[ No—\V(t,u) ] is approximately a Lorentz line with an 
apparent width, I,,°, 

No— N(4,C) 
[No— V(t,u) ]= - 
(uI’/T,)?+1 


{Nf 1—e- "J o(it/2) | 
= ——— m (11) 


(ul’/T,)?+1 


where [, increases with ¢. It is convenient to define the 
line-broadening function h(t) by 


r= 29’ hk(0). (12) 


From his numerical calculations, Visscher gives* 


h(t)=1+0.135¢ for O<1<5, = (13a) 


h(t)= (1+0.145/—0.00252) for 4<1<10. (13b) 


Identical values of A(/) have been found for very thin 
sources by Margulies and Ehrman who have also 
calculated A(¢) for sources of finite thickness." 

A method that has been used for finding f and f’ 
involves first trying to find f and ¢ from the equation: 


No—N(LC) Ni(tx~)—N(LC) 


No N(t,x) 
= f[1—e~ "77 ,(t/2) ]=fp(), (14) 


11S. Margulies and J. Ehrman, University of Illinois, Urbana, 
Illinois (private communication). 
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where 

p()=([1—e- "77 0(t/2) ] (15) 
For example, ¢ has been inferred from Eq. (14) by match- 
ing the data obtained with a series of absorbers and a 
single source. However, because p(/) does not vary 
rapidly with /, this procedure does not give very precise 
¢ values. Furthermore, the assumed _ proportionality 
between /=n¢,,'f’ and n is correct only if neither o,' 
nor f’ changes. In view of the dependence of ¢ on I” 
(implicit in a’ as will be discussed below) and on /’, 
some effort should be made to control or to check on the 
constancy of I’ and f’. One obvious procedure (which 
has not been reported explicitly) would entail obtaining 
a series of nearly identical thin absorbers and stacking 
these to obtain larger thicknesses. (The individual foils 
could be used independently in order to verify their 
identity, which is so crucial to the analysis.) 


C. Determination of f’. Value of z,,’ 


Once ¢ has been determined for a given absorber, 
the product ¢,,’f’ is known. However, only an upper 
limit for a,’ can be calculated from the known properties 
of the excited nuclear state. 

A fundamental quantum-mechanical property of 
photons is that if a quantum-mechanical state has a 
total width equal to its width for photon emission, the 
absorption cross section at resonance is 27A?(2/,..+1) 
(27,+1). It is also relatively well known that if the 
state has any other mode of decay, the absorption at 
resonance decreases by the factor ',/T’, where T is the 
total level width. For example, Jackson” has emphasized 
that when only internal conversion competes with 
gamma-ray emission, the maximum cross section a, 
becomes” 


(Qleat+i) 1 
m= 24h ‘ (16) 
(27,+1) (1+¢a) 
where a@ is the total internal-conversion coefficient, 
V./N,. Thus, if the absorption cross section is charac- 


terized by a Lorentz-shape parameter I’, we have 


(ex +1) Py 


Om =2nk (17a) 


If only internal conversion competes with photon emis- 


sion we have '= (1+a)I,, and a,,” becomes 


Ga =e,) /F". 


(17b) 


The validity of Eq. (17b) can be established simply 
by considering the actual absorption to be caused by 
nuclei that all have the natural width, I’, but have dif- 
ferent resonant energies, /». The total area under an 
absorption-« ross-section curve representing the total 


1955 


12 J. D. Jackson, Can. J. Phys. 33, 575 
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effect of 2 atoms, is nxIo,,/2, where o,, is given by Eq. 
(16). If the total-cross-section curve also can be repre- 
sented as a Lorentz curve with o,,’ and I’, this same area 
is mI"o,,'/2. It is perhaps ironic that Jackson is some- 
times quoted as the authority for using Eq. (16) rather 
than Eq. (17b) as the value of @,,’, because the omission 
of T/T” is analogous to the omission of ',/T', which was 
being corrected by Jackson.” 

These considerations make it clear that those values 
of f’ inferred with the aid of Eq. (16) despite a known 
difference between I’ and T should be corrected upward 
by a factor of I’/I’. Furthermore, although other /’ 
values that were calculated by assuming I’’=T may be 
correct, they might more properly be treated as lower 
limits of f’ until line broadening is better understood. 

Equation (17a) implies that o,,’ can be evaluated even 
if the total conversion coefficient is unknown provided 
only that I’, is known. For example, Coulomb-excitation 
data often give I'y directly. If the gamma-ray multi- 
polarity is mixed, the mixing (as implied by relative 
internal-conversion coefficients for different electronic 
shells or subshells) can be used to find the total I’, 
from the partial electric width obtained from Coulomb- 
excitation experiments. 


D. Determination of Yr’ 


If one had a source and an absorber which were both 
characterized by Lorentz lines of the same width, I”, 
a measurement of the experimental Doppler-curve 
width, I',, could be used (together with an experiment- 
ally determined value of /) to find I’ with the aid of 
Eqs. (12) and (13). However, these equations are valid 
only if the width characteristic of the source, (I'’), is 
equal to the absorber width, I’. Furthermore, the Dop- 
pler absorption curve can be approximately Lorentzian 
without implying that (I’),=I’. For example, for 
a range of (I), near I’, Eq. (12) is probably 
changed only in that 21” is replaced by [I'’+(I’), ]. 
Equation (10) would probably have a similar form, but 
Eqs. (11) and (14) would change because the peak ab- 
sorption would be different. [Of course, if the absorp- 
tion cross section, ¢(/2), were not a Lorentz curve as 
given by Eq. (3), Eq. (8) would have to be re-evaluated 
to find replacements for Eqs. (10)-(14). ] 

The only simple unambiguous situation is one in 
which the natural width Tis known and in which the 
observed I, implies [= (I'’),=T. If this condition does 
not hold, one may be able to draw plausible inferences 
about I’ from measurements with several different 
sources and several different absorbers. 

In the experimental work described below, we have 
attempted to determine I’ by using identical gold foils 
as source and absorber in the hope that this would 
assure the equality of (I), and I’. This procedure has 
the very important advantage of quite possibly pro- 
ducing equal recoil-free fractions f and f’ in the source 
and absorber. 
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E. Determination of f and f’. Area Method 


Consider first the absorption area under the normal- 
ized Doppler-shift curve when (I’),=I"’: 


= N(t,2 )— N(t,u) 
(Area)= f du - 
s Nit,o) 


+ fp) 
= f Po 
(ul’/T.)?+1 


x 


(18) 


(Area) g=a(To/T’) fp(t) = 2rh(t) fp(d). (19) 


The subscript d is used as a reminder that Eq. (19) 
applies to the dimensionless area obtained when the 
absorption is plotted as a function of the dimensionless 
variable, w= (2v/)/T’c). To obtain the area under an 
absorption-vs-velocity curve, Eq. (19) should be multi- 
plied by (I’c/2Fo) to give 


Area=2(c/Fo)T’ fh(d) p(t). (20a) 


Equation (20a), which seems to imply that ¢ and I’ 
must be known to derive f from a measured area, is 
somewhat misleading because of the obscurity of the 
implicit dependence of ¢ on I’ and /’. Equations that 
are more informative in many circumstances can be 
obtained by approximating /(/) p(¢) and by substituting 

‘> a ‘as 4 : 
no»? T/T for ¢. For small /, we can write 


as & 


No ml ff’ (1—0.241+0.047). 


Area (20b) 


Equation (20b) is accurate to within 3% for <2; the 
area given should be reduced by 7% for ¢ 
22% for t 


3, and by 
4. For 4</< 10, to better than 3%, we have 


Area= (1.2%/2)(¢/Fo)T f[.1+0.20¢], (20c) 


Area= (1.29/2)(c/Eo) f(T’ +0.20ne,,T f’), (20d) 


where the second term in brackets is twice as large as 
the first when /=10. Equations (20b) and (20c) are 
equal at /=3. 

Although Eq. (20) was derived for (I'’),=I’, it ap- 
plies equally well for an arbitrary .V(/£)d£ emitted from 
a source. [¢ nly for (I) I’ do we have l= 2I’h(t); 
therefore, only in this case can I’ be determined directly 
from I’, and ¢. ] The universal applicability of Eq. (20) 
can be seen easily by considering a photon of arbitrary 
energy /’ (near /y or £y’). During a complete Doppler- 
shift experiment, as v varies, this photon experiences 
every possible value of transmission: 


exp| -1/| i (; =) } 


Therefore, each photon of energy /’ contributes the 
same area to the absorption curve as does any other 
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photon in the energy range swept through resonance 
during the Doppler-shift experiment. 

Equation (20b) makes it clear that f for a source 
could be determined rather precisely if f’ for a thin 
absorber were known, even though I” is not known 
precisely. (For example, f’ might be determined directly 
in a recoil-free Rayleigh-scattering experiment.) On 
the other hand, if f’ is not known, thin-absorber ex- 
periments.may determine (/f’) and ¢, but they will not 
give f’ and f individually unless I’ is known (see Sec. 
V. C. 2. for an example). 

When an experimental Doppler curve is Lorentzian 
with full width at half maximum, I[.x», and with peak 
absorption, pexp, its area is CD expPexp/ 2K. This value 
substituted into Eq. (20) gives 


21h (t) Re 
. fp(t)=——fp(0). 


Fcxp exp 


Pexp= (21a) 


For small /, we have 


r 
Pexp= NOm—f fT 1—0.24t+0.04F ]. 


exp 


(21b) 


For 4</<10, we have 


7’ 
Pexp= 1.2—— f(1+0.208 


exp 


: 7 
= 1.21 Ts (21c) 
1 Pe 


, 
exp I exp 


In the remainder of the paper we shall use [’.x, or 
I, to signify an experimentally measured width. We 
reserve I’, for the width one would get when (I”), 
equals I’, and I, is given by Eq. (12). 

Although Eqs. (20b), (20c), (21b), and (21c) give 
helpful insights into the interdependence of the different 
parameters, Eqs. (20a) and (21a) are as simple as 
any for the interpretation of most data. Both p(t) and 
h(t) are very slowly varying functions which can be 
arranged in easily usable graphical form. Furthermore, 
the successive approximations often needed to solve 
these primary equations converge rapidly. 


III. DECAY SCHEMES OF Pt'*? AND Hg'” 


Both Pt'*? and Hg!’ were used as sources of the 77- 
kev gamma rays which are emitted during the de-excita- 
tion of the first excited state of Au'’’. The relevant decay 
schemes are shown on the energy-level diagram of Fig. 1 
mainly as an indication of the radiations that were 
present.’ Inasmuch as our sources often contained other 
radioactive isotopes, any necessary corrections for 


13 C, Tzara and R. Barloutaud, Phys. Rev. Letters 4, 405 (1960). 

4K. Way et al., Nuclear Data Sheets, National Academy of 
Sciences, National Research Council (U. S. Government Printing 
Office, Washington, D. C.). 
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Fic. 1. Energy levels of Au’ populated in the decay of Pt"? and 
Hg"? (see reference 14). 


radioactive decay or for other radiations in the source 
were based on experimental data obtained with the 
particular source. 

Of the two sources, 18-hr Pt!’ is easier to use because 
it gives a particularly simple photon spectrum consisting 
mainly of 77-kev gamma rays. It contains only a small 
admixture of 191-kev gamma rays and 67-kev Au x rays 
due to the internal conversion of the 191-kev gamma 
rays. However, if nonisotopically enriched Pt is used, 
4.3-day Pt™ is a strong contaminant which does con- 
tribute x rays. The 65-hr Hg'”’ is a poorer source be- 
cause of the x rays arising from A capture. 

The following paragraphs summarize the information 
about three properties of Au’? which will be used later 
in this paper. These are the internal-conversion coeffi- 
cient of the 77-kev gamma ray, the lifetime of the 77- 
kev state, and the magnetic moments of the ground 
state and the 77-kev state. While these properties are 
being given, they will be compared with those predicted 
by the single-particle model if the shell states d; and 
$; are associated with the ground and excited states, 
respectively. This comparison and state identification 
will be important later in the paper during the interpre- 
tation of chemical shifts. 


A. Internal Conversion Coefficient 


Because the 77-kev transition is a mixture of M1 
and £2 radiations, the conversion coefficient, a, cannot 
be obtained directly from theory. However, measure- 
ments of the relative conversion in the different L sub- 
shells can be used'®!® together with the theoretical 
internal-conversion coefficients'’:'® to obtain the frac- 


16 J. W. Mihelich and A. de-Shalit, Phys. Rev. 91, 78 (1953). 

R. Joly, J. Brunner, J. Halter, and O. Huber, Helv. Phys. 
Acta 28, 403 (1955); 26, 591 (1953). 

7. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Reports, 1956 and 1958 [translation: Reports 57ICC K1 
and 58ICC L1, issued by Physics Department, University of 
Illinois, Urbana, Illinois (unpublished) J. 

16M. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958) 
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tion of the gamma rays which are £2. This fraction, 
which is quite sensitively determined by the relative 
subshell values, is 0.10+0.01. The resultant J-shell 
conversion coefficient has added uncertainty because 
of a difference between the two available theoretical 
values; the values are 3.2+0.1'7 and 3.0+0.1.!5 We 
shall use the value a, =3.10+0.10. The measured rela- 
tive values of the L-, M-, and .V-shell conversion'® can 
then be used to obtain a total internal-conversion coeffi- 
cient, a7, of 3.96+0.14. In view of the difficulties in- 
herent in direct measurement, this value is probably 
more reliable than the lower value that was determined 
experimentally.'® 


B. Lifetime 


The measured half-life of the 77-kev state is 1.9 10-9 
sec.'® This value together with the conversion cofficient 
and branching ratio just mentioned implies a partial 
M1-photon half life of 1.05X10~* sec and a partial 
#:2-photon half-life of 9.5%10-5 sec. Compared with 
the single-particle proton estimates” (with a nuclear 
radius of R= 1.210-" A), the M1 gamma-ray transi- 
tion rate is slow by a factor of about 330, whereas the 
#2 transition rate is fast by a factor of about 50. 


C. Spins and Magnetic Moments 


The ground-state properties of Au’? are well known. 
The measured value of the spin is 3.2! The magnetic 
moment, which has been measured quite precisely by 
several groups, is 0.14 nm.” Both of these values are 
in good agreement with the d; state predicted to be 
low-lying by the single-particle shell model. It is there- 
fore attractive to identify the 77-kev state as the pre- 
dicted low-lying s; state of the shell model; this s; 
state appears as the ground state in both stable s:; TP? 
and s;T}?*.2!~*3 The experimental evidence for the spin 
of this excited state is based on a comparison of the 
measured Coulomb-excitation probability > with the 
#2 gamma-ray transition probability. The most pre- 
cisely measured B(/2) value*® for excitation is 
(O.14_0.047°) XK 10-48 cm? compared with 0.11 10~*8 
or 0.22 10~** cm? depending on whether the spin of 
the 77-kev state is } or 3, respectively. [The expected 
B(E2) values* are directly proportional to the fraction 
of the gamma-ray transitions that are £2 and inversely 
proportional to (1+ar).] These data favor a spin of 


19 A. W. Sunyar, Phys. Rev. 93, 653 (1955). 

2S. A. Moszkowski, Phys. Rev. 83, 1071 (1951); V. F. 
Weisskopf, ibid. 83, 1073 (1951); M. Goldhaber and J. Weneser, 
Ann. Rev. Nuclear Sci. 5, 1 (1956). 

21 R. M. Elliott and J. Wulff, Phys. Rev. 55, 170 (1939). 

@D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 30, 585 (1958). 

3 J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 

*E. M. Bernstein and H. W. Lewis, Phys. Rev. 100, 1345 
(1955). 

* iF. K. McGowan and P. H. 
(1958). 

76K. Alder, A. Bohr, T. Huus, B. Mottelson, and A. Winther, 
Revs. Modern Phys. 28, 432 (1956). 


Stelson, Phys. Rev. 109, 901 
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Aw? 
} even though, as has been pointed out,*® a spin of 3 
for the 77-kev state cannot be excluded in view of the 
uncertainties in the total conversion coefficient. Despite 
this conceivable uncertainty, we shall later use this 5 
assignment for the 77-kev state to estimate both its 
magnetic moment, uw, and the spatial distribution of 
the odd proton. We shall use ».=1.6 nm, the experi- 
mental value for the ground states of both s:TP® and 
sil P?,”3 despite the fact that with three protons 
missing from a closed shell, Au"? may have a mixed 
configuration. 


D. Expected Widths of Doppler Curves 


The minimum width of the expected resonance-ab- 
sorption line can be estimated directly from the known 
half-life, 1.9X10~° The natural linewidth is 
[=2.4K10-7 ev, and the minimum experimental full 
width of the Doppler curve at half maximum is 
l'.=4.8X 10-7 ev if the absorber and source are infinitely 
thin. An energy shift of 2.4 10-7 ev in a 77-kev gamma 
ray can be produced by a relative velocity between 
source and absorber of v= (3X 10") (2.4 107-7)/7.7 X 104 
=().093 cm/sec. The total change in velocity needed to 
traverse the minimum full width of the experimental 
curve at half maximum is 0.186 cm/sec. Of course, larger 
velocity shifts would be needed if the actual widths 
I’ and (I), were larger than I. 


SEC. 


E. Earlier Méssbauer Experiments with Au'”’ 


Measurements similar to some of those given below 
have been reported.?’ These earlier measurements will 
be compared with ours whenever possible in the follow- 
ing sections. 


IV. APPARATUS 


The equipment used for all of the measurements is 
shown in Fig. 2. The 77-kev photons emitted by the 
stationary source, S, passed through a lead collimator 
C. That part of the photon beam which was not ab- 
sorbed by the gold absorber, A, impingedfon the Nal 
scintillation detector, D. The secondary 73-kev Pb 
x rays originating in the collimator were negligible. 

In most of the experiments, the absorber was a 10-mil 
disk of gold foil which was rotated by a tilted shaft. 


Fic. 2. Schematic dia- 
gram of experimental ap 
paratus. The various com 
ponents are described in the 
text. 


27 D. Nagle, P. P. Craig, J. G. Dash, and R. R. Reiswig, Phys. 
Rev. Letters 4, 237 (1960). 
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ras_e I. Summary of experimental data for recoil-free 
IV V 
Au 
absorber 
thickness 
Host (mils) r./r* 


II Ill 


Production 
Parent reaction 


Group A 
1 Hg’? 
2 Pr? 
3 Pu 


4 Hg? 


6.7+0.8 
4.4+0.2 
6.6+0.3 
4.8+0.2 


Au? (p,n) 
Pt (n,y) 
Pt (n,y) 
Pt (a,3n) 


Au 10 
Pt 5 
Pt 10 
Pt 10 


13.4 


5.6 


Group B 
5 Pr 
6 Pt! 
7 Pris 
S re 


10 
10 
10 
10 


8.04 
6.5+1.0° 
7.0+0.8° 
6.5+0.6 


5.5.‘ 
Fe 
Co 
Ni 


Pt 196 
Pt 
Pr'%6 
Prisé 


*T is the natural width, which equals 2.4 X10~7 ev or 9.3 K107? cm/sec. 
b AJl shifts correspond to emitted gan 
¢ S.S. indicates stainless steel. 

4 Non-Lorentzian; quoted value is full width at half mz 
¢ Estimate of each component of line with structure. 


aximum., 


The gold was held in place by brass ribs and could easily 
be replaced by a sample of different thickness. The 
brass ribs did not introduce any error, but they made it 
inconvenient to get a zero-motion point because all 
other points properly averaged the small effect of the 
brass. The shaft was turned by the synchronous motor, 
M, which was driven at an easily adjustable speed by 
the audio oscillator. The beam passed through the gold 
at a radial distance R (measured along the gold) from 
the shaft. As the foil rotated with a frequency f, the 
gold atoms at the beam position had a velocity com- 
ponent in the beam direction equal to 2xR/ cos#, where 
6= 81.93 deg was the angle between the beam direction 
and the plane of the gold foil. The geometry was always 
maintained constant so that R=2.5 cm; thus a rota- 
tional speed of 20 rpm produced an effective linear 
speed of 0.74 cm/sec in the beam direction. The finite 
size of the beam at the gold produced a variation of 
+0.2 cm in R which resulted in a +8% velocity change 
about the nominal value. This finite velocity resolution 
was negligible when the chemical shift was small but 
may have introduced a broadening of about 2% when 
steel, iron, cobalt, and nickel hosts were used. In the 
remainder of the paper, we shall report the nominal 
velocity of the gold absorber relative to the stationary 
source; a positive velocity implies motion of the ab- 
sorber away from the source. This convention seems 
reasonable because v is the time rate of change of the 
source-absorber distance. Earlier investigators often 
used the opposite convention. 

During the experiments the absorber, the lower col- 
limator, and the source were all immersed in liquid 
helium so that their common temperature was 4.2°K. 

This simple apparatus functioned reliably and was 
well-suited to the measurements to be reported. It had 
the additional advantage of maintaining a constant 
distance between source and absorber. On the other 
hand, the apparatus requires a relatively large absorber 


AN, 
resonant absorption of the 77-kev 7 
VI 


Absorption 
area 
(0.01 cm/sec) 


2.34+0.70 
6.0 +0.4 


AND AXEL 


ray of Au’? in several metals. 


Vil Vill IX X XI 
Chemi 
ca]®.> 

shift 
100 f 100 fp AE/T 


5.8+0.9 
29 +5 
34 +8 
14.3+1.1 


18 
30 
30 


30 


0+0.5 


+3.0 
+0.4 


1.07+0. 


24 +9 . wee vee 5.53+0.! 
32 +8 5: 7 . 5.91+0.: 
27 +7 5 5.12+0.3: 
35 +7 4.62+0.3. 


ma ray whose energy is too high for resonant absorption. 


and would therefore be unsuitable for rare absorber 
materials. Furthermore, the constant-percentage veloc- 
ity spread would not be suitable for absorption patterns 
with complex structure. 

The detector used for the quantitative work reported 
below was a 6mm Nal scintillation crystal. This 
crystal could not resolve the 77-kev gamma rays from 
67-kev Au x rays or neighboring x rays. However, a 
xenon-filled proportional counter was used to determine 
the ratio of 77-kev photons to x rays in each experiment. 


V. RESULTS AND DISCUSSION 


The experimental data (except for the magnetic 
effects observed with Fe and Co hosts) are summarized 
in Table I together with some derived quantities. Each 
of the eight lines in the table represents a different com- 
bination of source and absorber. As will be noted below, 
six of the entries are averages of at least two indepen- 
dent runs. The following subsections explain the en- 
tries and discuss the implications of the data. 


A. Sources and Absorbers 


The first three columns indicate the Au’ parent used, 
the reaction that produced this parent, and the host 
material, respectively. The fourth column gives the 
thickness of the gold absorber used. The first four lines 
(group A) involve radioactive parents which were pro- 
duced in situ in the host material. The Hg"? in Au 
source of line 1 was used to calibrate the Au absorber 
as explained below. Three separate experiments were 
performed with this combination and their results were 
averaged. The individual experiments were consistent 
with each other, but the statistics were poor enough so 
that no attempt was made to determine a linewidth 
from each run. Two independent runs were made with 
the 5-mil Au absorber (line 2), and both gave the 
same linewidth. However, background corrections were 
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available for only one run, and it alone was used to 
measure the amount of resonant absorption. Three 
independent runs were made with Pt’? in Pt sources 
(line 3). All three gave the same linewidth (to within 
one half the quoted error), but background corrections 
were available only for two. The amount of resonant 
absorption was identical in these two cases. Two runs 
were made with the Hg!” in Pt sources (line 4). The 
linewidths differed by 4% while the areas differed by 
7%. These differences are well within the expected 
experimental error. 

Neither these sources nor the absorbers received any 
controlled heat treatment. The Hg" parents (lines 1 and 
4) were too volatile to allow any annealing of the source 
after the radioactivity had been produced. Crude 
annealing was attempted with one of the Pt! in Pt 
sources, but this had no apparent effect on the Doppler- 
shift curve. 

The entries on lines 5-8 (group B) represent experi- 
ments in which neutron-irradiated Pt (enriched to 
about 66% in Pt'**) was alloyed with stainless steel, 
iron, cobalt, or nickel. In each case the host and radio- 
active material were heated to about 1550°C and the 
resulting alloy was quenched. There were about 500 
host atoms to each Pt atom in these alloys. 

The stainless steel (line 5) was used first in order to 
see whether there would be a significant recoil-free 
effect; for this purpose it seemed wise to use an iron 
alloy which would have no complicating local magnetic 
fields. Two separate runs were tried and each gave non- 
Lorentzian Doppler curves with full widths at half 
maximum of about 8. (The natural linewidth, I, 
is equal to 2.4X10~7 ev; an equal energy shift can be 
produced by a relative velocity of 0.93 mm/sec.) Both 
experiments gave equal resonant areas. Three Pt'*’-in- 
Fe sources were used and are averaged on line 6. Their 
linewidths could not be determined very well because 
of hyperfine and other structures, but the lines seemed 
to have the same width in all three sources. The reso- 
nant-absorption effects obtained with these sources 
were all within 12% of the mean shown on line 6. The 
entries on lines 7 and 8 each come from a single source. 

When the experiments were begun, two 10-mil Au ab- 
sorbers were prepared from the same sheet of Au foil. 
They always appeared to give similar results and were 
used interchangeably without keeping a record of 
which was being used. These two 10-mil absorbers will 
be discussed in the following as though they were identi- 
cal. As Table I indicates, most of the experiments were 
performed with the 10-mil Au absorber. This absorber 
Was not given any special heat treatment even though 
annealing might have produced a narrower Doppler- 


shift curve. Not treating this absorber in a special way 


had the advantage of keeping it as similar as possible to 
the Hg’ sources that were produced in similar 10-mil 
Au foils. (If the absorber and source had been well- 
annealed and had given the natural linewidth before 
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irradiation, radiation damage might have created dif- 
ferences between the source and absorber.) The 5-mil 
Au absorber was not related to the 10-mil Au absorber 
(i.e., two identical 5-mil Au absorbers were not used 
together as a 10-mil absorber). 


B. Source and Absorber Linewidths, 
(r’), and r’ 


The fifth column of Table I gives the ratio of the ob- 
served Doppler linewidth, I’,, to the natural linewidth, 
I’. The minimum possible value is (I'./l)=2. According 
to Eq. (12), for (T’),=T’, [.=la=2T’h(t), where h(t) 
is the broadening factor due to absorber thickness as 
given in Eq. (13) for a thin source. To proceed, we shall 
use the reasonable assumption that [T’,//(¢) ]=I'’+(1").. 

Consider the 10-mil Au absorber. Independent of h(2), 
line 4 makes it clear that we have I'’/'<3.8; if the 
minimum line broadening (consistent with data to be 
given) is assumed, this limit is reduced to about 
I’ /T<3.2. Of course, the minimum value of this ratio 
is T"/T> 1. 

If we use our best values for the 10-mil absorber 
[h(t)=1.17 and I’/T=2.8], the value of [(I’),/T] 
becomes 

(’),/T= (T./1.17P)—2.8. (22) 

The (I’)./I ratios implied by the data on lines 3-8 
become 2.8, 1.3, 4.0, 2.7, 3.2, and 2.7. Note that only 
the Hg'*’-in-Pt sources implied a source-emission line 
close to the natural width. Of course, if I’ equals I for 
the absorber, the above values of (I'’),/[ would each 
be increased by the addition of 1.8, if ¢ remained con- 
stant. On the other hand, for '’=I, ¢ would probably 
increase, thereby increasing /(¢) which is 1.17 in Eq. 
(22). Thus, the correct (I'’),/T is probably not as much 
as 1.8 greater than the values given above even if I’ 
is smaller than the 2.8 assumed. 

The two experiments (averaged on line 2) which used 
a 5-mil Au absorber cannot be interpreted unambigu- 
ously because we have insufficient evidence about I’ 
in this case. If the 5-mil absorber had the same I’ and 
f’ that characterize the 10-mil absorber, [(I'’),/I] for 
these Pt sources would be 1.3. {It might seem, at first 
glance, that this 1.3 value is encouragingly close to 
the 1.3 value obtained with the Hg'*’ in Pt source (line 
4). However, we do not understand why the two sources 
of line 2 and the two of line 4 should give [(I'’),/T ]=1.3 
while the three sources of line 3 all gave (T’’),/T=2.8.} 

On the other hand, if the 5-mil Au Doppler curve 
had been narrow because of a smaller value of I’, this 
value of I’ would have to be known before (I’), could 
be deduced. For example, for '’=I (while f’ remains 
constant), we would have [(I’’),/f]=2.9. (The value 
of f’ enters in a secondary way by affecting h(é); for 
the case given here, /(¢) equals 1.23.) 

Nagle ef al.2” reported [',/!=7.5 for a Pt source and a 
200-mg/cm? (4.1-mil) Au absorber. Since their absorber 
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Fic. 3. Velocity-absorption spectrum of 77-kev y ray from Au? 
in gold. The data have been corrected for the contribution from 
66-kev Au x rays. The statistical uncertainty is indicated on one 
point. The curve drawn is the best Lorentz fit to the data. 


had an A(t) value of about 1.1, (I’),+I’ is equal to 
6.8 T. If (I’), were assumed equal to I’, one would ob- 
tain I’/T=3.4. (Note that the large linewidth would 
not have been affected significantly by the chemical 
shift of 1.07 T which we found for a Pt source and an 
Au absorber.) 

Inasmuch as we were not concentrating on linewidths, 
we did not vary nor control the mechanical or heat 
histories of the solids as one should if line-broadening 


effects are to be studied systematically. Such studies 
are to be encouraged because they would give useful 
information both about variations of local environments 
in solids and about how (I’), and I’ could be controlled 
and minimized in order to simplify the interpretation 
of future Méssbauer experiments. 


C. Resonant Absorption and Recoil-Free 
Fractions 


1. Source Calibration 


The recoil-free fraction, f, of gamma rays emitted 
by any source can be found from Eq. (20) or Eq. (21) 
if a source is calibrated so that /, I’, and f’ are known. 
For very precise work, it would be particularly desirable 
to obtain unambiguous values both of I’ (such as 
I’=T) and of f’ (such as might be obtained from inde- 
pendent recoil-free Rayleigh-scattering data'*). We used 
a simpler absorber-calibration technique based on the 
planned similarity of the sources and absorbers on line 
1 of Table I. We shall examine the precision that can 
be obtained with this type of calibration; auxiliary data 
obtained with the same absorber but with different 
sources also can help define and limit the absorber 
parameters. 

Three separate sources were prepared by bombarding 
10-mil Au foil with 10.75-Mev protons at the Berkeley 
60-in. cyclotron. The data summarized on line 1 of 
Table I are the averages of three measurements which 
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agreed well with each other within the statistical ac- 
curacy obtained. The composite data are shown together 
with a Lorentz fit in Fig. 3. The parameters used for 
this fit were a peak absorption, P.x,= 2.4%, and a full 
width at half maximum of 0.62 cm/sec corresponding 
to (I'./f)=6.7. The implied area is 0.0234 cm/sec. Con- 
servative errors of P.x,=0.024+0.004 and Av=0.62 
+0.07 cm/sec were assigned to try to include systematic 
errors such as possible deviations of the data from a 
Lorentz curve. 

The inferred results depend on the source and ab- 
sorber being sufficiently similar so that (I’’),=I’ and 
f=’. These assumptions seemed plausible because the 
three sources gave essentially the same data despite 
significant differences in proton beam intensities and 
bombardment times used. [The additional reassurance 
one might find in the recurrence of the same (I”), in 
many other sources is probably negated by the dis- 
quieting unexplained variation of (I’), in still other 
sources, as mentioned above. ] 

The assumption that (I’),=I’ implies that '.=T, 
and that Eq. (12) can be used to give I’ as a function 
of I, and ¢. Because of the finite source thickness, the 
effective h(t) was not that given by Eq. (13). Fortun- 
ately, A(t) could be obtained simply from the numerical 
calculations of Margulies and Ehrman." The distri- 
bution of Hg"’ in the Au source foil, as calculated from 
the published Au'*’(p,2)Hg'’ cross section,?* corre- 
sponded closely to half of a gaussian curve. The maxi- 
mum activity was at the foil surface, and it dropped to 
1/e of this value at a gold thickness of 7,=2 mils. For 
the small values of ¢, and 7,/74=0.2, with which we 
had to deal, the inclusion of source thickness changed 


the source broadening function to 
[h(t)]s+4=14+0.135¢(01+(T./T 4) ]. 
For the best value we obtained for /, 
[h(t) ]s44= 1.20 h(t)=1.17. 


whereas 


Combining the experimental data, the assumptions 
(I’),=I" and f= f’, and Eqs.£(12), (16), (17b), (21a), 
and (23), we obtain 


(24a) 
(24b) 


0.024= fp(t), 


= 60.6 f(1'/T"), 
and 


(1’/T)=3.35/(1+0.1622), (24c) 


where 60.6= ¢,, for the 10-mil foil, 3.35= (I,/21), and 
0.024= Pexp. 

The derived values of f, p(¢), T’/T, and ¢ are given 
on the first line of Table II. The errors quoted allow for 
the extremes of the conservative experimental errors 
given above. The entries on line 2 of Table II indicate 
how much error would remain if [, were known 
precisely. 

*8R. Vandenbosch and J. R. Huizenga, Phys. Rev. 120, 1313 
(1960). 
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TABLE IT. Derived parameters of the resonance line obtained with a source of Au'®’ in gold and a gold absorber. 


Assumed conditions 
Peak absorption 
(%) 
2.4+0.4 
2.4+0.4 


r./T 100/’ 
5.8+0.9 
5.80.6 





6.740.8 
6.740.0 


Reference 27 corrected to 10-mil Au 11 


Derived quantities for Au absorbers, as obtained 
from the data of Nagle ef al.,27 are shown on line 3; 
these quantities have been adjusted to a foil thickness 
of 10 mils to simplify direct comparison with other 
entries in Table II. The values given on line 3 of Table 
II come from data which were used in an attempt to 
determine p(¢) and hence ¢ by studying the variation 
of p(t) for different absorber thickness. (Peak absorp- 
tions of 4.040.6%, 7.740.5%, and 11.5+0.7% were 
obtained with foils of 100 mg/cm’, 200 mg/cm?, and 
400 mg/cm?.) In this procedure it is assumed that I’ 
and /’ remained the same for all three absorbers. The 
large error associated with ¢ despite the relatively 
precise determinations of the peak absorptions reflects 
the inherent insensitivity of the method; no allowance 
has been made in the errors for possible variations of 
I’ or f’ between different absorbers. 

In order to obtain f’ (for line 3, Table II), it was 
necessary to estimate I’. In the absence of any other 
relevant data, we could only assume I'’=(I’), which 
implies I’ = 3.41 ; there does not seem to be any reason- 
able way to assign an error to this estimate. If I'’/T 
is assumed to be exactly 3.4, the originally quoted 
value?’ of 0.03 is multiplied by this factor. (The entry 
in Table II is 10% higher than this because of the new, 
larger value of the internal-conversion coefficient.) The 
error assigned to f’ on line 3 does not include any 
allowance for an error in I’. 

It is worth emphasizing that the values and errors 
quoted on lines 1 and 2 of Table II are based solely on 
the data obtained with the Hg'*’ in Au source and the 
10-mil absorber. The additional data and analysis which 
follow will place further reasonable restrictions on the 
actual absorber parameters. 


2. The Determination of Recoil-Free Emission Fractions 


Once an absorber has been calibrated, the recoil-free 
emission fractions can be calculated directly from the 
observed absorption with the aid of Eqs. (20). For the 
10-mil Au absorber parameters given in Table II, the 
area is 

Area = }2(0.605 cm/sec) (0.413) f, 
or 


Area under absorption curve 


f= (25) 


0.39 cm/sec 


If the data in Table II were all that were available, 


Derived quantities 
p(t) rr t 
0.41+0.06 
0.41+0.03 


.26+0.27 
.26+0.17 


- +062 
489.4" 


.78+0.06 


0.5340.10 3.4 2.030.609 


the error in an absolute / value should include, in addi- 
tion to the error in the area, a 13% error arising in the 
factor 0.39 because of the extreme acceptable limits of 
linewidth and peak absorption. However, if one ac- 
cepts as a reasonable upper limit on f the Debye-model 
value, fp, discussed below, the data on line 3 of Table I 
place a lower limit of about 0.38 cm/sec on the denomi- 
nator in Eq. (25). An upper limit on this denominator 
can be obtained by assuming the theoretical upper 
limit f’=0.18 for the Au absorber, and the maximum 
value I'’/T consistent with I, and A(t). This gives 0.74 
cm/sec in place of 0.39 cm/sec for the denominator in 
Eq. (25). Thus, without any of the information obtained 
from the Hg" in Au’? source, the denominator in 
Eq. (25) could be rewritten as 0.56+0.18 cm/sec. We 
shall use Eq. (25) in the following analysis; the f 
values we derive can be multiplied by 0.70 and an error 
of 33% can be added to get the alternate f values im- 
plied by a denominator of 0.56 cm/sec. 

If the Doppler curve is a Lorentzian which has a 
full width at half maximum of [, or Av, the f value 
[equivalent to that in Eq. (25) ] can be obtained from 
Eq. (21a) as 


Av P ox r, P ap 
(des) ad te) 
0.605 0.413 2.787 0.413 
Even though the 5-mil Au absorber was not properly 
calibrated, it is instructive to examine the corresponding 
equations for f if f’ is held constant at 0.058 and I’ 
is allowed to vary. For I'’= 2.781 we have 


0.226 cm/sec 


Area under absorption curve 


(27a) 


On the other hand, for [’=IT we have 


Area under absorption curve 
f= —————————. (27b) 


0.19 cm/sec 


The near equality of Eqs. (27a) and (27b) emphasizes 
that f can be determined rather accurately despite a 
lack of knowledge of I’, provided f’ is known. Note 
that whereas Eq. (27a) corresponds to ‘= 0.63, Eq. (27b) 
corresponds to = 1.73; this is merely an illustration of 
the utility of Eq. (20b) which shows that fis more sensi- 
tive to f’ than to ¢. 
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In the more standard case, when a calibrated ab- 
sorber is used to determine the f values of different 
f’ and I’ must be known for the source in 
addition to ¢. [Of course if ¢ is known, either f’ or I’ 
implies the other from Eqs. (8) and (17b).] For ex- 
ample, consider the data reported by the Los Alamos 
group” for a 200 mg/cm*-Au absorber with /=0.83, 
which gave 7.7% peak absorption with a Pt source. For 
this example Eq. (21b) gives 


sources, 


0.077 = 25(1/7.5) ff'[0.83 ], 


ff’ =0.028. (28) 


Neither /’ nor f can be found unless some auxiliary 
condition is used. One possibility would be to use 
t=25/'T/T’. Then for I’, l= 3.4, as suggested above, we 
would have f’=0.11 and f=0.25. However, other I’/T 
values would give other combinations. Fortunately, 
theoretical predictions of the Debye model make it 
seem likely that we would have f’<0.18 and f<0.30. 
With these restrictions, the extreme values implied by 
Eq. (28) are f’=0.18, I’/P=1.8, and f=0.15, or 
f=0.30, f’=0.093, and I’/T=3.5. Of course, these 
extremes would be increased if errors in the 7.7% peak 
absorption and in the 0.83 value used for ¢ were taken 
into account. 


3. Observed Recoil-Free Emission Fractions 


The observed absorption areas are listed in column 
VI of Table I. These values have been corrected for 
background including radiations other than the 77-kev 
gamma rays. The areas also include a correction of 
‘about 15% because there was some resonant absorption 
even at the highest velocities used. (This correction 
was made by assuming that the Lorentz line which 
fitted the data near the peak absorption continued to be 
valid at relatively high velocities.) We have attempted 
to include in the assigned errors uncertainties both in 
these corrections and in the decay corrections that were 
made. The values of 100/ listed in column VII were 
derived from Eq. (25) (for lines 3-8); the errors are 
those due to area uncertainty only. As mentioned above, 
the uncertainty in Eq. (25) would contribute an addi- 
tional 13% to the absolute f values, but it would not 
change the relative f values. 

The / value appearing on line 2 of Table I is based on 
Eqs. (27a) and (27b), and includes the error implied 
by the inequality of these equations. However, no al- 
lowance is made for a possible difference in f’ between 
the 5-mil and 10-mil Au absorbers. The f value given 
for the Hg" source of line 1 was determined as part 
of the source calibration described above. 

It is customary to compare observed f values with 
those predicted by the Debye model of a solid. If the 
Au nucleus were free to recoil it would have an energy 
(P?/2M)=0.016 ev; this energy divided by Boltzmann’s 
constant gives a temperature, ®, of 185°K. According 
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to the Debye model, for very low temperatures, / 
should be given by the temperature-independent Debye- 
Waller factor.!°°%"*! 


fo ae exp( — 3h 26 pn), (29) 


where @p is the Debye temper: ture. 

Column VIII gives the fp values calculated from 
Eq. (29) by using the Debye temperatures listed in 
column IX. One can also define an effective Méss- 
bauer crystal temperature @.4¢ [based on Eq. (29) ] by 


6.tt= 3/2 In(1/ f)=278°K/In(1/ f). (30) 


The 4@.¢¢ values obtained from Eq. (30) are given in 
column X of Table I. 

Most of the f values in Table I are lower than the fp 
values; correspondingly 4.45 is less than @p. It is not 
surprising that the simple Debye model fails; other 
failures have been noted.?’*** However, these small f 
values do not necessarily imply that the Debye model 
is totally inadequate for predicting f and its tempera- 
ture dependence.'*” For example, the Debye model 
might explain accurately the behavior of a fraction 
f/ fp of the source atoms which might be tightly bound 
to the lattice while the remaining 1—(f/ fp) atoms 
might not have proper lattice sites. On the other hand, 
all of the radioactive source atoms might be in similar 
sites, and the Debye-model predictions might be obeyed 
if 6.¢¢ were substituted for @p. It therefore seems best 
to reserve judgement about the implication of these 
small f values until f is measured as a function of 
temperature.” 

Because the most likely mechansims that explain the 
inequality of f and fp imply f</fp, the high f value 
obtained with the Pt'*’ in Pt source (line 3) can be used 
to set a reasonable lower limit on the factor in Eq. (20a), 
mcI"h(t)p(t)/ Eo, for the 10-mil absorber. This lower 
limit is 0.38 cm/sec, 
used in the denominator of Eq. (25). Thus, the f values 
given on lines 1 and 3 to 8 of Table I are close to the 
maximum values consistent with the 10-mil absorber 
[That is, the uncertainty in Eq. (25) no longer can 
raise the f values by more than 3%, although this un- 
certainty could still reduce the values by 13%. ] The 
upper extreme value of mwcI’h(t)p(t)/ ko for the 10-mil 
absorber is limited by the conditions f/’ < f/p=0.18 and, 
from line 4, 5©%°> (I’+T)A(t), 60.67'T/T’. 
These conditions give a maximum of 0.74 cm/sec for 
the denominator of Eq. (25), which implies only that 
the f values in Table I could be reduced to as little as 


which is quite close to the value 


where / 


91. Waller, Ann. Physik 79, 261 (1926). See also A. H. Compton 
and S. K. Allison, X Rays in Theory and Experiment (D. Van 
Nostrand Company, Inc., Princeton, New Jersey, 1935), p. 435. 

%® W. M. Visscher, Ann. Phys. 9, 194 (1960 

31H. J. Lipkin, Ann. Phys. 9, 332 (1960) 

2 P. H. Keesom and N. Pearlman, Handbuch der Physik, edited 
by S. Fliigge (Springer-Verlag, Berlin, 1956), Vol. XIII, p. 282 

% J. A. Rayne and W. R. G. Kemp, Phil. Mag. (8) 1,918 (1956). 

4A. J. F. Boyle, D. St. P. Bunbury, C. Edwards, and H. E. 
Hall, Proc. Phys. Soc. (London) 76, 165 (1960) 
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53% of the listed values if the assumptions used in Eq. 
(25) were wrong. 

The high f values obtained with Pt"? alloyed with 
iron, cobalt, and nickel points encouragingly to the 
enhancement of recoil-free fractions by the proper choice 
of host. A naive, qualitative description of the important 
parameters can be given. The importance of a high 
Debye temperature to large f values [as shown in 
Eq. (29) ] was emphasized when the Méssbauer effect 
was discovered.' When impurity atoms are put into a 
"ost lattice, it seems reasonable that they must be bound 
strongly to their local sites to give large recoil-free 
effects.*! If a recoil-free effect is considered as the cor- 
related recoil of a large number of atoms, the local 
binding is an indication of the degree to which the im- 
purity atom moves its nearest neighbors, while the 
properties of the host material govern the number of 
host atoms which share the recoil momentum. The 
strength of the local binding does not depend solely 
on the Debye temperature of the host.*! As has been 
emphasized,*! some Debye temperatures are high be- 
cause of the low mass of the host atoms rather than 
large interatomic forces. However, the interatomic 
forces in a pure host crystal do not necessarily govern 
the local binding; strong chemical and size effects may 
exist. Furthermore, even if strong local binding has been 
achieved, a high Debye temperature of the host would 
continue to be important. It seems clear that consider- 
able additional experimental and theoretical studies will 
be needed before f values can be predicted for impurity 
atoms. : 

The f values of the sources produced in situ also 
deserve further attention. The Pt'*’ in Pt sources (lines 
2 and 3) had f values close to fp, in agreement with the 
results of recoil-free Rayleigh scattering by Pt." In 
contrast, both the Hg'’-in-Au and the Hg'*’-in-Pt 
sources gave f values significantly lower than fp. In 
all four cases, the metal hosts almost surely readjusted 
to the Au” before the 77-kev photon was emitted. One 
obvious difference between these two cases is that the 
high f values occurred when the radioactive nuclei 
received relatively low recoil energies accompanying 
neutron capture (i.e., of the order of 10 ev), whereas the 
low f values were found in sources in which the reacting 
nuclei recoiled violently (with about 50 kev of energy or 
more) because of the incident charged particle. 

This correlation that radiation damage 
might be responsible for the low / values. (If this were 
true the assumption /’= /f used to calibrate the source 
would be unwarranted, and the alternate limits on the 


suggests 


f values mentioned above would be more appropriate. 
Even if f did not equal f’ in this case, the identical 
source and absorber technique has great potentiality.) 
On the other hand, these data by no means establish 


the role of radiation damage in producing low f values. 


For example, if radiation damage did influence the 
environment of the radioactive nuclei, one might expect 
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line broadening; thus the particularly narrow line ob- 
served with the Hg!’ in Pt sources would be particularly 
hard to understand. Furthermore, standard radiation 
damage studies indicate that most of the radiation 
damage anneals rather quickly at room temperature.*® 
More experimental studies will be needed to determine 
whether the severe local damage accompanying charged- 
particle absorption persists and is responsible for the 
low f values. 


D. Chemical Shifts 


The possibility of a gamma-ray energy shift because 
of different chemical environment seemed to be recog- 
nized in earlier Méssbauer experiments,***” but the first 
precise report of a chemical shift was made by Kistner 
and Sunyar, who succinctly summarized some of its 
important implications.*® Since then, other chemical 
shifts have been observed,*“’ and some have been 
analyzed in detail.“'” The shifts we have observed are 
noteworthy partly because they are so large and partly 
because one might expect a relatively direct analysis to 
yield new information about nuclei and solids. 

A chemical shift is produced in a Méssbauer experi- 
ment by the same Coulomb-interaction energy that 
produces an isotope shift in optical spectra.“ The optical 
isotope shift occurs when an optical electron experiences 
a different Coulomb-interaction energy with the nucleus 
depending on the atomic state of the electron; the shift 
derives its name from the different Coulomb potentials 
produced at the electron by two different isotopes of the 
same element. An isomer shift has also been observed"; 
in this case, the energy of an optical transition is affected 
by the different Coulomb interactions caused by two 
different isomeric states of the same nucleus.*® The same 
interaction energy that produces the isomer shift pro- 
duces the Méssbauer chemical shift. However, in this 
latter case, instead of an optical photon, the nuclear 
gamma ray is shifted in energy if the nuclear states have 
different radial charge distributions and if the electron 


FE. Seitz and J. S. Koehler, Solid-State Physics, edited by F. 
Seitz and D. Turnbull (Academic Press, Inc., New York, 1956), 
Vol. 2, p. 307; see also articles by J. S. Koehler and by T. H. 
Blewitt, R. R. Coltman, D. K. Holmes, and T. S. Noggle in Dis- 
locations and Mechanical Properties of Crystals (John Wiley & 
Sons, Inc., New York, 1957) 

3° R. V. Pound and G. A. Rebka, Jr., Phys. Rev. Letters 4, 337 
(1960) and R. V. Pound and G. A. Rebka, Jr., ibid. 4, 397 (1960). 

3° G. K. Wertheim, Phys. Rev. Letters 4, 403 (1960). 

38 Q. C. Kistner and A. W. Sunyar, Phys. Rev. Letters 4, 412 
(1960). 

#S. S. Hanna, L. Meyer-Schiitzmeister, R. 
D. H. Vincent, Phys. Rev. 120, 2211 (1960). 

A.J. F. Boyle, D. St. P. Bunbury, and C. Edwards, Phys. Rev. 
Letters 5, 553 (1960). 

41S. DeBenedetti, G. Lang, and R. Ingalls, Phys. Rev. Letters 6, 
60 (1961). 

®L. R. Walker, G. K. Wertheim, and V. Jaccarino, Phys. Rev. 
Letters 6, 98 (1961). 

‘8 For an excellent summary see G. Breit, Revs. Modern Phys. 
30, 507 (1958). 

44 A4_(C. Melissinos and S. P. Davis, Phys. Rev. 115, 130 (1959). 

4° R. Weiner, Phys. Rev. 114, 256 (1959). 
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density at the nucleus is different in the source from that 
in the absorber. (Note that the term “chemical” 
descriptively implies that the shift is to be expected 
if the electron density at the origin is changed, as it 
would be in different chemical environments. ) 

The observed chemical shifts are given in column 
XI of Table I in units of the natural linewidth, 
r'=2.4X10~ ev. Typical Doppler curves which show 
these shifts for different parents in Pt are given in Fig. 4. 
Note that the shift for Hg” in Pt is essentially the same 
as the shift for Pt'”’ in Pt; thus the shift does not seem to 
be particularly correlated with either f or I. The 
chemical shift for stainless steel is shown in Fig. 5 while 
the shifts for Fe, Co, and Ni are given in Fig. 6. For 
the Fe and Co hosts the quoted shift is the center of 
area (which is also the midpoint between the two hyper- 
fine peaks). 

All of the energy shifts reported in Table I involve 
emitted gamma rays whose energy is greater than that 
required for resonance at the absorber. The presence 
of electron charge density at the nucleus tends to de- 
crease the energy of each of the nuclear states. The 
total energy of the system would be lowest if the positive 
nuclear charge were concentrated at the center (i.e., 
at r=0). If the excited nuclear state has a smaller charge 
radius, a larger electron density will decrease its energy 
relative to the ground state, thereby reducing the 
nuclear transition energy. Thus, if the excited nuclear 
state has a smaller effective charge radius (as implied 
by the nuclear shell model), the electron density at Au 
nuclei is higher in a Au lattice than it is in the other 
host materials we have investigated. 

It is instructive to make an order-of-magnitude esti- 
mate of the expected chemical shift. Consider only the 
charge density contributed at the nucleus by the outer- 
most (6s) electron in Au. For a free Au atom the charge 
density at the nucleus due to a nonrelativistic electron 
would be about 2.210" coul/m* corresponding to a 
potential V=—V,»+4.2X10-'r volts, where r is the 
radial distance in fermis. Since a proton at the edge of 





Fic. 4. Resonant absorption 
of 77-kev gamma ray of Au!” 
obtained using 10-mil Au ab- 
sorbers and sources of (a) Pt!9” 
in Pt metal and (b) Hg" in Pt 
metal. To obtain the percent 
absorption, correction factors 
of 1.52 and 1.95, respectively, 
were applied to the rough data. 
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Fic. 5. Absorption curve for a source of Au'®? in stainless steel 
with a 10-mil Au absorber. A background correction factor of 2.5 
was applied to the rough data to obtain percent absorption. The 
curve is not Lorentzian. 


the potential well of a Au nucleus has a value of 
r°=42 (fermis)*, moving a proton from the origin to the 
edge of the well raises the energy of the state by 18 10-® 
ev because of the presence of the 6s electron alone. 
The expected shift in this approximation can be 
obtained by using a nuclear model to find the average 
value (r*). First consider only the outermost proton 
whose radial distance will be denoted by the subscript 
0. If the ground state of Au'’ is identified as a d; 
single-particle state, the proton is in a 2d orbit." 
Similarly, the excited state corresponds to a 3s proton 


orbit if the s; assignment is valid. If harmonic-oscillator 


wave functions are used, we have (ro?)2g= (ro?)3, inas- 
much as the 2d and 3s states are degenerate in the har- 
monic-oscillator model. (Thus, harmonic oscillator wave 
functions are not adequate to describe this nucleus 
insofar as chemical shifts are concerned.) On the other 
hand, the finite square-well model gives*’ (r¢?)2~0.47 
R,? and (7.7);,.~0.41 R,?. This implies that the nuclear 
transition energy would increase by about 1.1 10~* ev 
if the (nonrelativistic) 6s electron were removed from 
the atom. This is certainly the correct order of magni- 
tude inasmuch as the largest shifts in Table I are about 
5r=1.210~* ev. Relativistic effects will increase the 
estimated shift because they increase the electron den- 
sity at the origin. More exact calculations of the ex- 
pected chemical shift are being made by one of us 
(D. A. S.). 

Unfortunately, the energy shift may be seriously 
affected by changes in the entire charge radius. To 
estimate this effect, consider the change, A(r®), expected 
for a change from A to A+1 (as might be found in a 
standard isotope shift). In this case, we have (A(r*)) 
(r?)=1 300 or A(r?)=R,2/600. However, because 79 

‘6 See any of the fine reviews of the single-particle shell model 
such as M. Goeppert Mayer and J. H. D. Jensen, Elementary 
Theory cf Nuclear Shell Structure John Wiley & Sons, Inc., New 
York, 1955) or E. Feenberg, Shell Theory of the Nucleus (Princeton 
University Press, Princeton, New Jersey, 1955). 

‘7 J. Eisinger and V. Jaccarino, Revs. Modern Phys. 30, 528 
(1958). 





RECOIL-FREE 


protons would be affected, this is equivalent to a change 
in a single proton A(ro?) of about (79/600) R,? or 
0.13 R,*. Typically,*“* observed isotope shifts are 
about one-half of the expected shifts, implying that an 
experimental isotope shift might give about the same 
A(ro?) as the finite square-well model predicts for a 
3s— 2d proton transition. Inasmuch as the isomer 
shift produced about 20 to 25% of the isotope shifts 
seen in Hg,** and inasmuch as the two isomeric neutron 
states in Hg are very different (; and 73/2 corresponding 
to 3p and 17 which have A(r;*) differing by about R,*/4), 
the A(ro?) expected from ZA(r’) is probably considerably 
smaller than A(ro?) from the proton for Au’. (This con- 
clusion should be considered as a reasonable working 
hypothesis rather than an established fact, because too 
little is known about isomer shifts. For example, con- 
tradictory conclusions” seem to come from the effective 
A(r7,*) found from the chemical shift caused by a neutron 
transition in Fe*’.) 

Despite the uncertainties that exist at present, there 
is little doubt about the ultimate importance of chemical 
shift data, particularly with odd-proton nuclei. From 
a solid-state viewpoint, the data now can give relative 
electron densities at nuclei of impurities. (For example, 
the data in Table I show clearly that the electron density 
at Au nuclei is at one extreme when Au is the ‘host, 
almost the same ina Pt host, significantly different in a 
Ni host, and most different in an Fe host.) Future 
theoretical and experimental advances should make it 
possible to obtain absolute electron-density data. 

The ratio of the electron density at the nucleus in a 
metal to the density in a free atom is a key parameter 
in the Knight shift of a nuclear-magnetic-resonance 
line due to chemical effects.* The Méssbauer chemical 
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shift can give this parameter more directly and can check 
the degree to which this parameter depends solely on 
the host material when impurity Méssbauer atoms are 
used.® From a nuclear-physics point of view, chemical- 
shift data should add significantly to and perhaps 
help clarify evidence about nuclear charge distribution 
available from optical-isotope and isomer shifts. 


E. Nuclear Zeeman Splitting and Local 
Magnetic Fields 


The precise energy resolution inherent in Méssbauer 
absorption makes it possible to observe Zeeman splitting 
of nuclear gamma rays.*! (If the responsible magnetic 
field is produced by atomic electrons, the splitting is 
analogous to atomic hyperfine structure.) The magnetic 
splitting of the 14-kev Fe*’ line was observed independ- 
ently by several groups,*~°* and a detailed analysis was 
given which led to a determination of the local magnetic 
field at the Fe*’ nucleus in Fe of —3.3X 10° oe.** Local 
magnetic fields have also been reported at Fe*’ nuclei 
in a variety of host materials.*7**:57-® Magnetic split- 
ting and local fields in some hosts have also been re- 
ported for the Sn"* Méssbauer transition.™” Indications 
of magnetic effects have also been observed with® Dy'® 
and with® Ni®™. 


5!'This application undoubtedly occurred to many _ inde- 
pendently, but the first published mention of it resulted from 
independent suggestions by M. Hamermesh and R. Méssbauer to 
the authors of reference 52. 

8... L. Lee, L. Meyer-Schiitzmeister, J. P. 
Vincent, Phys. Rev. Letters 3, 223 (1959). 

8 R. V. Pound and G. A. Rebka, Jr., Phys. Rev. Letters 3, 554 
(1959). 

4G. DePasquali, H. Frauenfelder, S. Margulies, and R. N. 
Peacock, Phys. Rev. Letters 4, 71 (1960). 

55G. J. Perlow, S. S. Hanna, M. Hamermesh, C. Littlejohn, 
D. H. Vincent, R. S. Preston, and J. Heberle, Phys. Rev. Letters 
4, 74 (1960). 

56S. S. Hanna, J. Heberle, C. Littlejohn, G. J. Perlow, R. S. 
Preston, and D. H. Vincent, Phys. Rev. Letters 4, 177 (1960). 

87 G. K. Wertheim, Méssbauer Effect Conference, University of 
Illinois Report TN 60-698 AD, 1960 (unpublished). 

68 G. K. Wertheim, Bull. Am. Phys. Soc. 5, 428 (1960). 

8 G. K. Wertheim, Bull. Am. Phys. Soc. 5, 421 (1960). 

© PD. E. Nagle, H. Frauenfelder, R. D. Taylor, D. R. F. Cochran, 
and B. T. Matthias, Phys. Rev. Letters 5, 364 (1960). 

61S. Ofer, P. Avivi, R. Bauminger, A. Marinov, and S. G. 
Cohen, Phys. Rev. 120, 406 (1960). 

« F. E. Obenshain and H. F. Wegener, Phys. Rev. 121, 1344 
(1961). 
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The only two cases in which we observed magnetic 
splitting were for Fe and Co hosts as shown in Fig. 6. 
The energy difference between the two lines in Fe was 
(11.9+0.4)T (or 1.11 cm/sec or 2.86X 10~® ev or 0.024 
cm“). For the Co host, the splitting was (5.2+0.4)I, 
and for Ni it was <I’. The expected Zeeman energy 
levels for the single-particle-model states are shown in 
Fig. 7. If the magnetic field were not strong enough to 
separate the ground-state Zeeman levels significantly, 
the expected pattern would consist of two equal- 
intensity lines separated by an energy corresponding to 
the magnetic splitting of the excited state. 

Since the magnetic moment of the excited state is 
unknown, the local magnetic field cannot be given. 
(An experiment is being done with a strong known ex- 
ternal magnetic field in order to determine the magnetic 
moment of the excited state and to find the direction 
of the local magnetic field. This experiment will be 
analogous to those performed with Fe*’ and with Sn'’.”) 
However, the expected shell-model value of 1.6 nm 
mentioned in Sec. III before can be used to estimate 
the magnetic field. The implied local magnetic fields 
are compared to other related local field determinations 
in Table III. The large differences we find seem to be 
similar to those that were found when Sn was in these 
same host materials.” 

Our results for Au in Fe are inconsistent with the very 
high value of the local field reported from low-tempera- 
ture nuclear-polarization experiments.® Although our 
value for the local magnetic field may change somewhat 
if the excited-state magnetic moment differs from 1.6 
nm, it is very doubtful that the local field can be very 
much higher than the 282X10* oe listed. If the field 
were greater than 10° oe as suggested,*™ the Zeeman 
levels of the nuclear ground state of Au would be split 
enough to produce unmistakable broadening of the 
Doppler pattern beyond that shown in Fig. 6. The re- 
ported 10° oe for Au in Fe could be reduced to agree 
with the value we obtain if one postulates that the actual 
low temperature attained in the polarization experiment 
was about one-third the reported value, which seems 
unlikely. In view of the assumptions made in both types 
of experiment, a conclusive discussion of this point must 
be deferred until more data are available. At this point 
we can say only that a serious discrepancy apparently 
exists. 

The third line that appears in the Fe Doppler pattern 
at about +0.7 cm/sec (i.e., shifted by 7.51) is probably 
not part of the Zeeman pattern. The intensity of this 
line varied unpredictably in the three Au-in-Fe samples 
we used, even though the positions of the two other 

®%B. N. Samoilov, V. V. Sklyarevskii, and E. 
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Im- 
purity Hosts 
atom Fe Co Ni 
Au 282+10 122+10 <30 This work 
Au > 1000 63 
Fe — 330 310 260 37, 64 
Co — 320 — 220 — 80 58, 65-68 
Ni 170 58 
Sn —81 —20 +18 40 
In > 250 ~0 63 
Sb > 280 63 
Se ~100 69 


Reference 


* The signs of the local fields are unknown except where given. 


Zeeman lines were accurately reproducible (to within 
one-half the quoted limits of error.) Therefore this third 
line seems to imply that there are Fe lattice sites at 
which the Au nuclei do not experience a strong local 
field. 
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Magnetic susceptibility measurements and electron paramagnetic resonance measurements have been 
made on powdered chromous acid (HCrO,) and deuterated chromous acid (DCrO.). The Curie constants, 
derived from the susceptibility results, are consistent with three unpaired electrons associated with each 
chromium ion. In addition, a large Curie-Weiss @ temperature, indicating a strong exchange interaction, is 
necessary to account for the results. The most unusyal feature of this particular exchange is that it is strongly 
influenced by deuteration. 

The electron paramagnetic resonance spectra also show strongly exchange-narrowed lines with a variation 
between HCrO, and DCrOs». From a comparison between the calculated and observed linewidths and second 
moments, a value of the zero-field splitting is estimated. 

Although no transition has been observed to an antiferromagnetic state, the Curie-Weiss @ temperatures 
indicate that the ground state is undoubtedly antiferromagnetic for both HCrO, and DCrOy. Superexchange 
through the intervening proton or deuteron is probably the main source of any antiferromagnetic exchange 
coupling. Some of the various mechanisms proposed for superexchange are discussed in relation to chromous 


acid. 


INTRODUCTION 


HE crystal structure of HCrO2 was determined by 
Douglass' with the exception of the hydrogen 
atom positions. Ibers ef al.? recently made a thorough 
study of the nuclear magnetic resonance spectrum of 
HCrQz in order to determine these hydrogen positions 
by the second moment of the proton resonance signal. 
The paramagnetic chromium atoms, however, produced a 
magnetic field at the proton positions and introduced a 
number of interactions. These indicated that chromous 
acid has a strong internal field. We have investigated 
the magnetic properties of HCrO. and DCrO, (85% 
DCrO, and 15% HCrO:z) by both static susceptibility 
measurements and electron paramagnetic resonance 
measurements. The strong exchange interaction has 
been observed and is discussed in relation to some of the 
current ideas on exchange and superexchange. 


EXPERIMENTAL 
Static Magnetic Susceptibility Method*® 


The static magnetic susceptibilities of the HCrO, 
and DCrO. samples were measured with a Gouy 
balance. The magnetic susceptibilities of two prepara- 
tions of HCrO, were measured. One sample was pre- 
pared by Adams? and the other by us, using the same 
method. Field-strength and temperature dependence 
data were obtained for these samples from H=0 to 
H=9000 gauss at temperatures from 66° to 530°K. 
There was no evidence of field-strength dependence. 
In Fig. 1 we have plotted x vs 7; in Fig. 2, 1/x.7 vs 
T. Figure 2 should give a straight line if the material 
obeys the Curie-Weiss law, x=C/(T—@). It is clear 
from Fig. 2 that the data do fit the Curie-Weiss law 
very well. 

'R. M. Douglass, Acta Cryst. 10, 423 (1957). 

2 J. A. Ibers, C. H. Holm, and C, R. Adams, Phys. Rev. 121, 
1620 (1961). 

3 J. H. Van Vieck, Electric and Magnetic Susceptibilities (Oxford 
University Press, New York, 1932). 


A least-squares fit of the data of Fig. 2 gives C= 1.9342 
and 6=—275.6°. The magnetic moment of Cr** is 
then obtained from Eq. (1) by assigning the Bohr 
magneton, 8=eh/2mc, as the unit of magnetic moment. 


Xm= BupV SRT, (1) 


therefore 
MB= (3k Tx Mu NB?)} 
=2 327 (Car)! 
3.93 Bohr magnetons for HCrOs. (2) 
This is quite good agreement with the value of 3.87 
expected for a “spin-only” configuration of three un- 


paired electrons. 


y= gS(S+1)~45(S+1). (3) 


The final expression for HCrOz is then 


x w= 1.9342/(T+276). 
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Fic. 2. Curie-Weiss plot for HCrOz and DCrOsz. 


Magnetic susceptibility measurements were made on 
a sample of 85% DCrO.-15% HCrOs. This material 
was prepared in the same manner as the HCrO, except 
that D.O was used as a solvent in place of H.O. (The 
hydrogen atoms present came from the water of hydra- 
tion of the chromic nitrate.) No field-strength depend- 
ence was observed for this material. The x vs T data 
are plotted in Fig. 1 and 1/x vs T in Fig. 2. A least- 
squares treatment of the data of Fig. 2 results in the 
expression for the Curie-Weiss law 


xu= 2.07 (T+214). 


The slope of this line corresponds to a magnetic moment 
of 4.07 Bohr magnetons from a use of the spin-only 
formula (3). 

The significance of @ lines in its relation to the Heisen- 
berg exchange interaction, J;,S;S,. Above the Curie 
temperature, 7, the susceptibility follows the Curie- 
Weiss law, where @ is related to the exchange integral 
J by the relation: 


6= 2) 2S(S+1)/3k. (4) 


Here, z is the number of nearest equidistant neighbors 
with which the atom has an exchange coupling. These are 
not necessarily the geometrically nearest neighbors. 
Below the Curie or transition temperature the material 
will become ferromagnetic or antiferromagnetic de- 
pending on the sign of the exchange interaction. The 
transition’ temperature, also called the Néel tempera- 
ture, for antiferromagnetics is related to @, but not in a 
simple manner. The ratio 6/7, has been found in a 
number of antiferromagnetic materials to fall in the 
range of 1.5 to 5.4 Since no transition is observed in 
either HCrO. or DCrO» down to 66°K, the ratio 0/T, 
must be greater than three. 


* Charles Kittel, /ntroduction to Solid-State Physics (John Wiley 
& Sons, Inc., New York, 1953). 
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Electron Paramagnetic Resonance 


The electron paramagnetic resonance spectra of 
HCrOz and of DCrO. were recorded by a Varian 4500 
spectrometer with a full field scan in order to sweep 
the magnetic field from 0 to ~6000 gauss. A small 
sample of Coppinger’s radical was added to determine 
the free-electron spin position (g= 2.003). In addition 
a nuclear magnetic resonance probe was inserted in the 
magnetic field and the proton magnetic resonance was 
measured along the sweep to calibrate the field. 

For both HCrOz and DCrO, a g value of 1.976 was 
obtained. This value is very close in value to the g values 
observed in many of the other chromium compounds 
studied by electron paramagnetic resonance’ (g~ 1.97 
1.99) and is a result of the large separation between the 
other crystalline field states. Even though HCrOs and 
DCrO, do not have cubic symmetry, the splittings of 
the excited states do not influence the g value ap- 
preciably. Dg is approximately 1700 cm” and 

= 2—8/10Dgq, where X is in the spin-orbit constant. 
For the free ion, \ is 91 cm™. In HCrOn, \ is probably 
somewhat smaller in magnitude, about 34, because of 
covalent bonding.® 7 

According to the theory of Anderson and Weiss,* 
an exchange-narrowed line should be Lorentzian in the 
center and eventually become Gaussian in the tails. 
A Lorentzian line was fit to the center of the lines: 


0 


To 2(w—wyo)d 
['=- , O=Wy*/We. (5) 
w [(w—wo)? +8? P 


Somewhere in the wings of the line, the observed line 
should deviate from the Lorentzian slope and become 
Gaussian: 
To 
exp — (w—w»)? 
2r)*wp 


Within experimental error, the line shape for HCrO» 
and DCrOz, however, is completely Lorentzian. This 
result is consistent with the large @ values and corre- 
spondingly large exchange interaction. 

Ibers, Holm, and Adams? evaluated the dipolar con- 
tribution to the second moment, (Aw’), for the proton- 
proton interactions in HCrO» according to the method 
of Van Vleck.’ For a powder sample, the second moment 
resulting from the dipolar term is 


(Aw*) = (2/h?)S(S+I)D Bye, (7) 


5K. D. Bowers and J. Owens, Reports on Progress in Physics 
(The Physical Society, London, 1955), Vol. 18, p. 304. 

®W. Low, Paramagnetic Resonance in Solids (Academic Press, 
Inc., New York, 1960). 

7 J. Owen, Proc. Roy. Soc. (London) A227, 183 


1955 
®P. W. Anderson and M. T Modern Phys. 25, 
269 (1953). 


9 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948) 


Weiss, Revs 





MAGNETIC 


where Bj,.= g*8"/r;,3. Since the array of chromium atoms 
is the same as the protons, except for a translation, the 
proton second-moment sum can be used to calculate 
the chromium dipolar second moment according to 
Eq. (7) merely by correcting for the change in the g8 
from the nuclear case to the electron case, by correcting 
for the change in spin [J(H)=}3 and S(Cr*+*)=3], and 
by adding the 10/3 factor for truncation.’ The value thus 
calculated is 


(Aw*)/g*6?= 2.56 107 gauss*. 


Van Vleck’ only considered the dipolar terms and the 
exchange terms, but for HCrOs» the zero-field terms are 
also important. We evaluated the commutators and 
obtained a contribution of 


(D2/25h)[4.S(S+1)—3] (8) 


to the second moment. These two terms [Eqs. (7) and 
(8) ] form the dominant contributions to the second 
moment, and together with the exchange term con- 
tribute to the fourth moment. 

Anderson and Weiss* considered exchange as a random 
modulation of a Gaussian distribution of dipolar lines. 
By their analysis they arrived at the following relation 
between the second moment, the exchange frequency, 
and the half-width: 


(Aw*)=weAw). (9) 


Combining these results, we obtain the following 
relation: 


(Aw* dipolar (Aw? zero field > we (Aw))obs- (1 )) 


Singer” has shown if D>>hv= gH, then the powder 
spectrum of a Cr** ion (S= 3) will be very asymmetric, 
with a maximum at a g of 4. Recently van Reijen and 
Swalen" have shown. for the case D<hy that the half- 
width is increased by D, but the line remains centered 
near g= 2. For the first case, the pattern is easily recog- 
nized and the analysis on the basis of Eq. (10) is not 
valid. For the second case, we are able to approximate 
our problem to arrive at an answer. w, is related to J 
for a simple cubic lattice by the expression 


w?=8.48(J2/h)0S(S+1)/3], (11) 


and since J and @ are related by Eq. (4) an approximate 
calculation of D is then possible. (HCrO2 and DCrO, 
deviate from a simple cubic, but this was not corrected 
for in our approximate calculations.) For HCrO: the 
measured linewidth was 352 gauss (half-width 176 
gauss), and for DCrO, the measured linewidth was 429 
gauss. The line was symmetric and, as mentioned before, 
the g value was close to 2. Therefore, D<hy and Eq. (10) 
can be used. From the Curie-Weiss @ values, Eq. (4) 
and Eq. (11), the exchange frequency can be calculated. 
Equations (8) and (10) were then used to estimate D. 


0 L. S. Singer, J. Chem. Phys. 23, 379 (1955). 
1 L, L. van Reijen and J. D. Swalen (private communication). 
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Parameters 


DCrO, (85°,D) 


HCrO, 


g 1.976 1.976 

we (Bohr magnetons) 3.93 4.07 

@ (°K) 276 214 

J (s=6) 18°K (13 cm”) 14°K (10 cm) 

H,(0) 4.16 10° gauss 3.22 10° gauss 

AH, 176 gauss 214 gauss 

D 996 gauss 950 gauss 
(0.093 cm™') (0.089 cm™) 


The results are given in Table I. The estimated D value 
is smaller than the value (0.192 cm~') found for Cr* 
in Al.O; doped with a small amount of Cr**.6 


DISCUSSION 


As shown by Douglass,! the environment of the 
chromium ions is distorted from cubic symmetry and 
the Cr-O-H-O-Cr system is not linear. The magnetic 
properties of HCrO2 and DCrOy, as determined in this 
investigation are consistent with a paramagnetic 
material which contains three unpaired electrons per 
chromium ion and a large exchange interaction between 
Cr+ jons along the 3 axis. The exchange in HCrOz is 
of the type called superexchange and takes place through 
two intervening oxygen ions and one proton or deuteron. 
The evidence pointing to this type of superexchange is 
the fact that the substitution of deuterium for hydrogen 
in the crystal results in a large change in the value of 
6 in the Curie-Weiss law, and consequently in the value 
of the exchange integral Eq. (4). 

The exchange postulated for this compound is unique 
in one respect; it occurs through /hree intervening ions. 
Exchange forces have been shown to operate over 
greater distances, but between two intervening atoms, 
e.g., in MnBro.!* The Mn-Mn nearest neighbor distance 
is 2.233 A, while the superexchange occurs over 7.07 A 
(4.787 A in HCrOz) through two Br ions. 

There are also cases where superexchange occurs 
through a nonlinear array of atoms. For example, 
Griffiths, Owen, Park and Partidge! work on Ko2IrCle. 

We visualize the superexchange process as follows: 
The chromium ions are surrounded by an octahedral 
arrangement of oxygen ions. The 3 de orbitals d,,, dyz, 
dz, are each singly occupied and constitute the A state. 
If we now use sp* hybridized orbitals for the eight elec- 
trons in O=, we can construct the following model for 
HCrO,: The sp* orbitals and the de orbitals are orthog- 
onal, and cannot take part in o-bond formation. The 
sp® and dy orbitals are, on the other hand, not orthogonal 
and electron transfer can take place from the sp* to the 
dy orbital. We therefore evision the following process 


2 E. O. Wollan, W. C 
Rev. 110, 638 (1958). 

3]. H. E. Griffiths, J. Owen, J. G. Park, and M. F. Partridge, 
Proc. Roy. Soc. (London) A250, 84 (1959). 


Koehler, and M. K. Wilkinson, Phys. 
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of Anderson" ; 


An excited state exists where one electron is transferred 
from an oxygen ions to an unoccupied dy orbital in 
the chromium The lowest energy state occurs 
when this electron enters with a spin parallel to the 
three de electrons, (Hund’s rule) resulting in ferromag- 
netic coupling between Cr and O ions. This in turn 
results in the spin coupling as pictured above, leading 
to antiferromagnetically aligned Cr ions. There have 
been a number of other mechanisms proposed for super- 
change. In general, they usually involve a transfer of 
more than one electron at a time. Kanamori'® discusses 
these mechanisms most of which in the case of Cr** lead 
to antiferromagnetism. All of these mechanisms are 
really saying that the dy wave function and the oxygen 
wave functions are mixed. Hund’s rule leads to parallel 
spins between the dy and de wave functions. In order 
for bond pairs to occur in the chains, an antiferromag- 
netic coupling results. Recently Anderson'® developed 
a crude method for estimating J and 6. Using this 
method, we calculate a 6 value of 650°K. When empty 
dy orbitals overlap this anion (the case in point here), 
Anderson points out that the antiferromagnetism should 
be weaker. These ideas are in crude agreement with 
HCrG.s and DCrOs. 


ions. 


14 P. W. Anderson, Phys. Rev. 79, 350 (1950). 
18 J. Kanamori, J. Chem. Phys. Solids 10, 87 (1959). 
16 P. W. Anderson, Phys. Rev. 115, 2 (1959). 
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The change in the superexchange coupling in going 
from HCrO2 to DCrOz could be caused by a number of 
effects. Two possible causes are the change in lattice 
spacing’? and zero-point vibration effects. The chro- 
mium-chromium layer distance along the 3 axis is in- 
creased by about 0.04 A from HCrO, to DCrOs, and 
consequently the superexchange coupling decreases. In 
addition, the amplitude of the zero-point vibrations 
is decreased on deuteration. This means that the hydrogen 
wave function will be more diffuse than that of the 
deuterium. A larger overlap with the oxygen wave 
function and a larger exchange should then occur in 
the case of hydrogen. Probably the change in the lattice 
constants, however, causes the largest change in the @ 
value. Disorder apparently does not contribute to the 
lowering of the @ value in DCrO» (85% D) since DCrO» 
(100% D) gives a consistent value of 8. 

One final fact to consider is the Néel temperature. 
Recent neutron diffraction results!’ show that HCrO» 
is not antiferromagnetic even at 4°K. This means 
6/T,>50—a very large value. 

At present there is only a crude agreement between 
theory and experiment. Nevertheless, we have some 
idea about the relation between structure and magnetic 
properties for HCrO, and DCrOs. 

Note added in proof. It has been noted that our Eq. 
(8), obtained by averaging over @, is related to an ex- 
pression given without such averaging by U. Kh. 
Kopvillem, Soviet Physics JETP 38, 151 (1960) 
[translation 11, 109 (1960) ]. 
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The theory of both nuclear resonance energy absorption and the relaxation of a coherent magnetization 
transverse to an applied external magnetic field is developed for nuclei in a mechanically rotating solid. The 
consequences of the formalism in the simple case of a solid composed of effectively isolated nuclear pairs is 
presented. For the more general nuclear lattice, a procedure for isolating and experimentally measuring 
the “exchange”’ interaction between the nuclei in the solid is proposed. Finally, the moments of the energy 
absorption line shape for the rotating solid are investigated and the second and fourth moments are explicitly 


calculated. 


SYSTEM of nuclear spins regularly disposed at 

lattice sites sitting in an external magnetic field 
and interacting among themselves via spin dependent 
forces constitutes a many-body system which can be 
explored both experimentally and theoretically by rela- 
tively simple techniques. The theoretical study of the 
resonance absorption of energy in a static lattice was 
initiated by Van Vleck! just after the introduction of 
magnetic resonance techniques** for exploring the 
structure of solids. A procedure alternative to resonance 
absorption measurements is available—the study of the 
time dependence of the coherently induced magnetiza- 
tion transverse to the applied magnetic field. This latter 
method gives essentially the same information as 
resonance absorption studies for the case of the static 
lattice.* 

In this paper we set ourselves the task of determining 
both the nuclear spin absorption spectrum and the 
behavior of the transverse magnetization of a mechani- 
cally rotating lattice. Preliminary work on the trans- 
verse magnetization in a rotating solid has already been 
carried out by Lowe.® In addition, some of the results 
which are obtained in Sec. II below have been given 
independently by Andrew and Newing’ in their study 
of internal pair rotation in a solid. However, our pro- 
cedure is based on rigorous quantum mechanical prin- 
ciples and so differs from the previously given local 
magnetic field calculation. 

The conditions under which the calculation will be 
carried out are: 

(a) Rigid lattice. The absolute value of the separation 
of any pair of nuclei is invariant. The rigid lattice is 

* National Science Foundation Postdoctoral Fellow 1960-1961. 

t Research Corporation Predoctoral Fellow. 

1 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 

? FE. M. Purcell, H. C. Torrey, and R. Pound, Phys. Rev. 69, 37 
1946) 

3}. Bloch, N. Hansen, and M. Packard, Phys. Rev. 69, 127 
(1946) 

*R. Kubo and K. Tomita, J. Phys. Soc. Japan 9, 888 (1954) 

I. Lowe and R. Norberg, Phys. Rev. 107, 46 (1957) 

*T. Lowe, Phys Letters 2, 285 (1959). 

'E 


Andrew Newing, Proc. Phys. Soc. (London) 72, 
959 (1958). 
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to be contrasted with the static lattice wherein the 
vector separation of any two nuclei is an invariant. An 
ionic crystal such as CaF, will provide a sufficiently 
rigid lattice structure. 

(b) Large external magnetic field. The nuclear spins 
are bathed in an external magnetic field which is large 
compared to the magnetic field seen by one nucleus 
due to all the other nuclei. As a consequence of this 
condition, the energy levels determined by the Zeeman 
energy of the spins in an external magnetic field, i.e., 
the Zeeman levels of the solid as a whole, are well 
defined. The internuclear interaction then splits the 
Zeeman levels of the solid into many sublevels but 
does not to any detectable extent mix Zeeman levels. 
With magnetic fields of a few thousand gauss, this con- 
dition prevails for all the solids on which nuclear para- 
magnetic resonance can be performed. 

(c) Neglect of spin-lattice interaction. The spin- 
lattice interaction is assumed weak compared to the 
spin-spin interactions and, a fortiori, to the spin inter- 
action with the external field.* 

In the language of magnetic resonance phenomena, 
we demand that 7<7,, where 7; and 72 are the phe- 
nomenological relaxation times introduced by Bloch’ 
to describe the spin-spin and spin-lattice interactions, 
respectively. For CaF2, for example, 740 usec and 
7,20 sec (room temperature). 

(d) “High” magnetic temperature. The Zeeman 
levels of the solid in an external magnetic field of 10! 
gauss are almost equally populated for temperatures 
above 10-* °K. The assumption of a high lattice tem- 
perature will simply mean that the difference in Boltz- 
mann populations of the magnetic levels is very small. 

(e) Neglect of nuclear electric quadrupole and mag- 
netic octupole moments. The intrinsic electric and 
magnetic properties of the nuclei, other than electric 


8 Of course, we do include the modification of the dipole inter 
action of the nuclear spins by the mechanical rotation of the 
lattice which can be looked upon as a type of lattice-spin inter 
action 


®F, Bloch, Phys. Rev. 70, 460 (1946). 
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charge and magnetic moment, are assumed to have no 
effect on the resonance process. 

To motivate the study of resonance absorption in a 
rotating lattice, it need only be observed that the part 
of the magnetic dipole interaction Hamiltonian which 
operates within a Zeeman level between two nuclei in 
an external magnetic field is anisotropic, and varies 
both in sign and magnitude when the internuclear 
vector is reorientated with respect to the magnetic field. 
Hence, the possibility arises of controlling the magnetic 
dipole interaction strength by partial or complete rota- 
tional averaging. By using the mechanical rotation as a 
switch for regulating the strength of the dipole inter- 
action, other isotropic internuclear interactions in the 
solid can be relatively enhanced and so more easily 
studied. The order of magnitude of spinning frequencies 
(Q) required is readily surmised: Q&1/7 3. For CaF», 
Q?2.4X 10* rad /sec. 

In Sec. I, we develop the general formalism for com- 
puting the nuclear resonance absorption line shape and 
apply the results in Sec. II to the simple example of a 
nuclear pair imbedded rigidly in a rotating lattice. The 
problem of the relaxation of transverse magnetization 
in a rotating solid is treated in Sec. III. In the limit of 
ultra-high frequency (uhf) rotation (Q>>1/T>), the con- 
sequences of rotation are especially simple and form the 
subject matter of Sec. IV, where a method for measuring 
the isotropic “‘exchange-type” internuclear interaction 
is proposed. Finally, the conventional procedure of cal- 
culating the absorption line moments is pursued in 
Sec. V, for the nonstatic lattice. 

In a future paper, a comparison between theory and 
experiment will be given as well as the detailed numerical 
evaluation of the theoretical expressions for the specific 
solids of interest. 


I. GENERAL FORMALISM. THE RESONANCE 
ABSORPTION LINE 


The atomic nuclei which reside at the lattice sites of 
a rotating solid can be considered as essentially struc- 
tureless entities except for an intrinsic charge and an 
intrinsic magnetic moment. An intrinsic electric quad- 
rupole moment or magnetic octupole moment is 
excluded by assumption. Our interest is in the energy 
levels of the aggregate of nuclei in the solid, more 
specifically, those energy levels which depend on the 
orientation of the individual nuclear spins. 

Consonant with the restrictions which are assumed 
to prevail and which were outlined in the Introduction, 
the only interactions to which the nuclear spins will be 
subjected are: 

(a) The interaction with an external field H which 
is describable by the Hamiltonian associated with the 
Zeeman energy™: 

K.=—y > 1-H, (1.1) 


Units with #=1 are employed. 


AND H. 


KESSEMEIER 


where y= magnetogyric ratio of nucleus. In the follow- 
ing we have tacitly assumed that all the nuclear y are 
equal but this restriction is easily lifted. 

(b) The internuclear interaction (3(;), which we 
need not specify here except to note that 3¢,(/) will be 
explicitly time dependent if the lattice is mechanically 
rotating. Since the Zeeman levels are assumed to 
determine the gross structure of the energy levels of 
the solid as a whole, 3; is a small perturbation on K, 
and consequently its effect is to split the highly de- 
generate Zeeman levels into a fine structure and to mix 
but negligibly the distinct Zeeman levels. 3(;(¢) can 
then be truncated so as to commute with 3-: 


[H#.,5,(t)]=0 [truncation of 3%,(é)]. (1.2) 
We also note that, in general, 


[3i(h), Hi (te)] 40 if th Abe. (1.3) 


(c) The rf magnetic field interaction which is of the 
form: 


KRee(l=—y > 3 L-He(d, 


H «= |H»| =amplitude of exciting rf magnetic field. 


H,,()= H,; coswi. (1.4) 


The rf field is taken to be so weak that the first-order 
perturbation effect of 5C,;(¢) alone is important, i.e., the 
saturation of the resonance is precluded. 

Let Y(t) denote the probability amplitude describing 
the state of the nuclear spins. Then the Schrédinger 
equation of motion is 


(1.5) 


idy (t)/ dt= [H.+K (t)+ Hee(t) Wd). 


To solve (1.5), we make the following sequence of 
canonical transformations: 

(i) v(t) =exp(—ik.1)y (0), 

(ii) V(j=W dy’ (0), 
where i0W (t)/dt= 3¢,()W (1); W(O)=1, 

(iii) vy" (t=U (OW (0), 


where 
idU (t)/dt= Ky (HU(D;- UO)=1, 
Ke (SW exp.) Ke(1) exp(—7K.HW(), (1.6) 


so that 
¥(t)=exp(—i1 KAW (HU (OY(0), 


t 
wo=1-if RUMWe')d’, 


t 
U(i)=1 -i f Re UYU dt’. 


In view of the postulated weakness of the rf excitation 
U(t) can well be approximated by the first iterate of 
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the integral equation which it obeys: 


t 
Ui -if Ker (Ud. 


H(t) induces transitions between the Zeeman levels 
when w is in the neighborhood of the Larmor frequency. 
If the original state of the solid at time /=0 is specified 
by the total quantum number m and the sublevel index 
a, then the probability of having made the transition 
to the level with quantum number m’ and a’ at time T is 


ty) 9} rm 


(1.8) 


= (m'e'| exp(—i5.T)W(T)U(T)| ma) ? 


= (m'e’ W(T)U(T) | me) '*. (1.9) 
The final state can either have higher or lower energy 
than the initial depending on whether the rf field 
induced emission or absorption. (Spontaneous emission 
is always negligible.) 

For a solid in thermal equilibrium the net prob- 
ability of the solid having absorbed energy at time 7 
is the probability of a Boltzmann populated level 
jumping to a higher level minus the probability of a 
Boltzmann populated level jumping to a lower level: 


e BEma 


P(w,T)= > W(T)U(T) ma) ? 


ma, m'a’ 


(m'a’ 


e-BEm'a’ 
—' (ma W(T)U(T)!| m’a’)'? 


(1.10) 
Z 


Z=¥ cbf ma, B= (kT). 


The dependence of Ena on a and Lmyq on a’ can be 
neglected at any realizable temperature in the cases 
which we shall consider. Now W(t) can be removed 
from the expression (1.10) by noting that 


da WIT) | m'a’)(m'a! | WT) 
Yar m'a’)(m'a’, (1.11) 
which is a simple consequent of the unitarity of W’(/) 
in the subspace defined by m’ since [W(t), y % 17 ]=0 
In the limit of sufficiently high temperature (room 
temperature in most experimental situations) the 
Boltzmann factor can be expanded and only the first 


nonvanishing term retained : 
P(w,T)=x DY | m'a’ U(T) ma)? 


ma, m'a’ 
m zm’ 


T T 
=« nf f af dt’ xeu'( ut (O)) (1.12) 


where B(E-ma'— Ema)=Bwr; (ma! H'(t)|mB)=0, wr 
=Larmor frequency=y|H!, and «= (@w,)/(2Z). In 
the future, all constants, unimportant for our pur- 
poses, will be designated by x. 
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The following identities are useful: 
(i) WHMOWIO=WMOW O=WeD, 


where 


weg=1-if 5, (i Wt" bdt", 
t 


(ii) exp[i3e.(’—) jy ¥ 17H et expl—i#.('—D) |) 
=A aly > 1,7 coslyH('—0) |} 
+y > 1" sin[yH (t'—2) ]}, 
He=Ant; H=H2; 
Tr{> yi 7 coslyA (’—)) JWI) 
Xd yi sin[yH (’—) W(t} =0. 


(iii) 


(1.13) 


The last expression in (1.13) is valid only if W(t’,f) is 
invariant under a unitary transformation which rotates 
all the spins about the x axis through 7 radians. For all 
the explicit forms of 5(;(/) which generate W(é) this 
will be true. With the use of (1.13), P(w,7) simplifies to 


. . cos[.w(t/—?) ]+cos[w(t’+2) 
P(w,T)=k arf ar 


) 


XcosyH (’—1) Trhy © 1zWi(t' dy 
x 1 7W(r,)}. 


, 


(1.14) 


—f: 


r x 
P(w,T)= f af dr{coslwr |+cos[w(r +21) }} 
0 t 


XcoslyHr] Trl L.Wt(t+7, )LLW (t+7, !)] 


T t 
taf at f dr{coslwr |+cos[w(—7+20’) ]} 


XcosfyHr] Tr L.W't("', !—7) LW (t', '—7)] 
L= Li, (1.15) 


Introducing the new variables 7r=/ 


and the transition probability per unit time '(w) in the 
limit as 7 — * finally assumes the form!"': 


dP(w,T) <i . 
I'(w) lim 3 f cos[ wr | cos[ yr 
— dT x 


Xlim TrLL.Wt(7T, T—7) 
T-2 


xX LW (T, T—1) \dr, 


lim W(T, T—7)=lim W(T+r,7). (1.16) 
Tox Tx 

"The limiting procedure which has been employed in deriving 
Eq. (1.16) can be justified physically by noting that the observed 
I'(w) should not depend on the orientation of the spinning crystal 
about the rotation axis at ‘=0. In later sections, we shall exhibit 
that the limit prescription is actually equivalent to averaging 
over the azimuthal angle of the spinning crystal at any instance, 
in particular, at /=0 and that after such an averaging, the trace 
of Eq. (1.16) no longer depends on T. Of course, a powdered 
(microcrystalline) sample automatically incorporates an azi- 
muthally averaged ensemble. 
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It should be noted that we can drop the term in the 
integrand containing cos[(w+yH)r] since only the 
resonance line about w= yH is of interest and indeed the 
experimental observable phenomenon. Also the term 
containing cos2w7 and sin2w7 oscillates to zero in the 
limit 7 — x for w~yH simply because the trace can 
give rise to no term coherent with such a fast oscillation. 
Thus the resonance energy absorbed at frequency w is 
proportional to 


£ 


I (w) f cos| (w—yH)r |R(r), 


x 


R(r 


lim Trl LW (to,t:) LW (t2,t,) J, 
Tx 


i= T: fy T—r, 


W(tot)=1-if ROW (thd. 


If the Fourier transform of (1.17) is taken, we find: 


R(r)+R(—71) 1 sas 
= 2 J il ae yH T (w)dw, (1.18) 


2dr J_, 


k can now be specified by requiring /_,.**T' (w)dw=1: 
ck=(2eR(O)F', RO)=Trl(L17)). (1-19) 


From (1.18) the moments of the normalized resonance 
absorption curve about the Larmor frequency w.=yH 
foll« Ws: 


—)"?2 d"R(r) 
M = (2 even), 


R(O 


M,=0 (n odd), (1.20) 


w= f (w—yH)"T (w)dw. 


In particular, My=1 by (1.19). 

Formulas (1.17) and (1.20) are the required generali- 
zation of the Van Vleck procedure for the case of a 
rotating lattice. 


Il. APPLICATION OF THE GENERAL FORMALISM. 
THE ROTATING NUCLEAR PAIR 


As a specific example of the foregoing formalism, we 
treat the problem of a rotating solid containing nuclear 
pairs which to a first approximation can be considered 
as isolated. The background magnetic field associated 
with nuclei more distant than the nuclear pair partner 
will give rise to secondary effects on the line structure. 
In the static lattice the theoretical and experimental 
line shape of such nuclear pairs has been successfully 
treated by Pake.” The following discussion will be 
limited to a pair of identical spin-} nuclei. 


2G. Pake, J. Chem. Phys. 16, 327 (1948). 
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The Hamiltonian for the spin pair in an external 


magnetic field is 


K,= —y(h+bL)-H, (11.1) 


where y= magnetogyric ratio and H= external magnetic 
field, while the internuclear Hamiltonian is taken in the 
most general form": 


RH ()=ah-h+eh-?(Oke-F (0) - 
+cf1,-Al.- cos"6(1) 
+4(h-b—1,-M1-77) sin’0(2)] 
=1,-hf[ei+3ce sin0(2) J 
—ieol,-Al,-AT1—3 cos’0(t)], 


> ch: 1 


(11.2) 


where //= unit vector in the direction of H and cos@(t) 
=F(t)-H. In effec t, the Zeeman levels are so far sepa- 
rated that any part of 3¢,;(¢) which would mix Zeeman 
levels is negligible so that 3C;(¢) has been truncated in 
the above manner. A more detailed presentation of the 
truncation process is given in Appendix A. The explicit 
time dependence associated with a rotating lattice has 
also been indicated in (II.2). 

For a pure dipole interaction ¢; $co= 77/7 
(II.2) takes the form: 


and 


-y , - 


)r 


(IT.3) 


KH ,= [1—3 cos’6(?) ] 
(pure dipole interaction). 

The truncated Hamiltonian (II.2) is diagonal in the 
representation of the four-dimensional spin 
characterized by the total spin L and the projec tion of 
the total spin along A, ie., L- 7: 


H,|L=1,M=+1 
=[4(e1t+-3ce sin*@) — $c2(1—3 cos’) | 
xX |L=1,M=+1 


S] LCC 


x,;|L=1, M=0 
- [i(atdee sin?@) + heal 1—3 cos’@) 
<x | L=1, M=0), 
x,|L=0, M=0 
=[— 2(ei4+3c2 sin’@)+ §c2(1—3 cos*#) | 


<~| L=0, #=0). 


Transitions out of the state |L=0, M=0) are impossible 
via an exciting rf field (since L! L=0, M=0 
for the following calculations the state L=0,M=0 
lies dormant. In addition, 1-1. thus 
effectively take on only its triplet state value 1, the 
subsequent calculation proves to be independent of ¢;. 

In view of this remark, only the explicit time de- 
pendence of [1—3 cos*@(t) ] is needed. In terms of the 


0) and so 


because can 


18 That (II.2) is the most general expression for the interaction 
Hamiltonian of two spin-} particles is readily proved by observing 
that only three vectors (r, Il.) are available with which to form a 
rotationally invariant Hamiltonian. Furthermore, the vector r 
must occur an even number of times if the particles are to be 
reflectionally equivalent. All invariant dot products thus formed 
reduce to one of the types constituting the expression (II.2). 
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Ne ane 0 coeessneeenenenseon 
abcoccenenccancee 


. 


Fic. 1. The orientation of H and 7 relative to the rotation axis 
directed along the unit vector %. 


angles of the internuclear vector (#,¢) and the mag- 
netic field (0,®) relative to the rotation axis taken as 
the polar axis (Fig. 1): 
{1—3[ F(t): P} = —2P2(cos@)=a+b cos(Q+ ¢) 
+c cos2(Qi+ ¢), 
a= —(8&r 5)¥o0(¥, Qi+ ¢)V20(0,8) 
= —4(1—3 cos’) (1—3 cos?@), 
5)[V21(8, g=0)- Yo. i(, ¢=0) ] 
x V04(0, e=9)= —3 sin2© sin2v, 
— (8r/5)[V22(8, s=0)+Vo,_0(8, ¢=0)] 
X Y22(0, 6=0)= —§ sin*d sin’0, 
where 2= rotation frequency. Note that in the rotating 
solid each pair rotates about an axis which can be 
taken through any member of the nuclear pair. 


The general expression for the shape of the nor- 
malized absorption line is 


1 +x 
=—~ f dr cos (w—yH)r | 
2e Trl? 7. 
X lim TrlW' (tot) LW (tot) Le J, 


i= T: 


i= T- T; 
te 
Wt)=1=i f K(OW (th h)dt. 
ft 
For the two-particle case, 


[ H(t’), 5, (t") ]=0, 
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and so the integral equation for W (ts,t,) can be solved 
exactly : 


t2 
W(ats)=exe| -i f x(a] 
ft 


t2 
= exp| — if Ii - befcit3ce sin*0(0) |di 
th 


+ig(to,t; kh, mA, 


7 (11.8) 
g(lan)= dee f {a+0d[ cos(Qi+ ¢) | 
t 


+c cos[2(Qi+ ¢) }}di 
= $¢o{ar+(2b/Q) sin(Qr/2) 
Xcos[2(¢/2+ ¢/2) | 
+(c/Q) sinQr cos[2Q(¢/2+ ¢/2) }}, 
GH=loth, r=lb—h. 
From (II.8) and using I,-l=1, 
Trl Wt (to,t1)L2W (to,t1) Le | 
Tr{exp[—ig(ta,:)h-Al- AL, 
Xexp[+ig (toh Abe AIL} 
:  Tr{expLig(tet)h-Ale- AL, 
Xexp[ig(tot)h-Ml-AIL_} 
= > (M\exp[—ig(ts,t:)h-Ale-A]| M) 


M=1,0 


x(M—1| expLig(t,()h-Ml,-A]| M—1) 


2—4M 
=> exp ttt) )| 
M=1,0 4 t 


= 2 cos[_g(te,t1) 2). (11.9) 


The limit 7— x must now be effected and to this 
end we employ the expansion'*: 


n + TT 
exp (ia cosp ) = + J (a) exo] in(3+ )} 
n=—0 Z 


where /,,(a@)= Bessel function of the first kind of order 
n and argument a. The limiting process amounts to 
retaining only the nonoscillatory terms in 


(11.10) 


T'= (o 2+ ¢ (2) 


jim expLinQT’ ]=5,0, 


(11.11) 


4P. M. Morse and H. Feshbach, Methods of Mathematical 
Physics (McGraw-Hill Book Company, Inc., New York, 1953), 
Vol. I, Chap. 5, p. 620. 
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and so after (11.10) and (II.11) is applied to Eq. (II.9): 


cob 
|= sin(Qr 2| 
22 
T 
x |= sin(Q | exp| — im] 
2 


| cob Cx 
= exp[t(coar) {74 = sin(Qr » b= sin(@) 
oO 


lim exphig(te,t:)/2] 
T’=0 


= exp[i(car)/4 | > Hi 


m=—20 


cob F 
—)"J 4m—) — sin(Qr/2) 
0 


Cox 
XJ — sin(@) 
° 


" cob 
+2> (-)ul = sin(Qr »| 
22 


m=) 


C2€ 
Kea |= sin ||. (11.12) 
40 


With the use of (I1.9) and (11.12), (II.6) is now 


+2 


1 
lr (w)=—— f dr cosl (w—yH)r ]R(r), 


2x Tr(L,’) 


2 2 1 
R(r)=2 cosar| zo a - sin(2) | 
? 0 


+22 ("Fu sin( =| 


=] 


” 2 Qr 

—2 sina| 2>0 (-—)"J am {s sin( ‘) 
m=! Q 2 
> en f- sin({ |. 


ic2(1—3 cos*d)(1—3 cos’O), 
B=c2b/4= —}c2 sin2d sin20, 


(11.13) 


a=c0 ‘4= = 


6=c/4= —}c2 sin*d sin’. 


It is worth mentioning that the limiting processes 
Q2— 0 and T’— « do not commute since, if T’— « 
is performed first, an average over the azimuthal angle 
about the rotation axis is irrevocably effected. 

We shall now briefly discuss the implications of 
(II.13) under three aspects. 


AND 
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A. Right-Angle Spinning 


By this, we mean that the angle between the mag- 
netic field and the spinning axis is 7/2. Consequently, 
8=0 and J,[8(2/Q) cos(3Q27) ]=6n0. The integral in 
(II.13) can be carried out by using 


1 +20 
— f cosrgJo(2Z sing)d¢ 
2a J _« 

M=+2H 


> 6(r—2m)[J m(Z) F, 


m=—D 


(11.14) 


which can be proved by taking the Fourier transform 
of the addition theorem for Bessel functions."® The final 
result for the line shape is 


+2 


1 
T' (w) =——_——_ f dr cos[ (w—7H)r | 
2x Tr(L,’) J_. 


Xcosar{2J(6Q~ sinQr)} 


1 + 
———_—_—- dr{cos[ (w—yH—a)r | 
” Oe Tr(Le "hl 


+cos[ (w—yH+a)r ]}Jo(62™ sinQr) 


mMm=+n0 
> [6(—yH—a—2mQ) 


m=—2X 


~ 'Tr(L2) 


+5(w—yH+a—2mQ) [J n2(6/22) }.} = (11.15) 
Andrew and Newing’ have also computed the line 
shape by the semiclassical method of treating the 
local internuclear field seen by the nuclei to be fre- 
quency modulated by the rotation of the pair. The above 
method leads to the same expression as obtained by 
these authors for the particular case of the spinning 
axis perpendicular to the internuclear axis. 

The line shape I'(w) consists of the ‘““Pake-split”’ lines 
at w=yH-+e and satellite lines around each of these 
“Pake-split” lines at regular intervals of spacing 20. 
At certain critical rotation frequencies, namely those 
frequencies which are associated with a root of a Bessel 
function, certain lines will vanish. For example, the 
lines at o=yH-+a will disappear when Jo[6/(2Q) ]=0. 
The critical frequencies 2, are determined by 6/ (20, 
=x,, where x, is a root of Jo(x): 


2,=6/(2x,), 


41= 2.405, x2=5.520, 23;=8.654, etc. (II.16) 


B. High-Frequency Spinning 
The arguments of the Bessel function in Eq. (II.13) 
all depend on the parameters 8/2 and 6/2 which 
become small compared to unity as the “energy” 2 
becomes large compared to the energies 8 and 6. Con- 


15 Reference 14, Vol. 2, Chap. 10, p. 1322 
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sequently, for sufficiently large rotation frequencies, 
I'(w) is expressible as a rapidly converging series in Q-. 

It will be noted that ['(@w) of (II.13) can always be 
written in the following form: 


; 1 
r'(w)=— 
2x Tr 


L9 f dr{cosl (#w—yH—a)r | 


+cos[ (w-yH+a)r ]}} 3 a, cosnQr 


n=) 


+{sin[ (w—yH—a)r |—sin[ (w—yH+a)r }} 


xX ¥} 4b, sinnQr 


n=) 


iene yH—a)+6(w—yH+a) | 


me oe 


n=— 


4an[6(w—yH—a—nQ 


+6(w—-yH—at+nQ)+6(w—yH+a— nQ) 
+6(w—yH+a+nQ) ] 
+ >> 3b,[6(@—yH—a— nQ) 


n=! 
—6(w—yH—at+nQ)—b(w—yH+a—nQ) 
IT.17) 
+6(w—yH+a+nQ) }}, 


QO 27/2 


f cos(nQr)Ri(r)dr; 
0 


us 


24/2 


R,(r)dr; 


/2 
=~ f sin(nQr)Re(r)dr, 
0 
where 


2 Qr 
Rir)=4 3 sin( )p fi. sing] 
Q Z 
+2 > (—)™ Juno % -sin(~ \y. _f- sin ( an], 
fio) 
3 


1 
F ie. {5, snr) 
For small arguments: 


1 ss\" 2 zi 
, ( ) [1 + . +] 
IN27 Lo 4(m+1) 32(n+2)(n+1) 


(11.18) 


R»(r)=2 pa (— 
m=1 


J n(2) 


ENERGY BY 


ROTATING SOLID 841 


so that up to but not including terms of sixth order in 
Q-', the only contributing @ and 6 coefficients turn out 
to be 


r 6+ (6/2)? 3 /B'+ (6/2)? 1 8°(6/2)? 
{OSCE 
E 20? 32 Vs 4 


/ 6° (6/2) 
=| B?/ (29?) —B*/ (8a) -———_ | 


L 80 


r Bt 6/2)? (6/2)' (°(6/2) 
— — -— | (11.19) 


ia 22 408 
13° 

om", -|- 498 } 
rl (6/2 — 8% 
=) [ial 


With the use of the a, and b, of (11.19), Eq. (11.17) 
gives the line shape for high rotation frequencies. 


8a 





C. Moments of the Line 


It is a simple matter to calculate the nth moment M, 
of the line about the Larmor frequency yH: 


d"R(r) 
alt (11.20) 


dr” r=(0 


or the even and odd moments (M’, M’’) about the Pake 
lines at yH-ka: 


d"R,(r) 
(2 n even 
n odd 


(11.21) 


n odd 


M,"=0, 


nm even. 


Furthermore, 
related: 


the two sets of moments are directly 


nN 
M,= z( ) (Mn! +M ma", 
m 


(" ) n! 
m m'!(n—m)! 

Again because of the fact that J,(z) is expansible 
according to (II.18) and the series for sin z starts with 


z, only a finite number of terms in R,(r) and R2(r7) will 
contribute to the mth moment. The first few moments 


(11.22) 
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M,'=1, 

M,'=}(8+8), 

M = (384+ 36'+-36°8* ]+ (367+ 28 JQ, (II.23) 
M,”=0, 

M3" = 2(8°6/2°)O. 


Equation (II.23) shows that M,’ diverges as QD ~. 
It is thus apparent that the method of moments is 
useful only for rotation “energies” small compared to 
the interparticle interaction energy and so is a pro- 
cedure complementary to that of the high-frequency 
spinning limit. 

Generalization of these results to interacting pairs 
of higher spin can be made quite straightforwardly. 
Moreover, many of the features of the spinning nuclear 
pair are still exhibited by the m-body system formed by 
spins disposed at the lattice sites of a rotating micro- 
scopic sample to which we direct our attention below. 


Ill. RELAXATION OF TRANSVERSE MAGNETIZATION 
IN A ROTATING SOLID 


In the exploration of nuclear and internuclear mag- 
netic properties, the relaxation history of a macroscopic 
magnetization transverse to the external magnetic 
field H provides a possible experimental 
approach. The first desideratum, of course, is to induce 
coherently a macroscopic magnetization transverse to 
H. Experimentally, this is accomplished by irradiating 
the sample (for a precisely determined time) with an rf 
pulse oscillating with the Larmor frequency w=yH 
perpendicular to the magnetic field. We briefly sum- 
marize the process of transversalization. 

Since the nuclear magnetization is in thermal equi- 
librium with its ambient before the pulse is applied, the 
magnetization M(t) is 


second 


M(‘)=y TroL=yAi TroL- A, 
P= Lima MA) Pma( ma 
=exp[@yL-H] Tr(exp[syL-H)), 
B=(kT)“. 


(IIT.1) 


The form of the density matrix p given in (III.1) 
originates under the assumption that the internuclear 
forces are weak compared to the forces exerted by the 
external field H and so can be neglected in determining 
the sample magnetization. 

When the rf pulse is turned on for the time interval 
from ¢) to 4, the density matrix becomes time-de- 
pendently driven by the Hamiltonian: 

K(t)= K+ K,()+K,(2), res 
K p(t)= —yH [1 cosw(t—t)) —j sinw(t—t) ]-L, a 


where 3, 


and 3,(t) have the same significance as in 


AND 
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Sec. I. The properties with which the magnetic pulse 
H,, {i cos[w(t—to) ]—j sin[w(t—to) ]} are invested are: 


(i) w=yH; when the pulse has the Larmor 
frequency 7H, the magnetic field H,(¢) follows 
the nuclear spin and forces it to precess about 
itself. 

(ii) |H,|/|H,;|>>1; the magnetic field of the 
pulse dominates the internuclear magnetic 
field Hj. 

(iti) At= (4/2)/(yH,); a pulse of duration 
At will turn the magnetization through 2/2 
radians. 


The equation of motion of the density matrix is 
p(t2) = U (to,to)p (to) Ut (te,to) ; U (te,to) = U (tat) U (tito), 
(i) U(tyto)=expl[—73.(t1—to) JT (th,to), 


th 
T(tuto)=1—i f exp[75C.(t—to) |X, (0) 
to 
(111.4) 
Xexpl—i3H.(t—to) JT (t,to)dt, 


(ii) U (te,t1) = expl—i5C,(t2—t1) |W (te,tr) (for to> 1), 


te 


Wasi) =1-i f 5C (1) W (2,t,)dt, 
t1 


where f9= time of application of rf pulse and ¢;= time of 
removal of rf pulse. 
In the evolution of the dynamical system from f to 
t,; described by U'(t:,fo) the motion induced by 3,(¢) 
has been treated as negligible in view of the properties 
(III.3). It will be noted that the dismemberment of 
3,(t) [Eq. (1.2) ] has been taken for granted in (III.4). 
(The amputated terms will produce small amplitude 
terms rotating at multiples of the Larmor frequency.) 
Again because of the conditions (III.3), the integral 
equation for 7 (t;,to) leads to a simple form for 7'(¢;,to): 
T (ti,to.) = expLi(w/2)Lz). (IIL.5) 
A few elementary manipulations result in a more 
closed form for M (fz): 
M(t2)= (y/Z) TrLU (ts,t1) exp(+8yHL.- f) 
X Ut (to,t;)L), 
A= j cosyH (t;—to) +74 sinyH (t;— to). 


(111.6) 


At time f.=4,, the intuitively expected magnetization is 
realized: 
M (1,)= + {7 sin[yH (t:—to) | 
+j cos[yH (ti—to) ]} | M(to) |, 
while at later times: 
M (tz) = (y/Z){7 sin[yH (te—t) ] 
+j cos[yH (t2—to) ]} TrLexp(+8yHL,) 
XW (t2,lo) LeW (te,to) }, (111.8) 
W (toyt) LW (toto). 


(111.7) 
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Free use of the rotational invariance of W (¢s,t;) against 
rotation of the spins about the z axis through any angle 
and about the x and y axis through z radians has been 
made to create the form (III.8). Furthermore, the 
Boltzmann factor is always close to unity: 


M(i.)= (y/Z)ByH {i sin[-yH (te—to) | 
+j cos_yH (t2—to) }} 


X Trl LW' (to,to) LW (toto) ], (111.9) 


te 


W (lala)=1—i f 5H (1) W (t,to)de. 


to 


Comparison of (III.9) and (1.17) reveals the relation- 
ship between the temporal behavior of the transverse 
magnetization and the Fourier transform of the line 
shape in a rotating lattice. 

To understand the origin and meaning of the limiting 
procedure of (1.17) and its absence in (III.9), one only 
need note that in the pulsed experiment, the results 
will depend upon the orientation of the crystal about 
the rotation axis at the instant of the application of 
the rf pulse, whereas no such selective situation occurs 
in the investigation of the absorptive line shape. Thus 
the limiting procedure is essentially an averaging over 
the azimuthal angle about the rotation axis. 

To conclude the discussion of the behavior of an 
induced transverse magnetization in a rotating solid, 
again the specific example of the rotating spin-} 
nuclear pair will be explored. Almost all of the requisite 
calculations have been presented in Sec. IT. 

The trace of (III.9) which gives the modulation 
envelope of the Larmor precessing magnetization was 
calculated in (II.9): 


Trl LW" (to,to) LW (te,to) ]=2 cos[g(te,to)/2], 

cof ar+2(b/Q) sin(Qr/2) cosQ(a/2+ ¢/2) 

+ (c/Q) sin(Qr) cos2Q(a/2+ ¢/2)],  (IIT.10) 
tT=lo—ly, o=lotlo=r+2bo. 


g(lo,lo) — 


Expression (III.10) depends both on the time + elapsed 
since the application of the pulse and on the switch-on 
time of the pulse ¢) in accord with our previous remarks. 
However, by taking the azimuthal average over ¢, 
(111.10) becomes independent of fo: 

(Trl LW" (toto) LW (t2,to) }) 


2r 


1 , 
= f Trl LWt (to,to) LW (to,to) ldo 
2r 0 


= 2 cosatR;(r)—2 sinarR:;(r), (111.11) 
a= —1}¢.(1—3 cos’) (1—3 cos?@), 

B= —3ce sin2d sin20, 

6= —3 sin’d sin’, 


R,(r) and R2(r) are defined by (I1.17). 
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The average over ¢ is accomplished in exactly the 
same way in which the limit 7’— © was carried out 


(11.10), (11.12) except that instead of (II.11), we use 


1 


f exp[ing’ ldg’=bn0, ¢’=et2e/2. (III.12) 


ar 
Experimentally for a single rotating crystal, the azi- 
muthal averaging can be realized by averaging the 
experimental M(z,fo) over all data taken by applying 
many randomly timed pulses: 
) o=27/2 


M ( T,lo)dlo. 
(IIT.13) 


1 pe ( 
(M(r))= J M(z,l0)d¢= 
2r 0 2 


Tv 


If a powdered sample is used, not only is the azimuthal 
average automatically involved but also an averaging 
over the cos? of (III.11). 

As an example of the magnetic behavior of the 
pulsed rotating solid, we give the modulation envelope 
(111.11) up to and including terms of order Q-*: 


(Trl LW (to,to) LzW (te,to) ]) 


= 4 
=P a,{cosl (a+nQ)r }+cos[ (a—nQ)r }} 


n=() 


b,{cosl (a+nQ)r—cosl (a—nQ)r ]}, (III.14) 


+2. 
with the @,,b, of (11.19). Finally, if the crystal is in 
powdered form and the angle included between the 
direction of the spinning axis and the external magnetic 
field direction is @=cos~'(4)}, the explicit form 
assumed by (III.14) is: 


(Trl LiW' (to,to) Lz W (t2,l0) ])) 


= if (Trl LW (te,to) LW (te,to) }) sinddd 


‘ 
=2 > (a,) cosnQr, 


n=0 


r 
{d,)= if a, sinddd, 


(IIT.15) 
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Observation of the oscillatory envelope (III.15) leads 
to the value of c2 defined by (II.2). 


IV. MAGNETIC PROPERTIES IN THE uhf 
ROTATION LIMIT 


As the foregoing belaboring of the rotating nuclear 
pair indicates, the effect of rotation is to feed out the 
strength of the center line of the rf energy absorption 
curve to satellite lines which move out of the range of 
observation in the limit of ultrahigh rotation fre- 
quencies. We deal now with the properties of the 
residual center line for the general lattice of V nuclei. 
It is, however, important that the rotation frequency 
and its first few harmonics be still much smaller than 
the Larmor frequency since spin-lattice relaxation 
effects would otherwise be expected to become non- 
negligible. 

The Hamiltonian which is assumed to represent the 
internuclear interaction is 


A;;(1;-1,—31;-Al;-A)[1—3 cos’, ;()] 
+> 5; B;A;- |, 
for all i, 


Bij= Bj, 


xX, ()=>- 


(IV.1) 


r;()—1;(d) 
cos6 ;;(1)= - ————- 
r;(¢)—r;(t) 


where r;(¢)=radius vector to /th nucleus. If the only 
internuclear force springs from the magnetic dipole 
interaction, then 


A,j=—y/49:3, Bij=0. (IV.2) 


The form of (IV.1) explicitly representing the rotating 
lattice is 
KH (1) =Ao thy ()+h.2(0), 
ho=> a,,(1y-1,—31,-Al;-1)4+B Ab, 
hy=> 1; cos(Qt+ ¢.;—%) (1,;-1,—31,-Al,-A), 
h2=D c4; cos2(2t+ ¢.;—%) (1 1,—31;-A-A), 
a;;= A,;(1—3 cos*d;;)[(3 cosP?O—1)/2], (IV.3) 
b,;= — $A,; sin20 sin20,;, 


— 3A,; sind ;; sin*O, 


Figure 1 of Sec. II indicates the significance of the 
angles in (IV.3); viz., 3:;, gi; are the polar angles of 
the internuclear vector r;—r;; ©, ®, the polar angles 
of the magnetic field relative to the rotation axis chosen 
as polar axis. 
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Certain properties of (IV.3) are of immediate note. 
The Hamiltonian 3(;(/) does not commute with itself 
for all times: 


[3 i(te), H(t) ] FO (IV.4) 


for all times ¢2 and 4, 


a fact preventing a simple formal solution of the integral 

equation for W (f2,¢;) of (1.17). Furthermore, 3(;(¢) has 

one term fo, which is not explicitly time dependent. 
From (1.17): 


R(r)= lim Tr LW (te,t:) LW (t2,t1) J, 


(IV.5) 


W(l)=1-if [hot+hy(t)+he(t) |W (t,t,)de. 
t 


Now in the limit Q— «, /,(t) and h(t) oscillate 
infinitely fast and generate the unique asymptotic 
solution : 

W (te,t1) = e7 *” fs-t = ¢ thor | 


IV.€ 
R(r)=Tr[ LL‘), ita 


because by the operator generalization of the Riemann- 
Lebesgue lemma!® 


tim f [hi(t)+he(t) Je“) dt +0, (IV.7) 
ty 


Q-2 


the validity of which rests upon the property that the 
matrix elements of e~‘"°‘-" oscillates with a frequency 
of the order of magnitude a;; and so cannot be coherent 
with an arbitrarily large 2 frequency. We observe that 
in the limit of ultra-high rotation frequencies the 
residual resonance energy absorption line shape is again 
simply related to the Fourier transform of the function 
prescribing the temporal relaxation of any transverse 
magnetization. A comparison of the Hamiltonian X, 
describing the static lattice and hy: 

KH,=L A j(1,-1,—31;-A1,-2) (1-3 cos", ;) 

+ } B ! il t " l,, 

ho=> (0) A 5 (1-1, —31,- 1-1) (1—3 cos*d ,;) 
+> B,Ay-l,, 

—35A<1 


(IV.8) 
(QO) = (3 cos?’ —1)/2; 


reveals a strong resemblance between the two. 

Suppose that B,; is either zero or negligible in com- 
parison to the dipole-dipole interaction strength 4A ,, 
and denote the experimentally observed lattice relaxa- 
tion function for the static solid by G,(r): 

G, (rT) =R(b experimental; 

. a ; , (IV.9) 
G,(r)=Tr[ Lz exp(iX,7)L, exp(—iX,7) ]. 


The exact relaxation function G,(r) for the rotating 
lattice in the ultra-high rotation frequency limit is then 


16 T. Apostol, Mathematical Analysis (Addison Wesley Publish 
ing Company, Inc., Reading, Mass., 1957), Chap. 15, p. 469. 
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predicted : 


G,(A,7)=G.[A(9)r],  G.(7)=G,(A=1, 7), (IV.10) 
where #;;=96;;. (IV.10) follows from the observation 
that 5, and hp always occur in the combination 3,7 
and hor in R(r). Given the experimentally observed 
function G,(r) at one angle ©, its form at all angles 
follows if the internuclear interaction is predominantly 
of the dipole type. It is important to note that exactly 
the same statements (IV.10) can be made for a 
powdered sample. 

As the angle between the axis of rotation and the 
magnetic field is gradually increased from zero, the 
function G,(r) is dilated by change of scale along the 
time axis. In addition, the moments of the rf absorption 
line ['(w) as a function of © change in a predictable 
manner: 


M,(@)=M,[A(0)}, 
M,=M,(@=0) (static lattice moments) (IV.11) 
(pure dipole interaction). 


A method for determining the strength of the 
“exchange interaction” coefficient B;; will now be 
outlined. The variation of the angle © is an experi- 
mental method for weakening the effective strength of 
the dipole interaction coefficient, or view another way, 
of strengthening the effective ‘exchange interaction” 
coefficient, B;;. In fact, the dipole interaction is effec- 
tively zero for @=cos(4)!. Supposing now that for 
\(@)=1 the dipole interaction completely dominates 
the line shape, we can increase © until G,(r) is no 
longer given by (IV.10). At this point the exchange 
interaction will dominate (since the dipole interaction 
strength has been decreased in magnitude by as much 
as was necessary). Now a knowledge of the second and 
fourth moment of the residual resonance absorption line 
enables the calculation of the relative magnitude of B;; 
to A,;, a possibility first indicated by Van Vleck and 
Gorter’ in their treatment of nuclei interacting with 
strong exchange interactions. We defer until the next 
section the calculation of the moments of the line for 
rotating lattice. 

At the angle 0=cos~'[ (4)!]: 


G,(7)=Tr{ Lz exp[fi © Bi ly lyr JL. 


Xexp[—i > Bi li-lj7]}=TrL2Z, (IV.12) 


and so T; becomes “infinite” (=7,), a phenomenon 
which can be experimentally investigated. Finally, 
attention should be directed to another criterion for 
B,;=0, the independence of G,(A,r) on the sign of A: 
G,(d,7r)=Tr{L, exp[i > AA ;(i-1,—31;-Al- A) Lz 
expl— © 4,,(1i-1,—31,;-A1;-A)]}  (1V.13) 


=G,(—A, r) (pure dipole interaction). 


‘7 C, Gorter and J. Van Vleck, Phys. Rev. 72, 1128 (1947). 
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In summary, the lattice at ultra-high mechanical 
rotation frequencies 2/A ;;>1; 2/B;;>1 provides a 
means of controlling the relative strengths of the dipole 
and “exchange” internuclear interactions and thereby 
studying the effects and magnitude of each. 


V. ROTATIONAL MODIFICATION OF THE 
ABSORPTION LINE MOMENTS 


Because the attainment of mechanical rotation 
frequencies necessary to produce the limiting situations 
discussed in Sec. IV is still, for some resonating solids, 
a refractory experimental project, the consequences of 
crystal rotations of intermediate frequencies (~ 10‘ cps) 
are of practical significance. 

In order to write R(r) of (1.17) in a more readily 
evaluable form, we observe that 

: 


TrLA“L,AL,]_ _ 
@ 
=TrLe+— — Tr[Ae=2Ae~ tz] 9, 


2! da? 


(V.1) 


where A=arbitrary operator, and so 
ad? 


1 
R(o)= fim] Tr(L2) + —~ — Trl W1(te,t1) 


2! da? 


XW’ (te,t1) J a=0f 5 


t2 
Wt)=1-if 5C;(t) W (t,t;)dt, 
th (V.2) 


te 
W'(ts)=1—i f HR, ()W' (t,t:)dt, 


tl 


HK,’ ()=e'27H i(t)e~ Eee, 
2=T+r; h=T, 
The remaining problem is the evaluation of 
Trl Wt (to,t:)W’ (tet) J. 
To this end, we first find 3C,’(/) from 3€;(t) of (IV.1): 
4C,! (t) = e*##* 3; (De iLza 
=H, ()—-3 > Ai{1—3 cos; ;(d) | 
« (14 *—1,41;7) sin’a 
—3>0 A;;{1—3 cos’; ;(t) V41;* sin2a, 
A ,;(1—3 cos*6;;(0)) 
=4;;+0;; cos(Qi+ ¢ij—P) 
+c,; cos2(Qi+ ¢;;—P), 


a;;, 6;;, and c;; are defined in (IV.3). Use has been made 


of 
eikza]; . lje~*ee= 1; l;, 


e'Lza] 2] 7¢~ ‘Lea = (1,7 cosatl ,” sina) (1;* cosa+l;" sina) 
=1 17+ (141 ;"—1,41;*) sin’a 


+ (1,21 ;¥+1 41,7) sina cosa. 


(V.3) 


(V.4) 
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It does not appear possible to solve the integral 
equation for W (¢2,:) and W’(to,t;) in closed form. How- 
ever, as we demonstrate below, if the integral equation 
be solved by iteration, only the first m iterates con- 
tribute to the #th moment. Hence, an iterate solution 
is sufficient for the calculation of absorptive line 
moments: 


W (to,t:)=¥(—1) "7 n(te,tr), 


n=O 


t2 s\ Sn-1 
Taltats)= f ds, f ds.--- f ds», 5; (s)) 
aT t ty 


x KH i(S2)- he Hi(Sn), 


(V.5) 
Ih= 1, 
and 


W’ (to,t:)= > (—i) "Tn (tats), 


n=) 


t2 $1 sn-1 
Ii(ot= f as, f dss: f ds, H;'(s1) 
fy th fy 


K 5,’ (50):+- Hi (sz), 


(V.6) 


I =1. 
The substitution of (V.5) and (V.6) into 
Tr W? (to,t:)W" (te,t1) J 
yields 


TrWt (to,t:) W’ (te,t1) 


=> (-1)"%{>(—)’ Trf//T,_,']}. 


n=) 


(V.7) 
That all the odd-order terms, i.e., ” odd, are zero is 

now to be demonstrated. For » odd: 

ad xn 

— $(~) THI,1..}|. 


da* r=0 


DY (=) MeL — ne T')| ao 


-(—) CTT’) ] 
—CTr(IsT n+) }*} | ano 


a n 
=i— >> (-—)’ Im Tr[/,'7,_,']|« 


da* r=0 


(V.8) 


where we have used 


a? 
— TrLJ,_-'e*2¢] 4 
de? 

Yi 


-~ Tr[In-+'e 


— . Lea] gilza | anil 
dee ; 


(V.9) 


AND 
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Now (d?/da?) Tr(/,"7,_,’)|a—0 is real because 3C; and 
5%,’ can be chosen as real if the ordinary representation 
of the angular momentum operators is chosen, viz., /;7 
and 1,? has real, /;¥ pure imaginary matrix elements. The 
proof of the reality of the trace in such a representation 
rests upon the observation that although /;” is pure 
imaginary, it always occurs an even number of times in 
the traces of form (V.8). [The term 


—3>¥ 0 Aij;(1—3 cos’6;;(1))/1;? sin2a 


must itself occur an even number of times in any non- 
vanishing trace of the form (V.8) because its coefficient 
sin2a is an odd function of a. | Thus the odd-order terms 
in m of (V.7) vanish. 

For the even m terms of (V.7), one can effectively 
write 


Y(-)' Trl. 


r=() 


in—1 
2 (-) Tele n] 
r=) 


+(—)'" TrLTny2'T nyo] (V.10) 


by reasoning similar to that given above for the odd n 
terms and the observation that 
(d?/do?)[TrI,’ |= (d?/de?)[Tr/,, ]=0. 
A second general property of (V.7) to which allusion 
has already been made is 


Dd (—)? Trl et (tots) n+’ (ta,t1) || t2= 


dt.™ r=0 


the theorem being a consequence of 


a™ 
——TI ,(te,t1) | 2=t1=0 
dt.” 


dn 


for m<n, 


T,' (to,t:)\t2=4=0 for m<n, 


d™ m sm\dia d™'b 
lr = ( ) | 
dt™ io \ dt' di™— 


If the following definition is adopted: 


dt.™ 


Trl W'(te,t1)W’ (t,t) J=d Sn, 


n=0 


Sn={(—i)" LU (—)’ Trl T+’ J} 


r=() 


jn—1 
=(2. 5 (-) TL] 


r=] 
+(—)*? TrLTnj2tT nyo’ } (—)” 
S,=0, n odd, 


meven 
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then @So/da?| .-o=0 and the first nonvanishing S is S2: 


53= +TrL i'l"), 


xei(s)ds= f {r A;;(1 


X (1-3 cos6;;(s)) +E Bil; 1}ds, 


1,—31,-A1;-f) 


(V.14) 


te 


t2 
n= se4'(Sds—> f {-—3D Ai[1—3 cos*9;;(s) ] 
t 


v/ ti 


x (1 4 ¥—1 41 ;*) 


sin’a}ds. 


Here 3€,’(s) has been replaced by its only member 
which does not vanish upon operating with d?/da? and 
evaluating the result at a=0. The traces in S2 are 
evaluated without difficulty : 
Trlds- jn n¥—lmln?) |=, 
Trl 2l 3? (Lm n¥— Ln 7ln?) |i: ¢5,m 20 

= — (214+1)%-°0 3 (14-1) (214+-1) PL 6 smd jn FS ind jm]. 

(V.15) 

Appendixes C and D contain several remarks on the 
evaluation of traces which are encountered in (V.15) 
and in S4. 

Both J; and J,’ contain the integral: 


t2 


f A ,,{1—3 cos’6,;(0) ]dt 
t1 


ta 
= f Laij+b;; cos(Q*+ ¢vij—P) 
t} 
+6i; 


cos2(Q¢+ ¢:;—) ]dt 
—,)+(2 


=a;;(l 


b,;/Q) sin[}2(t2—t1) 
Xsin[$2Q(to+h)+ ¢ij;—P | 
+ (¢;;/2) sin[Q(t2—h) | 

Xsin{ 24Q(t+h)+¢i;-P]}. (V.16) 


With lo= T+ T. {\= T: 


te 
lim A uf [1—3 cos*6,;(t) ]dt 
Ton t) 


te 


XA ms | [1—3 cos? Cant t) |dt 
tl 


=a ijam n r + 


+3(c ‘iCmn ) cos[2( D; 


2 (0; j;bmn/Q?) cos( gij— Emn) sin?($Q7) 
— Ymn) | sin’Qr, 


t= to—ty. 
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We now have R(r) approximated for small times 7 by: 
R(r)=TrlL 2-2 > H[1(+1)/3 P(2/+1)% 
X [ai 77?+2(0;7/?) sin? (327) 
+3 Niel /?) 
TrL2=NI(/+1)(21+1)*% 
where V =number of nuclear spins, 
a;;= A;;(1—3 cos*d;;) (3 cos*°O—1)/2, 
bj;=- 


Cij= — $A; sin’d;; 


) sin’Qr ], 


(V.18) 


3A,; sin2d;; sin20, 
sin’), 

Although only a power series development of R(r) up 
to 7’ is needed to find the second moment of the absorp- 
tion line, the terms oscillatory in 2 have purposely been 
kept in (V.18). The expected invariance of the azi- 
muthally averaged second moment against motional 
narrowing is a consequence of the expansion: 


. 1 /2\2 
2 31\2 


9 


1? 1 
—} sin’?Qr=7?——Q?7'+ ---, 
a 3! 


because the coefficient of r* is independent of 
putting in the form (V.18), 
again exhibited: 


lim R(r )=TrL LZ ]—2 > 2(1+1)/3 P 
x (21+1)%a, 272, 


(V.19) 


2. By 
the uhf rotation limit is 


(V.20) 


sin?(3Qr) 
lim — 


2-0 Q? 
in agreement with the more general results of Sec. IV 
[in particular with (IV.11)]. Note that in the uhf 
rotation limit the second moment of the observable 
residual line is decreased by the motion while the sum 
of the second moment of the unobservable distant 
satellite lines and that of the residual line add up to the 
azimuthally averaged static lattice value. 

As in the case of magnetic resonance in a static 
lattice, the evaluation of S, involves a large number of 
essentially trivial manipulations. From (V.13), we find: 


54= —2 Tr(/317,/)+Tr(.t7.’), 


t2 8} 
Li f ass f dso 5; (So) 5, (51), 
tl tl 
te 81 
r= f as, f ds» 5C,;’(s1) 3,’ (se), 
ti th 


te 8} 82 
; f ass f asf ds3 3C;(s3) 5C;(s2) 3H; (s1), 
t1 “i tl 
to 
=f ds, 5,/ 
ft 


(V.21) 


(s1). 
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We delimit considerations of S, to the specific case: plicatively increased in length. Besides, the choice of 
‘ 2 @O=72/2 implies };;=0 and hence as far as the formal 
B,;=9, [see Eq. (IV.1)] (V.22) calculation is concerned the rotation frequency is 
@O=7/2, [see Eq. (IV.3)]. F effectively doubled since now Q always enters with a 
coefficient of 2. 
The more general case results in expressions which are With the restrictions (V.22) in mind, we introduce 
almost identically algebraically constructed but multi- — the following symbols: 





pT r= f A,[1—3 cos*6,;(s1) Jdsi, 


t1 


te 1 
fiia(T,r=A vA f as, f dsl 1—3 cos"; ;(s2) |[1—3 cos*Ox:(s1) J, 


(V.23) 
te 41 83 
fis kl mn(l,T)=A Audnn f asf as. f ds,[1—3 cos’6;;(s3) |[1—3 cos*@;:(s2) |[1—3 COSA mn (51) |, 
th t1 th 


A, [1-3 cos’6;;(t) ]= a4; +4; cos(Qt+ ¢i;—&)+¢;; cos2(Qi+ ¢i;—®), 


with a;;, 6;;, and c;; defined in (IV.3). The forms of the f’s are simple, but tedious to calculate. In terms of these -f’s, 
S, can be rewritten as 


Ss=L fiicafmn rs Trb (I. 1,—3h- 1,7) (1-1 — 31 ele" (In Ln — 3d wn?) (1-1 — 31,1,7)e ikea | 


_— 2 , > fitnrmat ve Tri ( 1,— 3,77) (I, F 1,— 3), 4,7) (1,- 1,—3/,l;*)e“=<(1,- 1,—3/,1,7)e7 ikea}, (V.24) 


and further: 


1 @ | 
lim — —S, => lim (fi;.n2fmn.re) 2 is:btmae 2 >» lim (fi; es eo 2 ij,kl,mn,rey (V.25) 
T-2 2! da? ital : ies : 


a=0 


where T ;;.kt,.mn.re and T®?;; xt,mn,rs are tensors formed from the traces over the angular momentum operators: 
T™ 55 tomn.re= 36 Trl (kh — 3k?) (di — 1  l AYL | 

—3 Trl (he- b— 3), 1,7) (i- Lj— 30 417) (hn Ln — 3 nln?) (LiL, —3/,1,7)],  (V.26) 
T®?) 55 etumn.re= — 3 TIL (In bn 3D?) (he Le — 31?) (i 1; — 31,21) (1-1, — 31,1,.7) J. 


The somewhat lengthy result of evaluating T™ ;;,21,mn,reand T ;;,41,mn,re is relegated to Appendix D. If only the 
terms which contribute to the fourth moment be kept, the limits contained in (V.25) are 


lim f éj.etfmn.rs= @ij@ktOmndre(T*/4) + jOeiCmnrey COSL2( Gijs— Gus) }7?(sin’?Qr)/40? 
Tx ~ ‘ 


A650 k1C mn Ors COSL2( GeI— Gmn) (7/22)? sin? +; j;Ok1dmnCrss COSL2(9i;— Gre) }(7/22) sin’Qr 


+45 jCkiCmnAre} COSL2( Gu1— Gre) ](7/22)* sin? Qr 


+65 jCKICmnC red COSL2( Gait Gis— Gmn— Gre) |(sin’?Q7/4Qr)*, (V.26a) 
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4 
i F 
jim Siiundea™ Cis@eiOanIre—TCijCeiOmnOre cos_2(gij— 
+2 6 


| 


y 
+45 jCk1CmnOrs COSL2(Ymn— edI| 
22 


22 


oe 


sin 


402 


T 
+65 jAkICmnOrs cos[ 2(¢ma— edt 
Q 


i 


| 


Q 


sinQr 
+65 j0k18mnCrs COSL2(Yij— Ore) } om 


sinQr 
+4; jCkIAmnC rs cos[_2(¢ki— Gre) | 8 . 
( 


sinQr 
+45 j0k1CmnCrs COSL2(¢mn— en) 
Q2 


sinQr 
+c ijCktICmn€ rs 
80° 


{cosl2¢ e+ Pri Pmn 


» 
+cosl2( mat ¢ii— Pis— el 
4Q 


+cos[2(¢mn+ Fis Cat en] - . 


Equations (V.26a) and (V.26b) again demonstrate 
how the asymptotic limit is recovered for large 2. In 
addition, it will be observed that the final expression for 


1 @& 
s) 


lim { — 

T+®\ 2! da? 
is independent of #, the arbitrary phase angle of crystal 
orientation. That such should be the case is a con- 
sequence of the equivalence of averaging over ® and 
of taking the limit T— ©. Putting together (V.25), 
(V.26), the expressions of Appendix E, and the previous 
result (V.18) yields R(r) correct up to terms in 7*: 


1(I+1)\? 
— ) any 


R(r)=TrL 2-2 s( 


x 
9 


- sin 


1c? 
2(3Qr)+ 20 
) 


(3 


2 


sin 
o 


| 


| amo 


| outet+2 


1 @ | 
+ lim — —S‘| 


T+2 2! da? 


(V.27) 


Note that the fourth moment which is caiculated by the 
prescription of (1.20) receives contributions also from 
(V.18). 


The method of calculation of the moments presented 
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sin2Qr 


Tt cosQr 


26 


— sinQr— 27 cosQr 


& sinQr+ 


— cosir— 
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r 


Q 


1 r 
——— sinQr+— sinQr 
? 


4r + 


cosQr— 
2 


80? 


| 


? 


4 “ 


snd] 


1 


{ 


7 cosQr 
- sinQr— 
4Q 80? 


oo 


1 
80? 


sinQr cos2r| 


cosQr sn2ar 


sinQr 
cosQr+ 


202 


> 


|| (V.26b) 
22 

in this section will, in a subsequent paper, be used to 
evaluate the moments for specific crystal structures in 
order to compare the results with the data to be 
presented. 


CONCLUSION 


By high-speed mechanical rotation of a resonated 
solid, new possibilities for the measurement of the mag- 
netic properties of matter arise. For example, the 
“exchange type” interactions between nuclei in solids 
can be measured by the method proposed in Sec. IV. 
The prediction of the effect of spinning on the resonant 
absorption line (Sec. V) also invites detailed experi- 
mental verification. Perhaps the experiment most 
simply suited to an exhaustive comparison with theory 
is a resonance experiment on a quasi-isolated nuclear 
pair rigidly bound in a solid lattice. 

Further research along the line of resonance in rotat- 
ing solids is indicated. Among the problems remaining 
are the generalization of the formalism to the case of 
nuclei possessed of a quadrupole moment and the effect 
of rotation upon 7; especially in solids in a low external 
magnetic field. 
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APPENDIX A. TRUNCATION OF THE DIPOLE 
INTERACTION HAMILTONIAN AND 
THE uhf ROTATION LIMIT 


An operator expression of the type 1-7 l-? can be 
mutated into a form where its properties under rotation 
are more transparent: 


1-7 ly- #= (49 32 


—_— 


Yim (hh) Yim™ ( r) Ym’ (de) Yime*(4), 
(A.1) 


mm’ 


where Y;~(A)=spherical harmonic polynomial in the 
components of A= (A,,A,,A4,) taken in the coordinate 
system with the z axis along the applied external mag- 
netic field. By introducing the definitions, 


ZL w(1,,l)= 7 Cana” Yim (Li) Yim (12), 


(A.2) 
Zim (0)= DY Crm” Yim (8) Yim(8), 


mm’ 
where C mm!“ =Clebsch-Gordan coefficient, we find 


(1,-7)(L.-#)= (4 3"? > Zi w*(r)Zzay(hl.). 


LM 


(A.3) 


Now Z, (hb) when operating on a state with magnetic 
quantum number M’ generates a state with magnetic 
quantum number M’+M (Wigner-Eckart theorem’). 
Hence truncation of the operator |,-7 I,-# occurring 
in the dipole interaction amounts to retaining only 
M =O terms in (A.3): 


1-7 by-#@ — (49/3)? Sz Zr0(")Zr0( hh) 
= 4h, -Iv?+23(h-h—3/,727)r (1—3 cos’6), 
Zro'(r)=Zz0(r), 
Zoo(t)Zoo (Ibe) = 3(3/4r)*h,- Ly’, 
Z(r)Z (hl) =0, 
Z(1r)Z (hh) = 4 (3/4)? (1—3 cos’) (1 he— 37h’). 


(A.4) 


The reason why rotation of the lattice can control 
the truncated dipole interaction strength rests upon 
the decomposition of the form —[(1—3cos’@)/2] 
= P,(cos6): 

P2(cos0) = (49/5)>- m Vom(3,¢)Vom*(O,P), (A.5) 


18M. Rose, Quantum Theory of Angular Momenium (John Wiley 
& Sons, Inc., New York, 1957), Chap. 5, p. 85. 
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where the angles have been defined in (II.5) and Fig. 1. 
Rotation of the lattice causes ¢ to oscillate very rapidly 
and so 


Pz(cos0) — (49/5) V20(0,¢) ¥ 20(O,8) 


= Ps(cos3?)Ps(cos@), (A.6) 


since only the m=0 terms of (A.5) are independent of 
¢. P2(cos@) is essentially the factor which controls the 
strength of the effective dipole interaction. 


APPENDIX B. ALGEBRA OF DIRECT PRODUCTS 


The spin degrees of freedom of \V spin-/ nuclei lead 
to the consideration of a (2/+1).\V-dimensional space 
representing the possible total spin states of the .V 
nuclei. Of the many possible bases spanning this space, 
the one which is useful for our purposes is the base of 
of ket vectors |mym2---my) formed from the direct 
product of the base vectors of the individual (2/+1)- 
dimensional spin spaces characterized by 
quantum number m: 


a magnetic 


M Mo: *-My)='M,)Q m»)Q---& 


m,=1,1—1, ---, —1+1, —1. 


(B.1) 


The direct product A;@B; of two operators A, 
operating in the ,-dimensional spin space of particle 2 
and B; operating in the j-dimensional spin space of 
particle 7 is defined by 
(mim; A;Q@B; mm m | A;|m;)(m,;'| B;|m;), (B.2) 
often written simply as 4;B;. Some useful properties of 
the direct product of two operators are: 

(i) Trd,@B;=TrA; TrB,, 

DetA ,A ;= (DetA;)"i(DetB;)’ 

[A,B (=A @B;", 
[A ,@B;][C:@D,J=(AC 


(ii) 
(iii) 


(iv) 


12 (B;D j 
[S,@T;][A.@B;[SAW@T >] 
= (S;A;S; 


(v) 
® (7 ;B;T >“). 


Both traces and determinants are to be taken in 
whatever space the operator following the symbols Tr 
and Det are defined. If the operator A ; is to be evaluated 
in the direct product space of the operators A; and B,, 
its unambiguous form is A,@1,;, where 1; is the unit 
operator in the j space. But for .V spin-/ particles 


Tr (/;7)?] usually means: 


Tr (1,2)7]=Tr111@ 120 - --@ (I)°@---@1,] 


=tr[(/*)? ][tr1]*", (B.4) 


where tr signifies a trace taken in the (2/+1)-dimen- 
sional spin space. 

Property (B.3.v) is of special significance—the direct 
product of unitary transformations is a unitary trans- 
formation. Thus: 


U=1,@1.@---@U;@---@1y, (B.S) 
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where U’ ;=unitary transformation in the space of the 
jth particle, is a unitary transformation. Because the 
trace is invariant under a unitary transformation (in 
particular, the rotation operator about any axis is a 
unitary transformation) and because of (B.5), we can 
rotate a single nuclear spin or any number of nuclear 
spins about any axis with impunity, i.e., without chang- 
ing the value of the trace. Just this property has been 
used extensively in evaluating the traces of Sec. V. 


APPENDIX C. TRACE EVALUATION 


To illustrate the techniques which proved useful in 
the evaluation of the traces, a few specific examples 
will prove sufficient. 

First, the equality: 


Tr - Dj Jnl Y= Teh dnl? (C5) 


follows by subjecting the first trace to a unitary trans- 
formation rotating all the nuclear spins about the x axis 
through 2/2 radians and observing that 1-1, is rota- 
tionally invariant. Also if 1# 7, m#n: 


Tel lj mln? = [8 imd jn +5 ind jm [Ltr (U7)? P (C.2) 


for, if i does not equal m or n, a unitary transformation 
of the ith particle about the < axis converts the trace 
to its negative. Hence i must be equal to m or n. 
Similarly, 7 must be equal to the remaining unpaired 
index. (C.1) and (C.2) provide the necessary traces 
for the second moment calculation. 

As an example of the more extensive calculations 
required to evaluate the fourth moment, consider 


T1=¥ A, ;BitConDre Trl el Lely ll ye), 
A {j= Aji; Bu=Br; Cia Cent a?) (C.3) 
Ayi= Bur= Cun= D,,=0, 


By an argument similar to that following (B.2): 


T1=2 D5 AgjBitCmnDon TH le lel lm mln? = (C4) 
for, if r were not equal to either m or n, a unitary 
transformation of the rth particle about the x axis by 
mr radians would change the trace to its negative regard- 
less of whether i=r, j=r, k=r, or /=r or not. Now, 
because of the symmetry of the indices of A,;, Bx, 


Cin Bes 


= > +2 


kl k=m,l=m 


t ne 


k=m,l am k#m,la#m 


a2 %. + Zs 


k=m,l#m k#m,l#m 


T\ = 4 > A ij BeCrnDen Tel 71 77 ln? 
+2 » A jBilanDinn 
klzm 


Tel 7 7m mln? (C.6) 
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Continuing in this manner, we soon arrive at the result: 
T= —4(214+-1)" SA ij BuCjpDyu 


ijk 


m=+l 


XO( Sm?) /(21+1) FB. 


m=—l 


(C.7) 


One more observation proved to be labor-saver: 


T2=)>, A ijBetCanD,, TH 71 j71,7lylm71,71,71,7 


1 0 0 
=—(5 Bu ) 2 Cas— ) 
3! kl OA, mn OAs 
0 
x(z D,. )re, 
rs OA +3 


A ijA tA mnA ve Trl lly DA yl yl 2. 


(C.8) 


T/=> 


« — 
The form 7,’ is much simpler to evaluate than T» 
because of its complete symmetry in the indices (77), 
(kl), (mn), and When 7.’ is evaluated, the 
polarization operator 


1 0 0 0 
“(xa )(Eea? )(E ru”) 
3! OA GA wan OA; 


generates the expression 7». 
Finally, we append a table of “little” traces: 


(rs). 


m=+l 
tr(i72= S m?=1(1+1)(2/+1)/3, 


m=—l 


(i) 
m=+l 


tr(l7)'= >> m' 


= (1(1+1) (2/+1) (3P+3/+1) ] 
tr[ (/7)?(l¥)? J=[tr(P)?—3 tr(l*)*]/6, 
trl? = [trll4l+ trl 4l2l?+i tr(l)?)/2 


=[ (tr/7]¥l) — (trl¥l7]7)* 


15, 
(C.9) 


(iii) 


(iv) 


+i tr(l?)?]/2= 4: tr(l*), 


(v) tr]7]4)7]¥= trl7]71¥l¥+-7 trl], 


APPENDIX D. THE TRACES 7')5) kt, mn, rs 
AND 7, ki, mn,rs 
As already indicated in Sec. V, the evaluation of the 
fourth moment of the nuclear absorption line shape 
requires a knowledge of the following: 


S© 5 stmaro= TH (1 —WA/) 


X (heh 3d?) (Ln A], 
S 55 pt.mnre= Trl (i 1-31 217) (he h— 31217) 
X (Ln: dn — 3d nln?) (1-1, — 311,7)], 


(D.1) 
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in terms of which 7 and T® are immediately S3=0 AijBeCmnDyS™ i;,k1.mn,10 


obtained : =P AsjBuConDes Trl eT) A l,?) 


ZT 55. at.mnre™ 36S Bh téminges MOO thats I ») =4>° A 5BiC 5D [ trl l1] 
).2 
ZT) 55 btmnre — HS Omni itr X [trl*l]* \(21+-1)4 . 


+400 A BuCuD [tel] 
S@ and S® in turn can be expressed in terms of seven 17k 
fundamental traces S which we give below: X [tr (/*)? (+1) 
+4 > Ai BuCiDpltr(l)*] 


ixk 


~ 


(a) — §Ci(l 2) 
» id. M,mn.re OD ij,Mma,re tT © ig, blL,mn,rs 


—45% ifpbt,mave—S "Mt, id.ma.te [trl] ](21+-1)*- 3 
— 5) 53 pd maives (D.3) +4 pa A zBuiC ~D ;[tr(l7)* }4(27+-1)% . 


5) ij, kUmn,rs— 18{S Pe OT ha ixl, jk 


+S , ij.klma.re tS” ij,kimn.re}- S,=> A abiklanl es” 


ij,kl,mn,re 

The S are found to be =D A ijBiCmnDre THA elm ll”) 
=4{—)) Ai BuCuDi A j;BiC jeDiy 

S1:=Do AijBiCmnDreS™ ijtt.mn.re (72 As Bul ih cctnepinaeny 

+3 Ai Bi CaDj§ Cor) ell] 


=P AijBiCmnD,, Trl 7 ell nl 1,” r . 
a € rll, J X [trl] ](21+-1)*-, 


a Ss=X ABeCunDrS® ijtmnr 
>’ 


ur OA xu: => A . a oe Trfl l 71, 11,71, z] =] 7 
RR 20 z)2(Jv)2] z v-2 1 A 9 
S/=4>30 A. 7C,;D;,[{tr(l7? (Ltr (7)*] (2/+-1) -(5 Ber c \(= Cor . ) 
+43 A PFCuDultr(7 (4?) SINE | = OAR Nm OAmn 


jk 


4) 
 Ltr(/*)? F(2/+1)4- x(x D,, 


OA re 
$8 ¥ Ay A uC Daltr(l2)2()7] | 
- [ _ S/=8E A, [tr (2) P(U+1)" 
 Ltr(/7)? P(2l+1)*- +48 A, 2A v2[tr (7)? P[tr(02)*](2/+1) 93 
k# 
+4¥ A, 2CuDaltr(l2)* tr)? 2(4+1)9 
ixk +12 > A ?A,P[tr(l7)? }8(2/+1)% ‘ 
48 Y AVA pe BuDaltr(l)2}(+1)944 oscil 
intel 448 FAG A A An tr(l)7 (41), 
42 AizCuDel trl) QI), ~ 
(ij) (kl Sc=>, Aij;BeCumnDreS™ i5,21.mn.rs 
S2=T Av BitCanDes THD lll ln”) =P>> Ai;BetCanD,. Trl 7 jl nl ll” | 
BT ABiCanDoS™ jain =8 0 ABCD. [orl P +1) 
; +16 © Ay Bi CuDaltrl ly 
Cc ixk 
= —> | So, 
>! ue 


‘* r\22(9)74 N-3 
ad x [tr(/*)? P(2/+-1) 


44 Y A,B, CuDiftr()?}(214+1)'4, 
S/=4¥0 Ai fZCi,Di [tr )"] (ig) A (kl 


ur 


<(tr(i)2(12)?7](+1)9 2 — S7=L Aj BetCmnD eS ij,41,mn,r0 
$8 EA ZCaDultr(2)P =F Aj BeCunDee THD byl”) 
o x Per(ls)2(12)2](21-41)"-8 =8 0 Ai BCD. [trl P41)" 
+2 ACD (2)? (21+1)"-4 +16 2) ABs CuDuLltrl el") 


kl jak 
LD A jArC uD {tril (L-]¥] <[tr(/*)? 2(2/+-1)* 

$8E AAC wD Ltr Led) ral 
jrl’j [ ] +4 pa A ;;B i jCeDyiltr(l*)? (2141) 7 


[tr (ll¥) )(21+-1)*, (iz) ¥ (kD) 
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Dispersion of Gyromagnetic Ratios in Complex Spectra* 


NoRBERT ROSENZWEIG 
Argonne National Laboratory, Argonne, Illinois 


AND 


C. E. Porter 
Brookhaven National Laboratory, U pton, New York 
(Received March 20, 1961) 


It is pointed out that the random-matrix hypothesis, which was previously used to explain the “repulsion” 
of energy levels in complex atomic and nuclear spectra, leads to a dispersion in the values of the gyromagnetic 
ratios which depends on the relative strengths of central and spin-dependent interactions and the number of 
states which interact with one another in the LS coupling scheme. The dispersion based on experimentally 
known atomic g factors is computed in three regions of the periodic table, and the empirical trends are found 
to be in qualitative agreement with the theoretical analysis. 


E have previously worked out some of the conse- 
quences of a statistical hypothesis for the 
Hamiltonian proposed by Wigner! for highly excited 
nuclear states. In particular, we observed and explained 
a varying degree of repulsion of atomic energy levels in 
terms of a suitable random matrix hypothesis which 
takes into account the relative strengths of spin-orbit 
and Coulomb interactions.?* The random-matrix hy- 
pothesis also implies that the associated eigenfunctions 
have statistical properties which are similar to those of a 
random vector which is uniformly distributed on the 
surface of a unit sphere of high dimensionality. This 
property of the wave function was used in reference 2 for 
a derivation of the distribution of neutron widths.‘ We 
now find that the same ideas lead to some interesting 
statistical properties for the gyromagnetic ratios of 
complex quantum systems, and that these properties are 
easily discerned in the abundant experimental material 
of atomic spectroscopy.® 
As an illustration, let us consider the hypothetical 
case of a complex atom in which a limited number of 
electron configurations interact strongly with one an- 
other but only very weakly (or not at all) with all other 
configurations. Suppose .V energy levels of a definite 
parity and J value arise in these configurations. It is 
further assumed that these .V states interact strongly in 
the SL coupling scheme (i.e., we want to consider the 
case of intermediate coupling). Let ¢;(j7=1, ---, V) de- 
note a complete orthonormal set of SLJ wave functions 
and g; the well-known Landé factor. Let (= 1, ---, V) 
denote the correct wave function and G; the associated 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1. P. Wigner, Proceedings of the Conference on Neutron Physics 
by Time-of-Flight, Gatlinburg, Tennessee, 1957 [Oak Ridge 
National Laboratory Rept. ORNL-2309, (unpublished) J, p. 59. 

?C. E. Porter and N. Rosenzweig, Ann. Acad. Sci. Fennicae, No. 
44 (1960). 

3. N. Rosenzweig and C. E. Porter, Phys. Rev. 120, 1698 (1960). 

‘ First obtained by R. G. Thomas and C. E. Porter, Phys. Rev. 
104, 483 (1956). 

5 Atomic Energy Levels, edited by C. E. Moore, National 
Bureau of Standards Circ. No. 467 (U. S. Government Printing 
Office, Washington, D. C., 1948). 


gyromagnetic ratio. We have the well-known relations, 
Vi=1 5 U iii, UUT=1, (1) 
and the g sum rule, 


where the average is to be performed, of course, over the 
N states in question. The dispersion of the correct 
gyromagnetic ratios about the mean (G) is given by 


1 
(@)-—(Ge=> 258i > ee (g)*. (3) 
g,% d 


i) 


Strictly speaking, the sum }>; U;?U 4,2 depends on 
the particular matrix U’. However, if the system is suffi- 
ciently complex then one may expect that this depend- 
ence will be rather weak. In the spirit of our earlier 
work we introduce the hypothesis that the sum will be 
given approximately by its average value over the 
invariant, distribution of orthogonal matrices in V di- 
mensions.®:? This leads to our main result, 


(G*)—(G)* 2 
f=———_=—_, (4) 
(g¢)—(g)? N42 


which shows that the dispersion of the true gyromagnetic 
ratios may be expected to be much smaller than the 
dispersion of the Landé g factors in the LS coupling 
limit. This result (suitably modified to take into account 
the presence of both neutrons and protons and their 
intrinsic magnetic moments) suggests to us that the 
nuclear levels of a given parity and spin at sufficiently 
high excitation will have nearly the same magnetic mo- 
ment. For example, this prediction applies to the reso- 
nance levels observed in the reaction n+ U*, 

The extreme statistical model leading to Eq. (4) can 
not be expected to apply to atomic spectra without some 


6 It should be noted that according to our hypothesis the dis- 
persion of G is itself a random variable (although of small disper- 
sion) and its ‘“‘value”’ as given by Eq. (4) is its average value. 

7 As in our previous work, we neglect for simplicity the selection 
rules for spin-orbit coupling. 
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Tasie I. Average values and dispersions of measured G factors compared with the corresponding quantities g 
in the LS coupling limit for the three homologous elements Fe, Ru, and Os. 


Spectrum 


Fel 


n+ 


DD Ui de ee 
= Ow wn 
PCwNwaenuv 


(G*)—(G? g*) —(g)? ia 


0.648 
0.242 
0.109 
0.061 
0.033 
0.018 


0.755 
0.263 
0.116 
0.006 
0.035 
0.019 


0.856 
0.919 
0.939 
0.920 
0.934 
0.953 


0.301 
0.191 
0.070 
0.051 
0.035 
0.022 


0.532 
0.232 
0.092 
0.069 
0.040 
0.024 


0.566 
0.823 
0.761 
0.734 
0.860 
0.928 


0.181 
0.094 
0.037 
0.025 
0.014 
0.011 


0.6» 
0.5» 
0.5> 
0 5b 
0.4° 


0.5> 


® The number of levels for which LS assignments have been made are not sufficient to permit a direct estimate. 


Estimated by using the values of (g?) —(g)* of Ru 1. 


modification because it is found’ that even in inter- 
mediate coupling one particular LS component fre- 
quently dominates the wave function. However, a 
statistical treatment is still possible without serious 
inconsistencies. In analogy with (1), we now write 


¥i=ao.+b, >; Ui¢;,, UUT=1, (5) 


where ¢; is the dominant LS component. Applying the 
same statistical hypothesis to U’, one now obtains 


r= ((1—B)*)+(5*)[2/(N+2)]. (6) 


Pure LS coupling corresponds to 6— 0, in which case 
r?—+ 1. In the opposite limit, 6— 1 and f° is reduced to 
the small value given by Eq. (4). Thus one expects to 
find a systematic decrease in the value of r? as the de- 
parture from LS coupling increases. 





] T | 
Ruz (odd) | 


Fic. 1. Distribu- 
tion of experimen- 
tally observed G 
values for the odd- 
parity levels of Ru 1. 











| | 
-I ie) I 


6- G>» 
eee Pat eo)” 


* For example, R. E. Trees, Phys. Rev. 49, 838 (1959). 





To a fairly good approximation, the spectra which are 
homologous with those of the iron group of elements 
may be regarded as arising from the same electron 
configurations. Thus, according to the above theory, the 
differences in the dispersion of the true G values should 
be determined mainly by the degree of departure from 
LS coupling. Generally speaking, this departure in- 
creases with increasing atomic number. Correspondingly, 
r? should decrease with increasing atomic number, and 
this is indeed found to be the case. AS illustration, some 
results for the odd-parity levels of Fe 1, Ru 1, and Os 1 
are shown in Table I, in which 7; denotes the number of 
levels with a given J value in the computation of the 
averages. In the case of Fe 1 and Ru 1, only those levels 
were considered for which G has been measured and SL 
values have been assigned.* However, in the case of Os 1 
the number of levels for which definite values of S and L 
have been assigned is so small that we have used all the 
levels for which G has been determined. The following 
points should be noted: (i) Although the states for 
which G has been measured do not form a complete set, 
the data are sufficiently representative for the sum rule 
(2) to hold in a statistical sense. In this connection, the 
comparison for Ru 1, in which there is an appreciable 
departure from LS coupling, is more significant than the 
case of Fe 1. (ii) For a fixed value of J the dispersion 
(G*)—(G), and also the ratio r’, decreases with increasing 
atomic number. (iii) For a fixed element, (G?)—(G)* de- 
creases with increasing value of J. This can be under- 
stood in terms of the dependence of the Landé g factor 
on S, L, and J and the proportionality of the two 
dispersions which is exhibited by both (4) and (6). 

It should be noted that in the case of spectra for which 
the SL composition of a sufficient number of individual 
states is known, the applicability of the above theory 
can be further scrutinized by evaluating both sides of 
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Eq. (6) (as well as certain terms which vanish in the 
statistical theory). An analysis to this end of existing 
theoretical eigenfunctions’ is in progress. 

In addition to the first and second moments, we have 
also studied the entire empirical distribution of G for 
many elements and found it to be fairly close to Gaussian 
in a majority of cases. The situation is illustrated in 
Fig. 1 for the 123 odd levels of Rut. (The plot is actually 
a superposition of six histograms, one for each value of 
J.) On the theoretical side, we merely note that the 
discussion preceding Eq. (4) can evidently be extended 
to all higher moments, and this defines, at least for- 
mally, an entire distribution of G. The third moment is 
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given by 


((G—(G))3) g 
~ Lh Lea aa (7) 
((g—(g))’) (N+2)(N+4) 


which, like Eqs. (2) and (4), has the interesting form of 
a ratio of corresponding quantities in the LS and 
intermediate coupling schemes. 
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“Breaks” in the Activation Curve of the P*'(y,n)P*’ Reaction 


D. SADEH* 
Laboratoire de Synthése Atomique, Centre National de la Recherche Scientifique, Ivry, France 
(Received March 17, 1961) 


Discontinuities in the slope of the activation curve of the P*'(+,7)P®° reaction were found while using two 
large Nal(Tl) crystals to detect the annihilation gammas from P®. These breaks correspond well with 
resonances found recently in the Si*(p,n)P® reaction. The correspondence between breaks and known 
resonances in some light nuclei is discussed. Such a correspondence was found to exist in the case of N“, F, 
and P*! and is in doubt in the case of C™. The detection system used allowed accurate measurements of the 
thresholds of the P*!(+,2)P* reaction’ (12.23+0.04 Mev) and the Cl*5(y,2)Cl* reaction (12.66+0.04 Mev). 


I. INTRODUCTION 


INCE 1952 “breaks” in the activation curves of 
some light elements irradiated with gamma rays 
from a betatron have been found. These breaks were 
attributed to narrow resonances in the photon absorp- 
tion cross section.!~® 
The breaks of P*! were found only by Schull? in 1955 
with a poor counting efficiency using Geiger counters. 
(One break in P*! was found by Geller ef al.?) However, 
mass data and detecting systems recently made avail- 
able permit us to calibrate the energy scale of the 
betatron with a better precision than that obtained by 
Schull. Our sensitive way of detecting the activity com- 
bined with the good energy stability of the betatron 
allowed us to determine these breaks to +40 kev. 
Recently the doubt about the origin of the breaks, in 
general was emphasized when Gove et al.* could not 
find any resonance in the B''(p,2)C® reaction although 
Israel, 
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P.O.B. 7056, Hakirya, Tel-Aviv, Israel. 

'L. Katz et al., Phys. Rev. 95, 464 (1954). 

?C. G. Schull, Suppl. Nuovo cimento 4, 1162 (1956). 

3A. S. Penfold and B. M. Spicer, Phys. Rev. 100, 1377 (1955). 

*H. King and L. Katz, Can. J. Phys. 37, 1387 (1959). 
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®D. Sadeh, Compt. rend. 249, 531 and 2313 (1959). 

7K. N. Geller et al., Phys. Rev. 118, 1302 (1960). 
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such a resonance should have been observed® because 
of the breaks detected in the C®(y,p)B". This will be 
discussed in the light of our results. 


II. EXPERIMENTAL PROCEDURE 
A. Activity Measurements 


Cylindrical samples of red phosphorus, 4.2 cm in 
diameter and 5 cm in height, were placed at a distance 
of 25 cm from the anticathode of the betatron. After 
irradiation, the sample was placed between two Nal (TI) 
crystals of 5-in. diam and 4-in. high. A single-channel 
analyzer and a coincidence circuit ensured that only the 
two annihilation gammas from the 2.5-min 8* of P* 
were counted. 

In practice, the crystals were placed in a lead castle 
15-cm thick. A brick of lead provided with a cylindrical 
hole to contain the sample, was placed between the two 
crystals to prevent false coincidences between photons 
entering one crystal and being scattered to the other. 

The identity of the samples was tested by irradiating 
each with an energy much higher than its threshold 
energy, and counting its activity.! The samples used 
were identical within +0.2%. 

The samples were irradiated and their activity was 
measured for a period of 8 min, pausing 30 sec between 
the end of the irradiation and the beginning of counting. 
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The electronic instruments were kept working con- 
tinuously for many months at a constant temperature. 
Tests of stability in time with Na™ source showed that 
the counting efficiency was stable with an accuracy of 
better than 0.1%. 

The advantages of our counting system are a high 
“true counts to background” ratio and a better effi- 
ciency in comparison to previously used systems. For 
energies below threshold we count 10 counts per minute 
(compared to 325 counts/min given by Geller ef al.’). 
This count is doubled for an energy of only 20 kev above 
threshold. 


B. Dose Measurement 

The dose received by the samples was measured 
simultaneously by two different methods. An ionization 
chamber, covering the same solid angle as the sample, 
was placed at a distance of 2 m from the anticathode. 
The unwanted electrons from the betatron were de- 
flected by a 3000-gauss magnetic field and did not reach 
the chamber. The current from the chamber was 
amplified and was registered mechanically. The area 
under this current curve gives a relative measurement 
of the dose. This method permits us to check whether 
the intensity of the gamma rays from the betatron was 
stable during irradiation. We did not take into con- 
sideration one percent of the irradiations where the 
occurrence of instabilities in the intensity were observed. 

Together with the sample of phosphorus we irradiated 
a sample of copper and we counted the activity of the 
copper with the same electronic system. The counting 
was started one minute after the end of the measure- 
ment of the phosphorus activity. As the activation 
curve of the photoneutronic reaction of copper does not 
show any break and is well known in this energy region,® 


TABLE I. The energy of the breaks in the P®'(+,n)P® reaction 
compared to the results of other groups. 


Schull* 
p2! r y n ) p® 
+0.05 Mev 


Our results 
P32! (+n) P® 
+0.04 Mev 


12.23 


Geller et al.> 
P3! (+m) P® 
+0.026 Mev 


Bromley et al.* 
Si®( pwn ) p» 
+0.007 Mev4 


12.39 
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*R. Montalbetti, Phys. Rev. 91, 659 (1953). 
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we could use this information about the activity in the 
calculation of the relative dose. 

The advantages of this way of measuring the relative 
dose are twofold: (1) Using a nuclear reaction, the result 
is independent of the pressure and room temperature 
and also independent of the stability of the circuits used 
for detecting the activity. (2) The total count measured 
for one irradiation of copper was 10°; thus the statistical 
error is 0.3% (one order of magnitude better than the 
error introduced by an ionization chamber). A good 
correspondence was found between the two independent 
ways of measuring the relative dose. 


C. Calibration of the Betatron 


Calibration of the betatron was carried out by using 
the thresholds of the following reactions: F(y,n) F's 
(10.40+0.011 Mev—from mass data given by 
Mattauch”), Cu®(y,2)Cu® (10.78+0.007 Mev!®-!4), 
O'(y,2)O" (15.650.007 Mev'"!2), and C®(y,n)CU 
(18.721+0.006 Mev"). 

To locate these thresholds we measured the activity 
of the residual nuclei by the same technique as described 
before. In the case of the C"(y,z)C" threshold, we 
irradiated crystals of anthracene and their activity was 
measured using a photomultiplier and a single-channel 
analyzer.® 

Thresholds were easily detected because the increase 
of activity after threshold was abrupt and linear. In the 
case of copper we had to take the square root of the 
activity to obtain the threshold. This threshold value 
was taken from the work of Penfold” who did not 
calibrate his betatron with threshold reactions and took, 
as we did, the square root of the activity in order to find 
the energy of this threshold. 

Although it is not accurate to use light nuclei to 
calibrate the energy scale of the betatron,’"” we think 
our calibration to be correct for the following reasons: 
(1) Using three points of calibration: photoneutron 
thresholds of Cu® and C” and the break of 17.18 Mev 
in O'*, we obtained the same calibration line as when 
calibrating with the four points described above. Katz," 
when treating the problem of calibration with threshold 
reactions, used these three points of calibration and 
found this calibration line sufficiently accurate. (2) 
Using as sensitive a detecting system as ours, we believe 
that we approach as nearly as possible the neutron 
separation energy. As a matter of fact, King and Katz,* 
having a good detection efficiency, were able to observe 
an increase in activity at the neutron separation energy 
of O', 

The error in the energy scale in the region of 12-14 
Mev is 40 kev, taking into account errors in determining 
the place of the break and in the energy calibration of 
the betatron. 


10 J. Mattauch, Ann. Rev. Nuclear Sci. 6, 179 (1956). 

1 W. L. Bendel e¢ al., Phys. Rev. 111, 1297 (1958). 

2 A. S. Penfold and E. L. Garwin, Phys. Rev. 115, 420 (1959). 
3. Katz, Can. J. Phys. 37, 1455 (1959). 
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Fic. 1. “Breaks” in the activation 
curve of the P*'(y,n)P® reaction. 
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Regular measurements of the activity of boric acid 
samples permit us to state! that the day-to-day energy 
stability of the betatron is better than 5 kev. 


III. EXPERIMENTAL RESULTS 


The results of our measurements are given in Fig. 1 
and in Table I. For reasons of convenience we traced 
the breaks one beside the other, on different scales of 
activity. Every one of these breaks was found at least 
three times on different occasions and always at the 
same energy (+20 kev). 

In Table I we give our results compared with those 
of Schull? and those of Geller et al.’ The first used Geiger 
counters and the second used two small NalI(TI) 
crystals, without coincidence, in order to detect the 
two annihilation gammas. These two groups are the 
only ones known to have investigated this reaction. 

In Table II we give our results for the threshold of 
the P*!(y,n)P® and the Cl®*(y,7)CI* reactions, compared 
with known results. In order to investigate the Cl**(y,7)- 
Cl* reaction we used cylinders of compressed NaCl 
which had the same dimensions as the phosphorus 


a7o | HELIPOT 
samples. Their activity was measured with the same 
counting system described above. We found the 
threshold and the first break of this reaction. 

The energy of our first break, at 12.75 Mev, corre- 
sponds to the threshold found by Schull? at 12.79 Mev. 
It must be assumed that because of his insensitive 
measuring system, Schull could only detect the marked 
increase of activity after the first break. A similar con- 
sideration can be made for the phosphorus threshold. 


TaBLeE II. Thresholds (in Mev) of the P*(y,n)P® and 
Cl**(y,n)CI* reactions compared to the results of other groups. 


References P3! (+n) P® 


C155(-y,0)Cl* 

23 +0.04 
33 +0.05 
50 +£0.05 
40 +0.08 1 
316+0.02 1 


Our results* 

Schull? 

Chidley et al.° 
Wapstra (mass data)4 
Everling (mass data)® 


12.66-40.04 
12.79-+4.0.05 


ee ee 
NRNNNhN 


7140.12 
.57+0.04 


* These results are given in the laboratory system 
system the results will not decrease more than 3 kev 

>» See reference 2. 

¢ Can. J. Phys. 36, 407 (1956). 

4 Physica 21, 367 (1955). 

* Nuclear Phys. 15, 342 (1960). 


In the center-of-mass 
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Our first break at 12.37 Mev corresponds to that of 
12.39 Mev found by Geller’ which was thought to be 
the threshold. Chidley and Katz found their threshold 
at 12.50 Mev where we found our second break (12.47 
Mev). 


IV. DISCUSSION 


Comparing our results for the energy of the breaks to 
the results for the resonances in the Si*(p,7) P™ reaction, 
we can see that to every strong resonance we Can 
attribute a break within the limits of error. For this 
comparison we must take into consideration that the 
correspondent level is [ Mev higher than the break* 
('=level width at half maximum). 

Although the resonances as found by Bromley ef a." 
are too dense to permit a unique correspondence, it is 
clear that if a break is found in the neighborhood of 
some resonances it corresponds to the strongest one. 

As our results show, there are clearly fewer breaks 
than there are resonances near threshold. The reason is 
that we used bremsstrahlung gamma rays. A break can 
be seen only when the change in its slope is at least 
equal to the change in the slope of the previous break.* 
Thus, breaks corresponding to weak resonances cannot 
be distinguished in the background of the previous 
breaks. 

The same considerations are valid when we compare 
breaks in the activation curves of the N'(y,n)N™ and 
F(y,n)F'S reactions'® with known levels in the N¥ 
and F"* nuclei. 

On the other hand, in the C"(y,2)C" reaction both 
Thorson and Katz® and Sadeh® found, in the region 
near threshold, more breaks than levels. The levels at 
18.85 Mev and at 19.26 Mev were found by four 
authors,'® using three types of reactions, (p,y), (p,1), 
and (p,p). Although these authors used a Van de Graaff 
generator with a resolving power of 5 kev, which is 
obviously superior to a betatron, they did not find any 
level between the two levels mentioned, where Thorson 


4 DP. A. Bromley et al., Can. J. Phys. 37, 153 (1959). 
18D. Sadeh, Compt. rend. 250, 1632 (1960). 
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and Katz> had found 5 breaks at 18.90(18.86), 18.96 
(18.96), 19.08(19.10), 19.17, and 19.30 Mev (the values 
in parentheses represent the results of Sadeh®). Even 
the resolving power of the two machines were the 
same, more should be when 
exciting with a Van de Graaff generator than with a 
betatron, because the three p reactions can excite more 
levels than the gamma reaction [a zero-spin level, for 
example, can be reached by a (,7) reaction and not by 
the gamma reaction; see also Katz! ]. 

A further point which increases the doubt about the 
identity between the breaks of C” and levels listed is 
the level width. All levels listed,'® with the exception of 
the one at 19.42 Mev, have a width greater than 90 kev. 
According to Penfold,* levels as wide as this probably 
should not cause a change in slope sharp enough to be 
detected as a break. 

Gove et al.* searched thoroughly for resonances in the 
B"(p,yo)C” reaction between 21 and 23.5 Mev (energy 
in the compound nucleus). They failed to find any fine 
structure although their energy resolution is a few kev. 
In this region five breaks were found.® There is one 
strong break at 21.58 Mev® which was specially in- 
vestigated by Gove, but in vain. Detailed balancing 
would imply that resonances should have been observed 
where such structure has been found” for the C"(y,p)B" 
reaction.® 

These considerations throw a certain doubt on the 
origin of the breaks in C”, and it appears that the breaks 
do not correspond to known levels in C” which had 
been reached by other reactions. 
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Interpretation of Experimental (n,2n) Excitation Functions* 
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Radiochemically determined (,2m) excitation functions for Sc*, Tit®, Ni’, Cu®, Ge7, As?5, Sr™, Rb*, 
Rb§7, Y®, Zr®, Sn'!2, Cd!!6, Sb!3, and U8 have been interpreted in terms of the statistical model of nuclear 
reactions. Values of the level density parameter a are obtained and correlated with mass number. A pro 
cedure is outlined for predicting the magnitude of any (,2n) cross section from the nuclear content of the 


target material. Two level density formulations are 
calculations of this sort are examined quantitatively. 


I. INTRODUCTION 


UFFICIENT experimental evidence has been ac- 
cumulated! to confirm the Bohr compound-nucleus 
idea? as a useful concept for describing nuclear reactions 
for the range of incoming particle energies up to 20 Mev. 
The estimation of nuclear reaction cross sections based 
on this idea is due to Weisskopf* and collaborators and 
has been summarized recently by Moore* and Le- 
Couteur.® In this formulation, it is necessary to know 
the density of levels, w, in an excited nucleus. The level 
density has been derived in general form by Bethe,® 
and for the Fermi-gas nuclear model is given by 
w(E)=C exp[2(aé)!], (1) 
where C and a are adjustable constants and £ is the 
excitation energy of the nucleus. The groups of experi- 
mental observations summarized by Hurwitz and 
Bethe’ and Feld ef al.§ have been incorporated in an 
alternate level density formula proposed by Weinberg 
and Blatt.’ This expression, applied to experimental 
data by Kaufman," is 
w()=C exp[2(ak’)*], (2) 
where 


FE! = (E—6)/{1—exp[—a(E—6) }}, 


with 6 equal to the pairing energy of the nucleus, a 
term commonly used in atomic mass formulas to express 


*Work performed under the auspices of the U. S. Atomic 
Energy Commision. 

1 See, for example, S. N. Ghoshal, Phys. Rev. 80, 939 (1950); 
E. R. Graves and L. Rosen, ibid. 89, 343 (1953); R. C. Bhandari 
and R. D. Jain, J. Nuclear Energy 4, 326 (1957); N. L. Fetisov, 
J. Nuclear Energy 8, 156 (1958); E. R. Rae, B. Margolis, and 
E. S. Troubetzkoy, Phys. Rev. 112, 492 (1958); I. Kumabe and 
R. W. Fink, Nuclear Phys. 15, 316 (1960). 

2N. Bohr, Nature 137, 344 (1936); Science 86, 161 (1937). 

3 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952). 

*R. G. Moore, Revs. Modern Phys. 32, 101 (1960). 

5K. J. LeCouteur, Nuclear Reactions, edited by P. M. Endt 
and M. Demeur (North-Holland Publishing Company, Amster- 
dam, and Interscience Publishers, Inc., New York, 1959), Vol. I. 

°H. A. Bethe, Phys. Rev. 50, 332 (1936); Revs. Modern Phys. 
9, 69 (1937). 

7H. Hurwitz and H. A. Bethe, Phys. Rev. 81, 898 (1951). 

$B. T. Feld, H. Feshbach, M. L. Goldberger, H. Goldstein, 
and V. F. Weisskopf, Atomic Energy Commission Report 
NYO-636, 1951 (unpublished). 

91. G. Weinberg and J. M. Blatt, Am. J. Phys. 21, 124 (1953). 

1S. Kaufman, Phys. Rev. 117, 1532 (1960). 


studied, and approximations customarily made in 


the increased stability of nuclei with paired neutrons 
and protons." The purpose of this paper is to determine 
values of the parameter @ in expressions (1) and (2) 
from the shape of experimental excitation functions 
of several (n,2n) reactions on target nuclei ranging in 
mass number from 45 to 238. The experimental data of 
Prestwood and Bayhurst,” excluding those measure- 
ments which involved only the partial (7,27) yield of 
an isomeric or ground state, were used for the analysis 
along with the data of Knight ef al. on the reaction 
U5 (n,2n)U*", These data were chosen on the basis that 
they are recent measurements over an extensive energy 
and mass number range performed within the same 
laboratory by people utilizing consistent experimental 
methods.'* All computations referred to in this paper 
were performed on an IBM electronic data processing 
machine, type 704. 


II. METHODOLOGY—LEAST SQUARES 
CALCULATION 


Within the framework of the statistical model, the 
expression for an (7,2) cross section’ with threshold 
at F; is 


En—E, En 
Tn,2n =on.u f vod | f xowdx, (3) 


where £,, is the incident neutron energy, ¢-=o,(%) is 
the compound nucleus formation cross section for a 
neutron with an excited target 
density is w=w(h,— 
for neutron emission from the compound nucleus. In- 
serting Eq. (1) for the level density and neglecting 


nucleus whose level 


x), and o,.y is the cross section 


A, G. W. Cameron, Atomic Energy of Canada Limited 
Report CRP-690, 1957 (unpublished). 

2R. J. Prestwood and B. P. Bayhurst, Phys. Rev. 121, 1438 
(1961). 

13 J. D. Knight, R. K. Smith, and B. Warren, Phys. Rev. 112, 
259 (1958). 

44 Preliminary results reported by H. A. Tewes, A. A. Caretto, 
A. E. Miller, and D. R. Nethaway, University of California 
Radiation Laboratory Report UCRL-6028-T, 1960 (unpublished) 
are in good agreement with the data of Prestwood and Bayhurst 
except for Rb*’(n,2n)Rb** where the UCRL cross sections are a 
factor of two higher. The y-ray counting technique described in 
UCRL-6028-T requires a knowledge of the y rays per disintegra- 
tion which is still uncertain for Rb®® (see reference 16). 
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the variation of o, with energy yields the formula’® 
{(1—2(aE,)! LE,— E,+3/2a]+2E,} 
2E,{1—[3/2(aE)*}+ (3/4aE,)} 
Xexp{—2[(aE,)!— (aE,)')}}. (4) 





Tn,2n/Tn,M— 1— 


The Appendix contains a comparison of this result with 
the formula given by Blatt and Weisskopf* as well as an 
estimation of the error involved in neglecting the varia- 
tion of o, with energy. 

The experimental data of reference 12 were fitted by 
the method of least squares to Eq. (4) with a and on, 
as the adjustable constants. This procedure amounts 
to determining a from the shape of the excitation func- 
tion rather than from any consideration based on the 
absolute magnitude of ¢,,4. The significance of these 
parameters and the reasons for their choice as the ones 
to be fitted in the calculation will now be discussed and 
will be followed by pertinent details concerning the 
least-squares computation. 


A. Discussion of Parameters 


The magnitude of the parameter a in Eq. (4) is a 
direct measure of the steepness of ascent of the excita- 
tion function. Stated in another way, it is inversely 


related to the energy above threshold required for the © 


(n,2n) cross section to reach some fraction, say 0.90, 
of o,,4. This energy excess is about 7 Mev for a=3.5 
and approximately 3 Mev for a=10. The a value is 
quite dependent on the (m,2n) threshold, £;, and several 
of the thresholds applicable in this study are uncertain 
to as much as 0.2 Mev according to the most recent 
tabulations.'*!7 However, in general, the literature 
values are better than those obtainable from an analysis 
of the (n,2m) data including a variable threshold. This 
fact was ascertained during preliminary calculations, 
the results of which gave thresholds agreeing with litera- 
ture values within their standard deviations, but these 
deviations were frequently 0.3 Mev or more. It was on 
the basis of this experience that the final calculations 
were done with the (m,2m) thresholds fixed. 

It will clarify discussion of the parameter on, 
to first examine the limitations on the radiochemical 
method of determining an absolute cross section. For a 
thin target, the experimentally measured quantity is 


(eB)\ng’, (5) 


on 2n=A' 


16 The denominator in the integrated expression is strictly 


oe 3 (E,—3/2 
Ex 3 ) exp(2ter.)4 En~3/2a) 


7 1— .. 
a 2(aE,)' 4aEk,, 2a 


A comparison of magnitudes for values of E, and a applicable in 
this study shows that the second term may be neglected without 
introducing significant error; hence the final result, Eq. (4). 
Nuclear Data Sheets, National Academy of Sciences, National 

Research Council (U. S. Government Printing Office, Washington, 
D. C., 1960). 

‘7 F, Everling, L. A. Kénig, J. H. E. Mattauch, and A. H. 
Wapstra, Nuclear Phys. 15, 342 (1960); 18, 529 (1960). 
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where A°=nuclide activity at end of bombardment 
corrected for decay during irradiation, («8)= product 
of the counting efficiency and the ratio of observed 
radiation(s) to total disintegrations in the nuclide decay, 
\= nuclide decay constant, »=atoms of target material 
per square centimeter of target, and ¢’= total neutrons 
impinged on the target during irradiation. 

In the type of experiments described in reference 12, 
A°®,\, m, and ¢’ can each be determined in the range of a 
few percent accuracy. If 8-particle counting is done, « 
can be determined to good accuracy.'* B is unity for 
negatron counting, and an accurate cross section meas- 
urement is possible. For positron counting, however, 
B is not always well known as is the case for 
Sr*(n,2n)Sr®. In counting gross gamma rays, the factor 
(eB) is difficult to estimate, thus the data on the Y*, 
Sn'?, and Sb" (n,2m) reactions are accurate relatively, 
but absolute cross-section scales are not available at 
this writing. 

The limiting assumption involved in this interpretive 
treatment of (,2”) excitation functions is that the 
parameter ¢,,4 is a constant. Deviations of its value 
from the nonelastic cross section for the element under 
consideration, a quantity observed to be essentially flat 
over the energy region of interest here,'* must be due 
to one of the following reasons: 


(1) The experimental data are not on an absolute 
cross-section scale for one of the reasons described in the 
preceding paragraph. 

(2) One or more reactions may be competing with the 
(n,2n) process in the energy range studied. 


The latter is certainly true in the cases of the lighter 
mass elements studied, but the assumption of constancy 
of on,m could still be true. Without complete excitation 
function data on such reactions as (”,p) and (n,a), the 
severity of this assumption and its directional effect on 
the values of a obtained cannot be estimated. Competi- 
tion within the neutron exit channel category, specifi- 
cally from the (,np) reaction, could be important at 
the higher energies in the lighter mass elements, leading 
to high values of a obtained. 

Thus, inclusion of o,,4 as a variable in the least- 
squares calculation was necessary in order to include 
the Sr*, Y*, Sn'!?, and Sb" data, since their cross-sec- 
tion scales are only relative. However, this method of 
analysis was used throughout for the sake of consistency 
and to avoid errors in the conversion of the experimental 
data to absolute cross sections. For the remainder of 
the nuclides studied, it must suffice to define the signifi- 
cance of the value of on... as the nonelastic cross section 
minus the sum of the cross sections for all processes 


18 B. P. Bayhurst and R. J. Prestwood, Nucleonics 17, (3), 82 
(1959). 

J. R. Beyster, R. L. Henkel, R. A. Nobles, and J. M. Kister, 
Phys. Rev. 98, 1216 (1955); H. L. Taylor, O. Lénsjé, and T. W. 
Bonner, ibid. 100, 174 (1955); J. R. Beyster, M. Walt, and E. W. 


Salmi, ibid. 104, 1319 (1956); T. 


W. Bonner and J. C. 
ibid. 113, 1088 (1959). 
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EXPERIMENTAL (n,2n) 


BACITATION 


FUNCTIONS 


TABLE I. Results of analysis of experimental (m,2n) excitation functions. 


Aa Aa 
a from 
Eq. (4) 
(Mev!) 


3.51+0.37 
3.50+0.46 
3.13+40.32 
4.94+0.34 
7.7440.36 
5.73+0.90 
6.63+0.63 
6.29+1.37 
6.57+1.00 
7.60+1.21 
6.96+0.34 
7.84+0.96 
8.12+1.83 
8.74+3.26 
9.70+1.05 


(n,2n) 
threshold* 
(Mev) 


11.57 
13.48 
12.14 
10.06 
11.77 
10.29 
12.04 
10.49 
10.03 
11.56 
11.95 
11.19 

8.71 

9.02 

6.13 


Target 
nucleus (Mev *) 
0.62 
1.35 
0.58 
0.74 
1.00 
0.80 
1.19 
0.82 
0.88 
1.79 
1.12 
1.26 
0.73 
0.73 
2.70 


Sct5 
Ti 46 
Ni58 
Cu® 
Ge” 
As? 
Sr™ 
Rb* 
Rb*? 
ys 
Zr” 
Sni2 
Cds6 
Sb” 
U8 


® Best value estimates from data of references 11, 16, 17, 21-24. 


>» Taken from reference 25 with 1.0 Mev added for magic-number nuclides. 


© Cross-section scale is not absolute. = 
4 Fission cross section in 7-10 Mev region is flat at 1.0 barn. 


other than inelastic scattering and (#,27), on the as- 
sumption that these other reactions are flat in the energy 
region of (7,2) data accumulation. 


B. Calculational Details 


Uncertainty weighting” on both the cross sections and 
energies was included in the least-squares calculations. 
The cross-section uncertainties quoted in reference 12 
are the statistical or random-error estimates, which in- 
clude the errors in the neutron flux and in the chemical 
and counting procedures. The errors on the average 
energies were assessed on the basis of target geometry. 
They are sufficiently large to validate the assumption 
that the experimentally determined quantity, Eq. (5), 


with ¢’ given by 
EH 
¢'= f g(E)dE, 
EL 


where Ey and E,=the maximum and minimum ener- 
gies, respectively, of the neutron distribution ¢(/), may 
be expressed as a function of the average incoming 
neutron energy, which is strictly true only if Eq. (4) 
is linear in the range of EF; to Ey. 

In all instances, the only selective elimination of 
data from the computations were energy points above 
the (2,32) thresholds for the reactions studied, since 
Eq. (4) does not include the eventual decrease in the 
(n,2n) excitation function due to competition from the 
tertiary reaction. Q-value data were taken from refer- 
ences 11, 16, 17, and 21-24. Best value estimates of the 


2%” W. E. Deming, Statistical Adjustment of Data (John Wiley & 
Sons, Inc., New York, 1948). 

*1 Nuclear Level Schemes, A=40—A =92, compiled by K. Way, 
R. W. King, C. L. McGinnis, and R. van Lieshout, Atomic Energy 


AE,=+0.1 AF,=—0.1 

(Mev?) 
—0.56 
—1.16 
—0.49 
—(0).65 
—0.88 
—().70 
—0.99 
—(0.70 
—0.77 
—1.51 
—0.98 
—1.10 
—1.24 
—0.95 
—2.17 


a 
Including 
pairing 

energy 
(Mev) 


2.90 
2.49 
2.00 
4.01 
5.55 
4.66 
5.04 


Aon, M 
Tn, M from —_ 
Eq. (4) 
(mb) 


= — Pairing 
AE;=+0.1 — energy? 
(mb Mev~!) (Mev) 


1.41 
3.14 
3.69 
1.46 


599+ 27 20 
280+13 26 
85.743.7 
1143+22 
950+15 
1346+57 
291+13° 
1814+108 
1372+48 
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laboratory (#,2) thresholds used in the calculations 
are given in Table I. Standard deviations on the fitted 
parameters are based on the external consistency cri- 


0) 


terion described by Deming.” 


III. METHODOLOGY—CALCULATIONS BY 
NUMERICAL INTEGRATION 


The calculations for the level density parameter a 
with Eq. (2) inserted into (3) were done by numerical 
integration. The pairing energies used are listed in 
Table I. They were taken from Cameron* with 1 Mev 
added for magic-number nuclides after Kaufman.!° The 
neutron compound-nucleus formation cross sections 
were computed from the formulas of Blatt and Weiss- 
kopf? at low energies, using a sufficient number of orbital 
angular momentum values*® and interpolated from 
plots*:* at higher energies. Nuclear radii were computed 
from the formula?’ 


R= (1.2A!4+2.1)10-* cm. 


The Appendix contains a comparison of the (,2n) 
excitation function shape based on this formulation with 
Eq. (4). Final values of a were obtained assuming the 
least-squares results for on... 
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Office, Washington, D. C., 1955). 

2 A.M. Wapstra, Physica 21, 385 (1955). 

%V. J. Ashby and H. C. Catron, University of California 
Radiation Laboratory Report UCRL-5419 (Office of Technical 
Services, Department of Commerce, Washington, D. C., 1959). 

*%V. B. Bhanot, W. H. Johnson, and A. O. Nier, Phys. Rev. 
120, 235 (1960). 

25 A. G. W. Cameron, Can. J. Phys. 36, 1040 (1958). 

26 J. R. Beyster, R. G. Schrandt, M. Walt, and E. W. Salmi, 
Los Alamos Scientific Laboratory Report LA-2099 (Office of 
Technical Services, Department of Commerce, Washington, D. C., 
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IV. RESULTS 


Table I is a presentation of the results of the calcula- 
tions which have been described. The values of a and 
o,,m Obtained from the least-squares analysis are listed 
in columns 3 and 6. The standard errors given on the a 
values do not include any estimate of the uncertainty 
in the (7,2) thresholds used (column 2), but columns 
4 and 5 give the least-squares solution change produced 
in a for a 0.1-Mev increase and a 0.1-Mev decrease, 
respectively, in the listed thresholds. The corresponding 
changes in ¢,,.4 are small and may be taken as varying 
linearly over the same energy region so that 


r- + 


LOn,M _je++0.10 


=[on uw le, 1+ Ac,,..), 


where the Ac,.y’s are the entries in column 7. The re- 
- . ‘ . . *“-. 

sults for the level density parameter a, including pairing 

energies (column 8), are given in column 9 of the Table. 


V. PARAMETER CGRRELATIONS 
A. The Parameter a,,_ 


On the basis of the definition put forth in Sec. II.A 
for this parameter, one would predict a correlation 
between o,..y, the nonelastic cross section ¢,,, and some 
parameter which is a measure of the probability for 
competition from other reactions. Such a quantity is 
(\V—Z), A, where .V is the neutron number, Z the pro- 
ton number, and A the mass number of a nuclide. This 
factor predicts the general trends observed in the barrier 
and threshold effects which govern charged particle 
emission. Figure 1 shows the ratio on,4/onz plotted 
against (V—Z)/A for the nuclides studied which have 
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Fic. 1. Empirical correlation of the least-squares-fitted param- 
eter, o,,.4. The ratio of this parameter to the nonelastic cross 
section of the target element is plotted against the ratio of the 
target neutron excess to its mass number, taken as a measure of 
the probability for competing reactions [see Sec. V.A of the main 
text ]. It should be noted that the ordinate scale supersedes the 
limiting value of unity in order to include the Rb® result obtained 
from the direct analysis of the data of reference 12. The direction 
and magnitude of the change shown in this point is based on a 
more recent decay scheme'*® than that used by the authors of 
reference 12. The solid line, given by the equation shown on the 
plot, is an empirical formula which adequately represents the 
results. 
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an absolute (,2) cross-section scale. The points with 
error limits are based on measured nonelastic cross 
sections,”* but these limits do not include any uncer- 
tainty in the (eB) factors used to fix the cross-section 
scales. For the points without error limits, the formula?’ 


Onz=m(0.12A!+0.21)? barns (6) 


was used to compute the nonelastic cross secton. The 
correlation is good, considering the limited amount of 
data available and the fact that (eB) errors would cause 
deviations from a smooth relationship. The empirical 
formula indicated on the graph gives a reasonable fit 
to the data and yields a 6*/E.C. branching ratio of 0.3 
for Sr® as well as credible gross y-counting (eB) factors 
for Y**, Sn", and Sb™. In addition, the nonelastic 
cross section for U** is calculated to be 2.64 barns in 
the 6-10-Mev region, a value compatible with existing 
measurements.”® 


B. The Level Density Parameter a 


Simple nuclear models predict a direct proportionality 
of a with mass number A. Figure 2 is a plot of a from 
the least-squares calculations against mass number of 
the target nucleus. The dashed line given by a= 4/13 
fits the results up to A = 120, in accord with the findings 
of others.**-*! The full line which fits the lower mass 
numbers equally well, but also includes the U** result, 
is an empirical formula not far different from one given 
by Weisskopf,” 


a=0.85(4—40)! for A>60. 


C. Predictions 


Figures 1 and 2, along with Eq. (4) and a knowledge 
of the (,2m) threshold, are presumably all that is 
necessary to compute any (m,2y) cross section up to the 
maximum of its excitation function. The task of compar- 
ing the predictions of the systematics with every (”,2n) 
cross section published in the literature was not under- 
taken, especially in the light of occasional large dis- 
crepancies in purported duplicate measurements. How- 
ever, the pair of examples given in Table II will 
illustrate the potential utility of this systematic pro- 
cedure for predicting an (1,2) cross section from only 
the neutron and proton content of the target nucleus. 


28M. H. MacGregor, W. P. 
108, 726 (1957). 

2 For a summary of the relation between a and A deduced by 
other workers, see I. Dostrovsky, P. Rabinowitz, and R. Bivins, 
Phys. Rev. 111, 1659 (1958). 

*®R. L. Bramblett and T. 
(1960). 

4% R. D. Albert, J. D. Anderson, and C. Wong, Phys. Rev. 120, 
2149 (1960). 

2 V. Weisskopf, U. S. 
MDDC-1175 (U. S. 
D. C., 1947). 


Ball, and R. Booth, Phys. Rev. 


W. Bonner, Nuclear Phys. 20, 395 
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(n,2n) 


EXCITATION FUNCTIONS 


TABLE II. Comparison of predicted and observed (n, 2m) cross sections.4 


Onr from 
Eq. (6) 
(mb) 


1490 
1780 


On, M/Onz 


Nuclide (N—Z)/A from Fig. 1 
0.079 


0.087 


og “u ' 3 


aM 050” 


0.585 
0.635 


® See reference 27. 
> From reference 17. 
© These values are taken from Neutron Cross Sections, compiied by D. J. 


(Superintendent of Documents, U. S. Government Printing Office, Washington, D. C., 


4 The predictions of the systematics described herein have been compared 


(n,2n) cross section at 
14.5 Mev (in mb) 
Calculated 
from 
Eq. (4) 


(n,2n) 
threshold” 
(Mev) 


a from 
Fig. 2 
(Mev) 


On,M 
(mb) Observed* 

872 
1130 


4.8 
7.0 


600 


275 


650 


11.00 
13 280 


27 


Hughes and R. Schwartz, Brookhaven National Laboratory Report BNL-325 
1958), 2nd ed. 


with the recent data of L. A. Rayburn, Phys. Rev. 122, 168 (1961) at 14.4+0.3 


Mev. Out of thirteen total (n,2”) cross-section measurements over the mass region 50 to 144, where the systematics are expected to apply, nine of the 
predicted cross sections were within +20% of the experimental numbers. This is considered satisfactory agreement based on the comparison of Rayburn's 


data with that of Prestwood and Bayhurst for seven reactions common to the two studies. 


tion greater than +45%. 


VI. A CONCLUSION CONCERNING THE OPTIMUM 
EXPERIMENTAL MEASUREMENT 


A study of function (8) in the Appendix and its 
derivative along with definition (9) leads to certain 
conclusions regarding the inherent sensitivity for deter- 
mining a. Assuming that the (7,2) threshold, /:, is 
known and that on, has been fixed through measure- 
ments made near the maximum of the excitation func- 
tion, then if all (2,2) cross sections could be measured 
to the same magnitude of uncertainty, the measurement 
at 

(E,—FE,)=2T=~2(E,/a)} 


would minimize the error in a. If, however, all cross- 
section measurements could be made to the same per- 
centage accuracy, then the closest one possible to £; 
would give the smallest error in a. In practice, the 
relative experimental uncertainties are usually such that 
the minimum error in the value of @ is attained when 
the measured (7,2) cross section is in the energy region 
T<(E,—-E,)<2T; T(E,/a)}. 
Based on this criterion, the optimum cross-section meas- 
urements for the Au and TI data of reference 12 would 
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Fic. 2. Correlation of the level density parameter, a, from the 
least squares calculations with target mass number. The dotted 
line is the fit of these results assuming the Fermi-gas model pre 
diction® that a=constant X A. The full line, given by the equation 
shown, is an empirical formula which fits the data better in that 
it includes the U8 result. 


Of the remaining four cases, only Fe*(n,2n)Fe had a devia- 


be in the 9-10-Mev region. The available data begin 
at 12 Mev, however, at which energy it can be shown 
that a cross section with 5% standard error is only 
capable of fixing the value of a to 37%. For this reason, 
and since the 12-Mev points are the only ones indicating 
any significant rise in the excitation functions for Au 
and Tl, these nuclides were omitted from the analysis 
presented in this paper. 


VII. SUMMARY 


It must be pointed out that due to the uncertain 
weighting on the cross sections and energies, the least- 
squares goodness of fit criterion®® cannot be interpreted 
as completely confirming the validity of Eq. (4). How- 
ever, the reduced sum of the squares?’ on all solutions 
lay between a few tenths and unity, indicating that the 
shape function, Eq. (4), is a good representation of the 
observed data, the errors on which have probably been 
slightly overassessed by the authors of reference 12. 
Thus, the statistical model formalism is adequate to 
account for observed shapes of (#,2”) excitation func- 
tions in the energy range explored herein, and accurate 
measurements in the proper “,—/; region have the 
capacity to determine the level density parameter a 
with reasonable accuracy. Extremely precise data would 
be necessary to differentiate between similar excitation 
function shapes arising from near-equivalent level 
density formulations. The results for a up to mass 120 
may be interpreted as giving at least a partial confirma- 
tion of the Fermi-gas model prediction® that a@=con- 
stant X A, a result in accord with recent work on neutron 
spectra from (p,7) reactions.*°*! 
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APPENDIX 


A generalized expression for an (m,2m) cross section 
given by Blatt and Weisskopf* is 


| (E,—E,) (E,—E,) l 
onae= ena 1—( 1+ P ) ex - —|}, 


where 6=06(E,) is the nuclear “temperature” and the 
other terms have the same significance described in the 
main text of this paper. The derivation of this formula 
utilizes the following thermodynamic definitions of 
entropy S and temperature 6: 


S(E)=Inw(E); 
1/6(E)=dS/dE. (7) 
In addition, the approximations are made that (a) the 


entropy may be expanded in a Taylor’s series with 
neglect of higher derivatives in accord with the single 





+ 
E 


Fic. 3. Comparison of (,2n) excitation function shapes based 
on calculational approximations and two level density formula- 
tions. Curve A: Eq. (10) with E,=10 Mev and a=5.5 Mev™. 
Curve B: Eq. (4) with E,=10 Mev and a=5.5 Mev™. Curve C: 
Eq. (3) including ¢.(x) with w given by Eq. (1) for E,=10 Mev 
and a@=5.5 Mev '. Curve D: Eq. (3) including ¢,(x) with w given 
by Eq. (2) for E,=10 Mev, a=5.5 Mev", and 6=1.5 Mev. 
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definition (7); (b) a subtractive term in the denominator 
of the integrated expression for the (7,27) cross section 
is negligible; (c) the variation of o, with energy in 
Eq. (3) may be neglected. If the temperature is regarded 
as a constant, 7, (a) above is exact and the formula, 


| (E,—E,) (E,—E,) 
Tn,2n ona=1— (14 : ) exp| - | (8) 
’ 3 : 


involves only assumptions (b) and (c). The correspond- 
ing level density is 


w(E)=C exp(E/T). 
If the temperature is given by® 
6(E,)= (E,/a)', (9) 


which is equivalent to defining the level density as in 
Eq. (1), the formula 


(E,,—F,) (E,— EF) 
Tn,2n car 1—| 1+ || (10) 
(E,,/a)! (E,,/a)* 


contains approximations (a), (b), and (c) above. Equa- 
tion (4) used in this paper involves only assumption 
(c). Curves A, B, and C of Fig. 3 illustrate the magnitude 
of these approximations for a hypothetical nuclide 
with (,2n) threshold at 10 Mev and an a value of 5.5. 
The conclusion is that assumption (c) is good and that 


Eq. (4) is a significant improvement over the approxi- 

mate Eq. (10) insofar as interpreting the value of a 

as the parameter in level density Eq. (1). Inclusion of 

the pairing energy, that is, level density expression (2) 

inserted into (3), gives curve D for the same hypotheti- 
5. 


cal case and 6= 1.5. In this latter formulation, the combi- 
nation of a=4.5 and 6=1.5 yields a curve identical to 
C. Thus for a given set of experimental data, the value 
of a obtained from an analysis of that data decreases 
with a span of 2-3 units as one proceeds from curves 
A to D or, strictly, in the formulations leading to those 
curves. 





PHYSICAL REVIEW VOLUME 1 


NUMBER 3 


Polarization Correlation Measurements on Eu’ 


C. V. K. BABA 
Atomic Energy Establishment, Trombay, Bombay, India 


AND 


S. K. BHATTACHERJEE 
Tata Institute of Fundamental Research, Bombay, India 
(Received March 15, 1961) 


The spins and parities of the 1400- and 1723-kev levels in Gd'™ are discussed on the basis of the polariza 
tion-directional correlation measurements on the 1277-123 and 725-998 kev gamma-gamma cascades 
following the 8 decay of Eu. In the case of the 1277—123-kev cascade, directional correlation measurements 
and the polarization correlation measurements of the 1277-kev gamma ray are made with liquid and solid 
sources. An attenuation in the anistropy of directional correlation and in the degree of linear polarization 
correlation has been observed in both the sources, the attenuation in the solid source being greater. In the 
725-998 kev cascade, the polarization of either of the two radiations has been measured in two separate 
experiments. On the basis of these measurements, the spins and parities of both the 1400- and the 1723-kev 
levels in Gd'* are assigned 2~. The performance of the apparatus has been checked by measuring the 
polarization correlations of known cascades in Ni®, Ti*®, Pd!*, and Sr®*, 


INTRODUCTION 


HE decay of Eu'® (T;= 16 years) has been studied 

by several workers'~* and the decay scheme is 
well established. The level spectrum of Gd'* as gener- 
ated by the 6 decay of Eu'™ is reproduced in Fig. 1. 
The nucleus Gd'* which has 90 neutrons lies on the 
edge of the group of nuclei which show rotational and 
vibrational spectra characteristic of spheroidal defor- 
mation.® The 123- and 371-kev levels of character 2+ 
and 4+, respectively, belong to the ground-state 
rotational band with K=0. The levels at 998 and 1130 
kev are assigned spins and parities 2+ and 3+, respec- 
tively, on the basis of conversion coefficient data*> and 
directional correlation measurements.’:’ These levels, 
presumably, are the members of the y-vibrational band 
corresponding to K = 2. The measured directional corre- 
lation coefficients’:* on the 1277-123- and 725—998-kev 
cascades can be fitted by various spin assignments to 
the 1400- and 1723-kev levels. The nature of both the 
1277- and the 725-kev y rays are presumably established 
as E1 from conversion coefficient measurements.?:> The 
present polarization correlation measurements were 
therefore undertaken to throw more light on the spins 
and parities of these two levels in Gd'™, 


EXPERIMENTAL PROCEDURE 


The gamma-ray linear polarimeter (Fig. 2) uses the 
Compton scattering as the polarization-sensitive device. 

1J. M. Cork, M. K. Brice, R. G. Helmer, and D. E. Sarason, 
Phys. Rev. 107, 1621 (1957). 

2 José O. Juliano and F. S. Stephens, Phys. Rev. 108, 341 (1957). 

8S. K. Bhattacherjee, Shree Raman, and S. K. Mitra, Proc. 
Indian Acad. Sci. 47, 295 (1958). 

* B.S. Dzelepov, N. N. Zhkovsky, V. G. Nedovesov, and G. E. 
Shukin, Izvestiya Acad. Nauk, Ser. Fiz. $.S.S.R. 21, 966 (1957). 

®B. V. Bobikin and K. M. Novik, Izvestiya Acad. Nauk, 
Ser. Fiz. $.S.S.R. 21, 1556 (1957). 

®R. K. Sheline, Revs. Modern Phys. 23, 1 (1960). 

7G. D. Hickman and M. L. Wiedenbeck, Phys. Rev. 111, 539 
1958). 

§’P. Debrunner and W. Kiindig, Helv. Phys. Acta 33, 395 
(1960). 


It consists of the directional counter 1 [12X2 in. 
Nal(TI) crystal], situated at a distance of 4 in. from 
the source; and a polarization-sensitive element con- 
sisting of a central cylindrical scattering crystal 2 
(13X13 in. anthracene), and two side counters 3 and 4 
[each of 13X2 in. thick NaI(T1) crystal ]. The y ray 72, 
whose polarization is to be measured, passes through a 
lead collimator, suffers a Compton scattering in counter 
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Fic. 1. Level scheme of Gd'™ as reached from the 8 decay of 
Eu'*, The intensities quoted in parentheses are taken from 
references 2-4. 
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Fic. 2. A diagram of the counter arrangement used in the 
polarization correlation experiments. Counter 1 is the directional 
counter; counters 2, 3, and 4 make up the polarization detector, 
with Compton scattering taking place in counter 2. Counters 3 
and 4 are shown in planes parallel and perpendicular, respectively, 
to the planes defined by the counters 1 and 2. Counters 3 and 4 
can be rotated together about the axis of the counter 2. Counters 
1, 3, and 4 employ Nal(TI) scintillation crystals and counter 2 
employs an anthracene crystal. Counter 1 can be rotated to change 
the correlation angle 6 


2, and the scattered gamma ray is detected in either of 
the side counters 3 or 4; one of them is situated in the 
lane containing the crystals 1 and 2 and the other i 

t the crystals 1 and 2 and the other in 
the plane perpendicular to this plane. The counter 2 
detects recoil electrons. The mean angle of scattering 
is @.=80°, which is chosen because it is the optimum 


angle for maximum polarization-sensitivity for the 
f energies of interest. The angle between 
and y2 can be varied. However, most 
of the experiments are made for @= 90° since the degree 
of polarization is, in general, maximum for this correla- 


range of ¥ 
the two y rays 71 


tion angle. The counters 3 and 4 can rotate together 
about the axis of counter 2, but are fixed relative to each 
the planes defined by the counters 2-3 and 
2-4 are always perpendicular to each other. 

For a plane-polarized y ray of given energy and for a 


other so that 


given angle of scattering, the polarization sensitivity 
of the Compton scattering process is defined by the 
asymmetry ratio R, which is the ratio of the Klein- 
Nishina differential cross sections for scattering in the 
planes perpendicular and parallel to the initial plane of 
polarization. In the actual experimental situation, the 
asymmetry ratio R is reduced because of the finite 
angular spreads of the counters 2, 3, and 4, and becomes 
the ratio of coincidence rates between 2 and 4 to 2 and 3, 
for a beam of y rays incident on the scattering crystal, 
polarized in the plane defined by the counters 2 and 3. 

If p is the degree of polarization of ys (defined as the 
ratio of intensities of y: polarized in and perpendicular 
to the plane defined by the two y rays, y; and y2), and 
if the counter 3 is in the plane containing y; and yo, and 
counter + is perpendicular to this plane, then .V,,/.V, 

Vies’ -View= (p+R)/(pR+1), where .V 42; is the triple 
coincidence rate between the counters 1, 2, and 3, and 
Vi24 is between 1, 2, and 4. 
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All the crystals were mounted on RCA 6342-A photo- 
multipliers. The photopeak of y:; whose polarization 
was not measured was accepted in a narrow window of 
the analyzer of counter 1. The recoil electron energy, 
corresponding to 80° scattering of y2, was accepted in 
the window of counter 2 and the integral counts above 
a certain bias setting were accepted in the discriminators 
of counters 3 and 4. The output of counter 2 was taken 
in coincidence (27= 2 usec) with the outputs of counters 
3 and 4 separately. Let these coincidences be denoted by 
No; and No, respectively. The counters 2~3 and 2-4 act 
separately as Compton spectrometers. A fast-slow setup 
was used between the counters 2 and 1, in the con- 
ventional way, the fast coincidence resolving time being 
2;=40 nanoseconds. The fast-slow coincidence output 
Nye. was again taken in coincidence with V2; and Vo, 
separately in two coincidence circuits (2r=4 usec) to 
give the triple coincidences Vj; and .Vj24, respectively. 
No3, Nos, Ni, and Vie, were fed to four mechanical 
printing counters. The time was recorded on a timer. 
For a fixed number of triple coincidences .Vj23, a master 
pulse was delivered by .Vj2;—scaler to print the timer 
and the printing counters recording .V;, .Vo3, Vos, and 
Nios. For a preset number of prints, the positions of 
counters 3 and 4 were interchanged. In the first position, 
the planes defined by the counters 2-3 and 2-1 are 
parallel, and in the second position they are perpendic- 
ular. Let S)= (.Vi23/.Vo3)+ (View N24) for the first posi- 
tion and So= (Ny04/No4) = (.Vi03/.Neo3) for the second 
position. Then .V,,/N,=(S,S2)!. This procedure of 
normalizing the triple coincidences with .V2; and Vo, 
corrects, to the first order, any. decentering of the 
scatterer and the inequalities of the detecting efficiencies 
for the two counters 3 and 4. The chance coincidences 
were calculated’ from the known resolving times of the 
fast and slow coincidence circuits and the different 
singles and coincidence rates. 

The apparatus was calibrated for R over the photon 
energy ranges of interest by measuring the polarization 
correlations of well known cascades in Ni®™, Ti*®, Sr’, 
and Pd'®*, Assuming the theoretical p values and using 
the experimentally determined .V,,/.\,, in each of these 
cases, the R value was extracted. In the case of Pd', 
the p value for 0*(E2)2*(£2)0* at 6=90 
that one expects .V,,/.V,=1/R. However, because of the 


is Infinite, so 


interference due to other cascades in Pd'*, this asym- 
metry was reduced. In order to obtain a value of R, a 
directional correlation measurement was made with the 
same energy settings in counters 1 and 2 as was used in 
the polarization correlation measurement. The A» and 
A, coefficients thus obtained were used to calculate p 
and the R value was extracted from the p value so 
determined. Figure 3 shows the R value as a function 
of the gamma-ray energy. The solid line shown in the 
figure was obtained by integrating the Klein-Nishina 
formula over the spreads of the crystal dimensions. 


*P. H. Stelson and F. K. McGowan, Phys. Rev. 105, 1346 
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Fic. 3. The asymmetry ratio R as a function of the energy 
of the y ray whose polarization is measured. 


RESULTS 


The Eu'®* source was obtained from Oak Ridge 
National Laboratory, by irradiating 95% enriched Eu'™ 
in oxide form with thermal neutrons. The source con- 
tains about 40% of long-lived Eu'® activity. In the 
present experiment the contributions due to the Eu'®? 
contaminations were taken into account. 


A. 1277 —123-kev Cascade 


The 123-kev level has a half-life of 1.2 nsec." In order 
to find if there was any attenuation in the directional 
and polarization correlation coefficients due to the 
extranuclear field in the source, measurements were 
made with a solid polycrystalline EuCl; source and with 
a dilute aqueous solution of EuCl;, contained in a thin- 
walled Perspex capsule. With these sources, both direc- 
tional and polarization correlation measurements were 
made. For the polarization correlation experiment, the 
123-kev photopeak was accepted in a narrow window 
in counter 1 and the polarization of the 1277-kev y ray 
was measured by accepting a recoil-electron energy 
band of 700-1000 kev in counter 2. The results of the 
directional and polarization correlation measurements 
on this cascade are reproduced in Table I. 

The contribution in the triple coincidences in the 


10 A. W. Sunyar, Phys. Rev. 98, 653 (1955). 
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TABLE I. Results of the directional and polarization correlation 
measurements on the 1277-123 kev y-cascade in Gd'™. R for the 
1277-kev y ray was taken as 1.95. 


Source Ao Aa 0 Ni p 


—0,.005 +0.018 90 . +0.02 0.50+0.04 
120 a 0.68 +0.06 
—0.017 +0.018 90 ‘ 0.63 +0.04 
120 07+0.03 0.81+0.06 


Liquid 0.190+0.012 


Solid 0.161 +0.012 


polarization correlation measurements, due to the 121 
1409 kev cascade of Sm!*? was estimated to be about 
5%. From the known spin sequence! in Sm!, the 
correction to the .V,,/N, value was estimated to be less 
than 1%. Debrunner and Kiindig* have recently reported 
measurements on the directional correlation of this 
cascade with different source conditions. In a liquid 
source they find A.=0.168+0.013; A,=0.002+0.012. 
Hickman and Wiedenbeck’ find A.=0.191+0.010; 
A,4=—0,007+0.015 in a liquid source. Our liquid-source 
values agree well with these measurements. In the solid 
source, the experimental A» value is smaller than that 
in the liquid source. Similar attenuation is also clearly 
seen in the polarization correlation measurements. Thus 
it is established that for this cascade there is an attenua- 
tion, due to the extranuclear field, both in the direc- 
tional as well as in the polarization correlation measure- 
ments. By measuring the directional correlation of 
248-123-kev cascade in Gd'*!, Debrunner and Kiindig® 
find the attenuation coefficient and correct the A» value 
for the 1277-123 kev cascade. The corrected value 
quoted is A,=0,.251+0.039 which is close to the 
sequence 2(1)2(2)0, indicating that the 1400-kev level 
has a spin 2. 

For a 2-(£1)2*(£2)0* cascade, the theoretical p 
value is 0.4 and for a 2+(M1)2*(£2)0* cascade, it is 2.5. 
The experimental value 0.50+-0.04 clearly indicated 
that if 1400-kev level has a spin of 2, its parity is 
negative. In Fig. 4, the poor value is plotted against A» 
with 6’=6/(1+6), where 6 is the mixing ratio of the 
higher to lower competing multipoles, as the param- 
eter.!! As can be seen from the figure, the assignments 
3+ (83% M1+17% E2)2*+(£2)0* and 1*+(£2)2*(E2)0* 
also fit the data. The latter assignment is excluded since 
it requires an A ,= —0.75 in contrast to the experimental 
value which is zero within the experimental errors. An 
assignment of 4~ to the 1400-kev level with an M2+ E3 
character for the 1277-kev y ray also fits the experiment 
but is excluded on the basis of the measured K-conver- 
sion coefficient® for the 1277-kev y ray which is (0.72 
+0.07)X10-*, The theoretical value’ for the K- 
conversion coefficient for an £1 transition of the 1277- 
kev y ray is 0.7X10-; its value for an 83% M1+17% 
£2 mixture, corresponding to a 3* assignment of the 


1G. T. Wood, Phys. Rev. 116, 1499 (1959). 

12 ¢, F. Coleman, Nuclear Phys. 5, 495 (1955). 

13... A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Report 57 ICCK1, issued by 
Physics Department, University of Illinois, Urbana, Illinois 
(unpublished) J. 





K. BABA 





qT ~ | 
died eed 


—tims+e2)2 (€2)0- 


~2le1)2 (e200 


/s + +0.2 
Loo Cilmi+ezi2 (e2le 











l 1 1 1 = & 


-0.6 -0.4 0.2 ~ +0.2 
2 





+0.4 


Fic. 4. The degree of polarization, when the polarization of 
mixed radiation is measured, is plotted for a correlation angle of 
90° against Az for gamma-gamma cascades having the spin 
sequence J—2-0, with 6’=65/(1+4) as the parameter, where 4 is the 
quadrupole-to-dipole mixing ratio. The necessary formulas were 
taken from L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 
25, 729 (1953). Markers are placed along the curve to indicate the 
points for 6’ from 0 to +1 in intervals of 0.1. Rectangles are 
plotted to show the experimental limits of the measurements of 
p and A>. The rectangles A and B correspond to the 1277-123 kev 
cascade with solid and liquid sources, respectively. The rectangle 
C corresponds to the 725-998 kev cascade with a liquid source. 
The rectangles labeled B’ and C’ are the mirror images of rect- 
angles B and C, respectively, about p=1 axis. By comparing the 
rectangles B’ and C’ with the theoretical curves, it is possible to 
consider the cascades in which the mixed transition has the 
opposite parity change from the one indicated by the label. 


1400-kev level, is 2.2X10~-*. This establishes the F1 
nature of the 1277-kev y ray and so the 1400-kev level 
is 2~ in nature. 


B. 725—998-kev Cascade 


The directional correlation measurements in this 
cascade have been reported by several workers. 
Hickman and Wiedenbeck’ reported the values A» 
=0.21340.025; A,=—0.013+0.037. Debrunner and 
Kiindig* reported the values A2=0.296_0.055*°°™ and 
A,=0.035+0.036. These values can be fitted with a 
spin assignment of 2 for the 1723-kev level. Other spin 
assignments like 3, 4, 5, and 6 can also fit the correlation 
coefficients. The higher spin assignments can, however, 
be excluded on the basis of the measured K-conversion 
coefficient for the 725-kev y ray, as will be discussed 
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TABLE II. Results of the polarization correlation measurements 
on the 725-998-kev y cascade in Gd'™. The correlation angle 
6=90°. 


y ray whose 
polarization 
was measured 


998 kev 
725 kev 


Nu 'N, p 
0.70+0.03 
1.49+0.07 


2.6_9 37? 4 


0.42+0.05 


later. The polarization correlation of this cascade is 
composed of the following two experiments. 


MEASURED POLARIZATION OF 725-KEV y-RAY 


For this experiment the photopeak of the 998-kev 
y ray was accepted in a narrow window in counter 1. 
Here, as well as in the following experiment, the anthra- 
cene crystal was replaced by a NaI(T1) crystal of same 
dimensions for better energy resolution. The recoil 
electron band of energy 300-500 kev was accepted in 
counter 2. Here about 10% of the total coincidences 
were due to the 725-875-kev y cascade since a tail of 
the 875-kev y-ray photopeak was accepted in counter 1. 
About 15% of the total coincidences were due to the 
593-1007-kev cascade since a portion of the recoil elec- 
trons due to the 593-kev y ray was accepted in counter 
2. Since the directional correlation of both the 593-1007- 
kev? and 725-875-kev y cascades* are almost isotropic, 
not much of an error is made in assuming .V,,/\, for 
these cascades to be unity. These two corrections on the 
725-998-kev cascade were made and the corrected p 
value is shown in Table II. 


MEASURED POLARIZATION OF 998-KEV y RAY 


In this experiment the photopeak of the 725-kev + 
ray was accepted in counter 1. The recoil-electron band 
of energy 450-750 kev was accepted in counter 2. In 
this experiment about 30% of the total coincidences 
were due to the 725-875-kev y cascade because a portion 
of the recoil electrons due to the 875-kev y ray was 
accepted in counter 2. Correction was made for this 
contribution in the same manner as The 
corrected p value is shown in Table II. 

The experimental p values are compared with theory 
in the parametric plots’? shown in Figs. 4 and 5. In 
Fig. 4, the observed p value when the 725-kev y-ray 
polarization was measured, is shown. This again fits the 
2-(E1)2*(E2)0* sequence and also the 3+(M1+ £2)2+ 
(E2)0* sequence. However, the measured K-conversion 
coefficient,? ax, of the 725-kev y ray is (2.4+0.4) kK 10 
as compared to the theoretical value" of 1.9 10- for 
F1, A mixture of 70% M1 and 30% E2, which also fits 
the polarization correlation data, requires a value of 
ax=7.6X10- which is quite different from the experi- 
mental value. Thus the 725-kev y ray is /1 in nature 
and the spin and parity of the 1723-kev level are 2-. 
In Fig. 5, the experimental p value when the 998-kev 
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Fic. 5. The degree of polarization, when the polarization of pure 
radiation is measured, is plotted for a correlation angle of 90°, 
against A» for gamma-gamma cascades having the spin sequence 
J-2-0. The parameter 6’ is the same as in Fig. 4. The rectangle 
shown corresponds to the measurement when the polarization of 
the pure £2 transition of 998 kev is measured in the 725-998-kev 
cascade. The limit of M2 mixture for the 725-kev y ray can be 
seen to be less than 0.5%. 


y-ray polarization was measured is shown. As can be 
seen, this value also fits the 2~ assignment for the 1723- 
kev level. One can see from Fig. 4 that the upper limit 
on an M2 mixture in the 725-kev y ray is about 4% 
(rectangle C). However, from Fig. 5, this limit is 
narrowed down to about 0.5%. 


DISCUSSION 


The nature of the even-parity levels in Gd has been 
well understood in terms of the rotations and vibrations 
of the deformed nucleus.*:? There have been reports of 
the existence of other even-parity levels at 692 kev 
(0+-+),° at about 800 kev (2+),'* 720 kev (6+), and 
another level at 1850 kev.'!® The first two levels have 
been classified as the members of the 8-vibrational band 
and the 720-kev level as belonging to the ground-state 


“DPD. M. Brink, in Progress in Nuclear Physics, edited by O. R. 
Frisch (Pergamon Press, New York, 1960), Vol. 8, p. 111. 

16S. Jha, H. G. Devare, M. N. Rao, and G. C. Pramila, Proc. 
Indian Acad. Sci. 50, 303 (1959). 
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TABLE III. Comparison of the ratio of the reduced transition 
probabilities of the 725- and 593-kev y rays de-exciting to the 2* 
and 3+ members of the y-vibrational band, assuming different K 
values for the 1723-kev level. The intensities of the y rays involved 
were taken from references 2-4. 


B(E1; K,2- — 2,2") 
Experimental 
ratio 


B(E1; K,2- — 2,3*) 


0.5) 
ih 
20 2.4+0.4 


rotational band. The presence of these levels, which are 
presumably weakly populated from the 8 decay of 
Eu'*, does not alter the conclusions that are drawn 
from the present experimental results. 

The two odd-parity levels of spin 2 in Gd!'* at 1400 
and 1723 kev have different decay properties. The 
1400-kev level mainly de-excites to the (0,2+-) 123-kev 
level. The 2~ state at 1531 kev in Sm'® also has the same 
characteristics. Even though a y transition to the 
(2,2+-) level is observed in Sm", it is weak compared 
to the y transition to the (0,2+) level.!® These two 2- 
levels at 1400 kev in Gd'* and 1531 kev in Sm!” 
presumably have the same origin. 

On the other hand, the 1723-kev level in Gd! 
mainly de-excites to the 998- and 1130-kev levels which 


TaBLe IV. Summary of known 27 levels in even-even nuclei 
above neutron number 82. £2- denotes the energy in kev of the 27 
level, E.*+ denotes the energy of the 2* member of the ground-state 
rotational band. The fourth column represents the ratio of the 
reduced transition probabilities of the y transitions from this level 
to the 2+ and 3+ members of the y-vibrational band. Cases shown 
within parentheses are not definite. 


- Refer- 
Nucleus | Des 22 at ei; ,3*t) ences 
Sm! 
Gd! 
Gd'* 
Dy'® 
Dy 160 


1531 
1400 
1723 
1264 
1358 
1189 
(1150) 
(1461) 
1123 
(930) 
(840) 
(820) 


* Reference 16 

> Intensities were taken from references 2-4. 

¢G. T. Ewan, R. L. Graham, and J. S. Geiger, Proceedings of the Inter- 
national Conference on Nuclear Structure, Kingston, edited by D. A. Bromley 
and E, W. Vogt (University of Toronto Press, Toronto, Canada, 1960), 
p. 603. 

1 Reference 17. 

eC. J. Gallagher, 
(1958). 

I. Marklund, B. Van Nooijen, and Z. Grabowski, reported at the annual 
meeting of Swedish Physical Society, June, 1959 (unpublished) and 
O. Nathan, D. Bes, and S, G. Nilsson (private communication) as quoted in 
reference 6. 

«FE, Arbman, §. 
(1960). 

» From Fig. 8 in 


Jr., D. Strominger, and J. P. Unik, Phys. Rev. 110, 725 


Bjérnholm, and O. B. Nielsen, Nuclear Phys. 21, 406 


reterence 6. 


16 QO. Nathan and S. Hultberg, Nuclear Phys. 10, 118 (1959). 
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are the members of the y-vibrational band via the y rays 
of energy 725 and 593 kev, respectively. The transition 
to the (0,2+-) level is also present via the 1600-kev y 
ray but its reduced transition probability is about 100 
times less than that of the 725-kev y ray, the 1600-kev 
y ray being assumed F1. If this 1723-kev level is 
collective in origin, an assignment of the A value can 
be made. The experimental ratio of the reduced transi- 
tion probabilities of 725- and 593-kev y rays is compared 
in Table III with theoretical ratios for different K 
values assumed for the 1723-kev level. As can be seen 
from Table III, the assignment A=2 for this level is 
clearly favored. Such an assignment explains the relative 
slowness of the 1600-kev y transition to (0,2+) level 
since a transition of £1 type is forbidden by the K 
selection rule. It is interesting to see if any M2 mixture, 
which is allowed by the A selection rule, is present in 
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this y transition. An identical y transition of 1189 kev 
in W'® has a 40% M2 mixture.!? 

The 2- levels are found in other deformed even-even 
nuclei also. Table IV summarizes the presently known 
2 levels occurring in the region of medium-heavy and 
heavy deformed nuclei. An inspection of this table 
reveals that such 2~ levels are occurring in regions 
where there is a shift from a spherical to a deformed 
nucleus and vice versa. The ratios of the energies of 
these 2~ levels to the energy of the 2+ member of the 
ground-state rotational band (column 3 in Table IV) 
seem to be grouped into values of about 14, 10, and 20 
in the regions of neutron numbers around 90, 110, and 
138, respectively; in each region this ratio appears to 
increase with the increase of deformation. 


17 C, J. Gallagher, Jr. and J. O. Rasmussen, Phys. Rev. 112, 1730 
(1958). 
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Antishielding of Nuclear Electric Hexadecapole Moments* 


R. M. STERNHEIMER 
Brookhaven National Laboratory, U pton, New York 
Received March 27, 1961) 


The antishielding factor 7. for a possible nuclear electric hexadecapole moment has been calculated for 


the Cu*, Ag* and Hg** 


ions, using the Hartree-Fock wave functions for the 3d, 4d, and 5d electrons in- 


volved. It was found that 7.(Cu*)=— 1200, n.(Ag*)=— 8050, and n.(Hg**)=— 63 000. The implication 


of these results is discussed. 


N a previous paper,' we have considered the inter- 
action of a possible nuclear electric hexadecapole 
(16-pole) moment (HDM) with the ion core surround- 
ing the nucleus. It has been shown that for medium 
and heavy atoms with closed d shells, the interaction 
energy of the HDM with the fourth-order derivative 
terms of the potential due to the ionic lattice (for the 
case of a crystal) will be considerably amplified by 
antishielding effects of the same type as have been 
calculated? and observed’ for nuclear quadrupole mo- 
ments. The antishielding effect arises from the large 
hexadecapole moment which is induced in the closed d 
(and possibly f) shells of the ion core. The induced 

HDM was written as 
Aina=—12H, (1) 

*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1R. M. Sternheimer, Phys. Rev. Letters 6, 190 (1961). This 
Letter will be referred to as I. 

2 R. M. Stermheimer, Phys. Rev. 80, 102 (1950) ; 84, 244 (1951); 
95, 736 (1954); 105, 158 (1957); R. M. Sternheimer and H. M. 
Foley, ibid. 102, 731 (1956). , 

3 See, for example, M. H. Cohen and F. Reif, in Solid-State 
Physics, edited by F. Seitz and D. Turnbull (Academic Press, 
Inc., New York, 1957), Vol. 5, p. 321; T. P. Das and E. L. Hahn, 
Nuclear Quadrupole Resonance S pectroscopy (Academic Press, Inc., 
New York, 1958). 


where H is the nuclear HDM, and 7,, is defined as the 
hexadecapole antishielding factor, in a completely 
analogous manner to the antishielding factor® y,, for 
the nuclear quadrupole moment. 

In the present paper, we wish to report the results of 
calculations of 7, for the Cu+ and Agt ions, using the 
Hartree-Fock wave functions which have been obtained 
for these ions.4> We have found that »,2=—1200 for 
Cut and 7,2—8050 for Ag+. These values are ex- 
tremely large, even when compared to typical values 
of y..(~—100), and therefore suggest that it may be 
possible to detect the nuclear HDM for nuclei with 
spin J22, by observing the deviation from the rela- 
tionships between the resonance frequencies which 
would be expected for a pure quadrupole resonance 
spectrum.® 

The predominant contribution to 7, for Cu* and 
Ag* is due to the 3d-—>d and 4d—-d excitations, re- 
spectively, produced by the nuclear H. (Although the 
stable isotopes of Cu and Ag have spin J=} and 


, 


3 
2 
respectively, we assume the presence of a nuclear 


‘PD. R. Hartree and W. 
A157, 490 (1936). 

5B. H. Worsley, Proc. Roy. Soc. (London) 

*T. C. Wang, Phys. Rev. 99, 566 (1955) 


Hartree, Proc. Rov. Soc London) 


A247, 390 (1958). 





NUCLEAR ELEC ERIC 
HDM for the purpose of the calculations, which will 
also apply approximately to neighboring elements in 
the periodic table.) The term 7,,(nd—> d) due to the 
excitation of the nd electrons into higher d states is 
given by! 

Nx»(nd — d) 


D 


= (80/63) [ uy (nd)u'; 4(nd — d)r'dr, (2) 


0 


where uo’ (nd) is r times the radial part of the unper- 
turbed nd function, and u’; (nd —d) is r times the 
radial part of the perturbation. (The notation of the 
present paper is the same as in I.) The function 
u’; (nd — d) is determined by the equation, 


ad? 6 
| -- - ~+Vo—Eo u's, (nd — d) 


dr r 


= uy' (nd) 
r® 


and by the orthogonality condition, 


£ 


f uy (nd)u'; 4 (nd — d)dr=0. (4) 


0 


In Eq. (3), Vo and Eo are the unperturbed potential 
and energy eigenvalue for the nd state, and (1/r°)na is 
the average of 1/r® for the wave function uo’ (nd). 

The perturbed functions w’;,7(3d— d) for Cu* and 
ui n(4d—>d) for Ag* were calculated by numerical 
integration of Eq. (3), using the Hartree-Fock functions 
uy’ (3d) of Cut and u'(4d) of Agt, which have been 
obtained by Hartree and Hartree* and by Worsley.° 
The effective values of Vp—» on the left-hand side of 
(3) were obtained from the function m9’ as follows?’: 

1 duo’ 


: (3) 
uy’ dr 


We note that for Cut, (1/r° 
(1 "ae 4d 


219.0ay~*, and for Ag*, 
932.3an-°. 

The solution #’;,7 was obtained by inward numerical 
integration starting at r=r,=6ay (both for Cut and 
Ag*t), in the same manner as in our previous calcula- 
tions of the quadrupole antishielding factor? y,,(nl — 1) 
and the dipole polarizability’ ay. The integration is 
started with an arbitrary value w’y,7(r;) at r1=6an. 
The value of w’;,7 at r;+6 (6= interval of integration) 
is then obtained from 

wy (11 +-6) = 0's u(r) exp{ —LV (ri) }'5}, (6) 
where XN is defined by 
6 I 
+(Vo—Fy)- ’ 
r u's u(r) 


( 1954); 107, 


N(r) 


7R. M. Sternheimer, Phys. Rev. 96, 951 


(1957): 115, 1198 (1959), 
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Fic. 1. The 3d function uo’ (3d) and the 3d — d 
perturbation 1’), 7(3d 


> d) for Cu. 


and where J is the inhomogeneous term on the right- 
hand side of Eq. (3). As indicated in Eq. (6), V(r) is 
to be evaluated at r=7r}. 

The integrations were carried out from r=r; down 
to a small radius ry>~0.06ay. For small r, one can ob- 
tain the power series expansion for #’;,47 which is valid 
near r=0. We note that w’;,y is finite at r=0, and has 
the value 

wi alr QO) 63/0, (8) 


where c; is the coefficient of r’ in the expansion of the 


3d or 4d wave function wy)’ near r=0. Thus we have 


uy =orteri+---, for r~0, (9) 


where c3 and cy are constant coefficients which can be 
obtained from the tabulated Hartree-Fock wave func- 
tions.4> For Cut 3d, we 244.5, so that 
uw’) u(r=0)=40.75. Similarly, for the 4d function® of 
Agt, cs=1114, whence w’),7(r=0) = 185.7. 

For each case (Cut 3d and Agt 4d), two separate 
integrations were carried out, with starting values at 
r,=6ay which differ by a factor of ~1.5, in order to 
obtain a check on the calculations. It should be noted 
that after the numerical integration is completed, the 


have? ¢3 


solution #’;.7 is made orthogonal to mo’ by adding a 
suitable multiple of mo’ [see Eq. (4) ]. For Agt, the 
resulting two solutions #’;, (4d — d) differ by less than 
1% in the important region between r= lay and 4an, 
which makes the predominant contribution to the inte- 
gral of Eq. (2) for (4d — d). Correspondingly, the 
values of 7..(4d — d) which are derived from the two 
solutions, namely —7999 and —8056, differ only by a 
factor of 1.007. The average of the two results for 
n.(4d — d) is thus —8028. 

For Cut, the two solutions u’;,47(3d— 4) differ by 
less than, 3° -2ay and 4ay. The resulting 
values of ,,.($d > d) are —1179 and —1214 (average 
= —1197), 

We note that these results for both Cut 3d — d and 
Ag+ 4d — d are considerably larger (by a factor of 5-8) 
than the values which would be obtained for hydrogenic 
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Fic. 2. The 4d function uo’ (4d) and the 4d — d 
perturbation ’:,7(4d — d) for Ag*. 


wave functions with an effective atomic number Z,=1. 
As was shown in I, for the hydrogenic case, one finds 
Nx (3d — d) = —147.2/Z, and n,,(4d — d) = —1680.8/Z,. 
Thus a value of Z,=1, which would be suggested by 
results for the quadrupole antishielding factor y,,, would 
give n,,.(3d—>d)=— 150 for Cut and n,,(4d—d)=— 1700 
for Ag*. The actual values, namely —1197 and —8028 
are larger by factors of 8.0 and 4.7, respectively. To put 
it in another way, the results for n,,(md — d) from the 
Hartree-Fock wave functions correspond to effective 
Z values: Z,=0.123 for Cut 3d—>d, and Z,=0.209 
for Ag+ 4d — d. It should, of course, be noted that the 
Cut 3d and Ag* 4d wave functions differ considerably 
from hydrogenic wave functions for any value of Z,, 
so that one should not expect the hydrogenic formula 
to apply. 

The perturbed wave functions wu’; 7(3d — d) of Cut 
and u’, (4d —d) of Agt are shown in Figs. 1 and 2, 
respectively, together with the corresponding unper- 
turbed radial functions uo’(nd). We note that the large 
results for 7,.(md — d) are essentially due to two effects: 
(1) the large values of u’; 7 in the region of the outer- 
most maximum of the perturbed wave function; e.g., 
u’, 1 (4d — d) of Ag* reaches a value of 197 at r=2.3ay; 
(2) the large values of the factor r* in the region of the 
maximum of the integrand uo'u’;, qr of Eq. (2). Thus 
the maximum of w'u’;,yr* for Ag+ 4d—d occurs at 
r=2.8ay, where uo’ = —0.232, u’) 7=176.5, r'=61.47, 


whence %o'#’;. 77*= — 2517. The fact that wo’ and u’1.4 
have opposite sign in the region of large r is responsible 
for the net antishielding effect of ,,(nd — d) (<0), in 
the same manner as for y,,(#/ — /). 

For the 3¢d—d excitation of Ag*t, the perturbed 
wave function u’; 7(3d—>d) was calculated, and the 
resulting 7,.(3¢d — d) is —18.4. If one uses n,,(4d — d) 
= — 8030, one thus obtains for the complete n,, due to 
the radial modes, mo,raa(Agt)=-—8048. Similarly, for 
Cut, we have no.raa(Cut) = — 1200. 

As has been discussed in I, the contribution to 7, 
due to the angular modes of excitation of the core 
(ns > g; np— f, np—>h; nd — g, nd — i) can be ob- 
tained by means of the Thomas-Fermi model, in the 
same manner as for the quadrupole shielding factor* 
Yx,ang. If we interpolate between the results for K* 
(ne.ang= 0.58) and Cs* (1.6), as given in I, we obtain 
Nxv,ang=0.9 for Cut and 1.4 for Ag*. These values are 
obviously negligible compared to the radial terms 
Nx,raa Which therefore represent essentially the com- 
plete hexadecapole antishielding factor 7... Thus we 
have as our final result: 7,(Cut)=:—1200 and 


nx (Agt)=—8050, with an estimated uncertainty of 
~10% due to the procedure of the numerical integra- 
tion of Eq. (3). 

We have also obtained the antishielding factors 
nx (4d — d), n.(4f— f), and n,.(5d— d) for the Hg** 
ion, using the Hartree 4d, 4/, and 5d functions for this 
ion.’ The results are: n,.(4d —- d)=—271, n,(4f— f) 


=—17.6, and 7,,(5d— d)=—62,700. It is expected 
that the value of »,.(3¢ — d) will be much smaller than 
nz(4d — d) [| 9,.(3d — d)| <1]. Thus the complete anti- 
shielding factor ,, for Hg** is =—63 000. Similarly to 
the results for Agt, where | ,,(3d — d)|<}n,,(4d— d) , 
it is seen that also for Hg** the outermost d shell 
makes the predominant contribution to 7... 

As already pointed out above and in reference 1, 
these large values of n,, may make it possible to detect 
the presence of a nuclear hexadecapole moment using 
quadrupole resonance spectra from crystals containing 
ions with closed d shells. We note that the present 
results for n,,(Cut) and 9,,(Ag*) are considerably larger 
than the estimates made in reference 1 using Z,=1. 


8D. R. Hartree and W. Hartree, Proc. 
A149, 210 (1935). 
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Proton capture by Ca has been studied by means of observa- 
tions of both the prompt gamma rays from resonance states in 
the compound nucleus and the delayed positrons from the decay 
of the ground state, Targets of CaO were prepared by the elec- 
trodeposition of Ca onto a Pt backing followed by the oxidation 
of the Ca and the purging of impurities by heat. These targets 
were bombarded by protons from a 2-Mv Van de Graaff ac- 
celerator, producing the reaction Ca“(p,y)Sc". The gamma rays 
from this reaction were observed with the use of a 3-in. diam by 
3-in. Nal(TI) crystal and a 256-channel pulse-height analyzer. 
Positrons from the decay of Sc were detected with the use of a 
thin plastic phosphor, 1.5 in. diam by 0.012 in. thick. Two 


INTRODUCTION 


INCE the nuclide Ca has closed shells for both 

protons and neutrons, observations of low-lying 
excited states for the system Ca®-+nucleon have par- 
ticular importance for the independent particle model 
of the nucleus. The energies of gamma rays following 
thermal neutron capture by Ca“ have been measured 
by Adyasevich e? al.! and others, and further informa- 
tion on energy levels in Ca‘! has been obtained by 
Braams,”? Bockelman and Buechner,’ and others using 
magnetic analysis of proton groups from the 
Ca*’(d,p)Ca" reaction. 

At the time the present experiment was undertaken, 
very little was known about the mirror reactions to 
those given above, involving proton capture. The 
Ca (p,y)Sc" reaction had not previously been observed, 
and only one report had been published on the 
Ca®(d,n)Sc" reaction. The present experiment con- 
cerns the detection of resonances in the Ca(p,y)Sc™ 
reaction, and the measurement of their parameters: 
width, cross section, and energies of emitted gamma 
rays. 

The only other stable nuclides with double closed 
shells of equal numbers of protons and neutrons are 
He‘ and O"*. The He'(/,y)Li® reaction has never been 
observed, and no resonance has been observed in the 
O'(p,y)F" reaction below a bombarding energy of 
2 Mev. The nonresonant capture for this reaction has an 
extremely low cross section and is attributed to a direct 
capture process. 


EXPERIMENTAL PROCEDURE 


The protons were supplied by the NRL Nucleonics 
Division 2-Mv Van de Graaff accelerator. A 90° mag- 
netic beam analyzer, calibrated with the Al?’(p,y)Si®* 


1V. P. Adyasevich, L. V. Groshev, A. M. Demidov, and B. N. 
Lutsenko, Atomnaya Energ. 1, 28 (1956); J. Nuclear Energy 3 
325 (1956). 

*C. M. Braams, Phys. Rev. 103, 1310 (1956). 

Ba K. Bockelman and W. W. Buechner, Phys. Rev. 107, 1366 
(1997). 


resonances in the reaction were observed at bombarding energies 
of 650+5 kev and 1850+10 kev. Two other possible resonances 
were observed at 1550+15 kev and 1630+15 kev. The 650-kev 
resonance corresponds to an excited state in Sc at 1.723+0.011 
Mev, has an integrated cross section of 0.02 ev barn (factor of 2 
uncertainty either way), has a width of less than 5 kev, and in- 
volves a gamma ray whose energy was measured to be 1.71+0.03 
Mev. The 1850-kev resonance corresponds to an excited state in 
Sc! at 2.883+0.014 Mev, has an integrated cross section of 0.3 ev 
barn (factor of 2 uncertainty either way), has a width of less 
than 10 kev, and involves a gamma ray whose energy was meas- 
ured to be 2.89+0.02 Mev. 


resonance at 992 kev and controlled by proton magnetic 
resonance equipment, was used to define and control 
the proton energy. The gamma rays following proton 
capture were detected by the use of a 3-in. diam by 
3-in. NaI (Ti) crystal mounted on a type 6363 multiplier 
phototube. The crystal was shielded from background 
radiation by approximately 2 in. of lead and was 
mounted at 0° with respect to the proton beam as shown 
in Fig. 1. The phototube pulses were analyzed with an 
Argonne-type 256-channel pulse-height analyzer. 

Since the residual nuclide Sc is unstable, having a 
half-life of less than 1 sec, emitting positrons as it decays 
to Ca*', excitation curves were determined with respect 
to delayed positron emission as well as prompt gamma- 
ray emission. The observation of delayed positrons has 
certain advantages over the observation of the prompt 
gamma rays. For example, two of the most prolific 
gamma-ray emitting reactions under proton bombard- 
ment are N'5(p,ay)C” and F"(p,ay)O", both involving 
stable final nuclides. Since both these reactions involve 
the emission of energetic alpha particles, resonances 
arising from these reactions are much wider, on the 
average, than those involving (f,y) reactions. Ex- 





























Fic. 1. Geometrical arrangement of the target holder (including 
the cold tube extension of the liquid-nitrogen cold trap) and the 
Nal(TI) crystal for making the gamma-ray measurements. For 
the positron measurements, the Nal(TI) crystal was replaced 
with a thin plastic phosphor. The arrangement possessed axial 
symmetry. 
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tremely small amounts of these contaminants, N' and 
F, therefore can obscure the gamma-ray yield from 
(p,y) reactions having relatively low cross sections. But 
since the product nuclides of the (p,ay) reactions on 
N' and F"® are stable, a delayed positron detector is 
completely insensitive to these contaminant (p,a7y) 
reactions. 

For positron detection a thin plastic phosphor, 
Pilot-B, was mounted on a type-6292 multiplier photo- 
tube and placed in the same position as the NalI(TI) 
crystal in Fig. 1. The phosphor had a diameter of 1.5 in. 
and a thickness of 0.012 in. 

Because of the high beta background when the beam 
was on target, the following bombard-count cycling 
procedure was used. The beam was allowed to strike the 
target for 1 sec, then a shutter stopped the beam about 
10 ft from the target, and for the next second the delayed 
positrons were counted. An automatic cycling device 
repeated this cycle many times for each bombarding 
energy used. 

Target preparation was a difficult problem because 
of the chemical affinity of Ca for many elements and 
compounds, and also because of the very small cross 
section of the Ca®(p,y)Sc" reaction. Evaporated targets 
proved inadequate because of the large amount of 
“air” and other materials in the “vacuum” space 
carried onto the target by the evaporating Ca atoms. 
The amount of nitrogen and oxygen carried onto the 
target, for example, was several times greater than 
the total amount calculated to exist in the “vacuum” 
volume of the evaporator at any one time. The reason 
for this is not clear, but presumably there is a rapid 
interchange between ‘‘vacuum gas” and “wall gas,” 
and the gettering action of the Ca forms a “sink” 
which “soaks up” the gas over a period equivalent to 
several volume interchanges. Nitrogen on the target 
presented a particular problem for gamma-ray meas- 
urements because of the relatively large cross section 
for the N'°(p,ay)C® reaction. 

In previous experiments (e.g., the bombardment of 
nickel isotopes* by protons) electrodeposition techniques 
were developed and proved to be particularly suitable for 
producing extremely clean targets. Therefore procedures 
for the electrodeposition of Ca were investigated. Of 
course, normal aqueous solutions were unsuitable be- 
cause of the chemical activity of Ca; so various organic 
solvents and Ca salts were tried. Ethyl alcohol and 
CaCl, gave the best results. Ca(NO3)2 produced a 
satisfactory Ca plating, but left too much occluded N' 
target, leading to the N'(p,ay)C” reaction 
mentioned above. 


on the 


Prior to the electrodeposition of Ca for the target, 
the alcohol solution was purged of water content by an 
extra large electric current (the order of 100 ma) plating 
Ca onte a cathode different from the target blank. Then 
diam X0.010-in. thick Pt blank 


the 0.75-in. target 


+™ Gossett, Phys. Rev. 108, 1473 (1957) 
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was substituted for the previous cathode and a current 
the order of 10 ma was allowed to flow for the order of 
1 min, the target thickness being approximately pro- 
portional to the product of electric current and time. 

Special handling techniques were used for transfer- 
ring the metallic Ca from the electroplating solution 
to a quartz spring balance for weighing and thence to 
the target holder. The electroplating system and the 
spring balance were inside a standard ‘“‘dry box’”’ with 
a dry helium atmosphere. Also inside the dry box was 
the target holder, including a valve ; this valve was closed 
after insertion of the weighed target and kept closed 
until the assembly was placed in position on the Van de 
Graaff accelerator and the system on the other side of 
the valve evacuated. 

The target was protected by a cold trap similar to 
the one previously described‘ except that the cold tube 
was retractable during the time the target-holder valve 
was closed and could be repositioned under vacuum near 
the target as shown in Fig. 1 when the target-holder 
valve was reopened. 

Even when these metallic Ca targets were initially 
clean and protected by the surface at liquid-nitrogen 
temperature, they would, after a few hours of bombard- 
ment, pick up minute traces of fluorine, which would 
give rise to gamma rays through the F'(p,y)O" 
reaction. These gamma rays tended to mask the yield 
from the Ca®(p,y7)Sc* reaction because the F'*(p,ay)O" 
reaction, like the N'*(pyay)C® 
with relatively very large cross sections. 

The most successful targets resulted from the deliber- 


reaction, has resonances 


ate oxidation of the electrodeposited Ca, forming the 
nonvolatile CaO. This property of CaO permitted the 
purging of impurities by high temperatures; and the 
relatively less chemical activity of CaO reduced the 
probability of recontamination. The targets used for 
the final data of the present experiment were purged of 
impurities by being “ignited” to white heat with an 
oxygen-natural-gas torch over a period of 5 to 15 min. 
Targets, which after long periods of bombardment 
picked up small amounts of fluorine or other contami- 
nants, could be repurged by the re applic ation of the ig- 
niting process. The oxygen, primarily O'*, contributed 
relatively little to the total observed gamma-ray yield 
because O'* is also doubly magic and has small, and 
well-known, proton-capture cross sections. 

It was necessary to prevent the inner cone of the torch 
flame from touching the Pt disk, because if the inner 
cone did touch the Pt disk, it would carbonize the Pt, 
and the yield from the C’(p,y)N" reaction would tend 
to mask that from the Ca®(p,y)Sc" reaction. 

The thickness of the targets could be controlled by 
the regulation of the amount of current and the time 
allowed for the deposition. Several different targets 


were used with several different thicknesses, the range 


of thicknesses for the CaO layer being 50 to 500 yg /cm? 
corresponding to energy losses of about 10 to 100 kev 
for incident protons of 1 Mev in. penetrating the layer. 





Ca! °(p,7)Sc#! 
RESULTS 


Excitation curves for both gamma rays and positrons 
were first obtained with a relatively thick target (about 
75 kev thick to 1-Mev protons) and with relatively 
wide bombarding energy intervals (about 50 kev). The 
bombarding energy range was from 500 to 1900 kev. 
There were only a few regions where the yield was ap- 
preciably above the background, and these regions 
were then reinvestigated with thinner targets and smaller 
bombarding energy intervals. The lowest energy region 
of interest (the region near 650 kev) was also invest- 
igated with a thicker target (about 100 kev) 
cause it was difficult to establish with certainty whether 
or not a resonance actually existed in this region. (If 
the observed resonance peak changed its width in pro- 
portion to the target thickness, it was necessarily due 
to a nuclide uniformly distributed throughout the 
volume of the target and not due to a surface contami- 
nant.) The net positron yield (total counts minus back- 
ground counts) for this thicker target is illustrated in 
Fig. 2. The vertical bars on the datum points give the 
standard statistical deviations for the net counts. The 
sharp rise at 650+5 kev is due to the presence of a 
narrow resonance at that energy. The relatively long 
slope on the high-energy side is due primarily to energy- 
loss straggling of the protons in penetrating the target. 

The gamma-ray yield at the 650-kev resonance was 
somewhat obscured by the background, but there was 
one peak in the net gamma-ray spectrum, and this peak 
was at 1.71+0.03 Mev. This energy is consistent with 
the Q value for the reaction, discussed later, and the as- 
signment of this resonance to the Ca“(p,y)Sc* reaction 
is reasonably certain. 


be- 


The next region of interest is the interval from 1500 
to 1900 kev. The positron counts for this region at 
15-kev intervals for a 15-kev thick target are illustrated 
in Fig. 3. The two peaks at 1550+15 kev and 1630+15 
kev could be resonances in the Ca*(p,y)Sc* reaction, 
but their assignment is uncertain. The net gamma-ray 
yield from these resonances was not sufficiently large 
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lic. 2. Positron excitation curve for the Ca"(p,y)Sc" reaction 
in the vicinity of the lowest energy resonance observed. The target 
for these particular data was about 100 kev thick. Each datum 
point involved 1000 mc oul of protons ina repeated cy cle arrange 
ment described in the text. Background has been subtracted. 


REACTION 





COUNTS 





POSITRON 


.¢ 











1900 


500 00 


PROTON ENERGY (KEV) 


lic. 3. Positron excitation curve for the Ca“(p,y)Sc* reaction 
in the upper energy region. The target for these particular data 
was about 15 kev thick. Each datum point involved 1000 yucoul 
of protons in a repeated cycle procedure described in the text. 
Background has been subtracted. 


to enable the identification of the gamma-ray energies 


involved because of the higher gamma-ray background 
in this energy region compared with the region about 
650 kev. 

Even though great care was exercised in the prepara- 
tion of the targets, apparently the ‘chemically pure” 
calcium used in the electroplating bath contained 
minute traces of magnesium because most of the known 
resonances in the Mg™(p,y)Al’* reaction were evident 
in the yield curve. Al’® has a half-life of approximately 
7 sec and is also a positron emitter. Even though these 
resonances were weak, they could conceivably have ob- 
scured some resonances in the Ca*’(p,y)Sc* reaction. 

Since the two possible resonances at 1550 and 1630 
kev do not correspond to any resonances listed in a 
comprehensive table® of (p,y) resonances, they are tenta- 
tively assigned to the Ca(p,y)Sc" reaction. [There 
is a resonance listed at 1620 kev for the Mg™*(p,y)Al® 
reaction, but its width, 36 kev, is too great to account 
for the resonance shown in Fig. 3 at 1630 kev, and the 
Mg**(p,y)AL* reaction has another resonance® at 1660 
kev of even greater intensity than the one at 1620. ] 

The relatively strong resonance at 1850+10 kev is 
assigned with reasonable certainty to the Ca’(p,y)Sc@ 
reaction. The gamma-ray yield at this resonance was 
sufficiently large of the 
spectrum, displayed in Fig. 4. The three highest energy 
peaks correspond to the “‘total-absorption,” 


to enable the measurement 


“‘single- 
escape,” and “‘double-escape” peaks of a 2.89+0.02- 
Mev gamma ray. 

The peak at 0.88+0.01 Mev was present in both the 

5 J. W. Butler, U. S. Naval Research Laboratory Report 5282, 
April 9, 1959 (unpublished); 1959 Nuclear Data Tables, edited 
by K. Way, National Academy of Sciences, National Research 
Council (U. S. Government Printing Office, Washington, D. C.), 
p. 134. 

6 A. E. Litherland, E. B. Paul, G. A. Bartholomew, and H. E. 
Gove, Phys. Rev. 102, 208 (1956). 
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Fic. 4. Gamma-ray spectrum for the 1850-kev resonance. The 
spectrum was accumulated for 1000 ycoul of protons. The spec- 
trum just below resonance was subtracted from the spectrum at 
resonance to obtain the net resonance spectrum shown here. 


background spectrum and the resonance spectrum, but 
did not completely subtract out because of its great 
relative intensity. Its origin is not quite clear, but it 
probably does not arise from the Ca“(p,7)Sc" reaction. 
A possible source for this gamma ray is the 
O''"(p,p’y)O" reaction. (There is a known energy level 
in O" at 0.871 Mev, and the target consisted of natural 
CaO.) 

The peak at 0.511 Mev is the annihilation radiation 
itself, resulting principally from the positron decay of 
the isotopes formed upon proton capture. 

Since there is no evidence of 4 gamma-ray cascade 
(i.e., there appears to be only a single gamma-ray 
energy associated with the 1850-kev resonance), it 
appears likely that the 2.89-Mev gamma ray is a ground- 
state transition and thus corresponds to the energy of 
the excited state in Sc. If we make this assumption, 
the Q value for the Ca*(p,y)Sc" reaction is calculated 
to be 1.09+0.02 Mev. 

Hinds and Middleton’ have recently measured the 
Ca (He’,d)Sc* reaction 0 value to be —4.414+0.010 
Mev from which we calculate, using the mass tables of 
Everling ef al.,* the Ca®(p,y)Sc* reaction Q value to 
be 1.079+0.010 Mev in excellent agreement with the 
present results. Because of the smaller uncertainty in 
the measurement of Hinds and Middleton, we use their 
value in computing the energies of the excited states 
in the compound nucleus corresponding to the observed 
resonances. These results are summarized in Table I. 
The two possible resonances at 1550 and 1630 kev are 
included in Table I although their assignment to the 
Ca®(p,7)Sc* reaction is somewhat dubious. 

The integrated cross section fodE for the 1850-kev 
resonance was obtained from the gamma-ray counts in 
the total absorption peak of the 2.89-Mev gamma ray. 
Various related factors, such as the geometry, attenua- 
tion, intrinsic crystal peak efficiency, number of bom- 
barding protons, and proton-stopping power of the 
target, were taken into account. The angular distribu- 
tion of the gamma ray was not measured because of the 

7S. Hinds and R. Middleton (private communication). 


*F. Everling, L. A. Kénig, J. H. E. Mattauch, and A. H- 
Wapstra, Nuclear Phys. 15, 342 (1960). 
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TABLE I. Summary of resonances in the Ca"(,y)Sc*! reaction 
and related information. A question mark indicates that the as- 
signment of that resonance to Ca is doubtful. The value of the 
energy of the excited state in Sc*! was calculated from the Q value 
of the Ca“(He’,d)Sc* reaction of Hinds and Middleton and from 
the proton bombarding energy at resonance. The uncertainty in 
the integrated cross sections is a factor of 2 either way. 





Proton 
bombarding 
energy at 
resonance 


(kev) 


Resonance 
width 


Gamma-ray Integrated 
energy cross section 
observed SodE 
(Mev) (ev barn) 


Energy of 
excited state 
in Sc# 


(Mev) (kev) 





650+5 1.723+0.011 
1550+15? 2.590 +0.018? 
1630 +15? 2.669 +0.018? 
1850+10 2.883 +0.014 


1.71 40.03 \ <5 
<a <10? 
ries <10? 

2.89 +0,.02 l <10 


low yield, and the value of /odE was therefore calcu- 
lated assuming isotropy. Since the crystal subtended 
about 40% of the total solid angle, and since symmetry 
about 90° is expected, about 80% of the total solid angle 
is accounted for. Therefore it is unlikely that the assump- 
tion of isotropy introduces an error greater than a factor 
of 2. The formula for calculation of /“odE has been pre- 
viously discussed.‘ 

The values of fodE for the other resonances were 
determined with respect to that for the 1850-kev 
resonance by the ratios of relative positron counts. 
For the 650-kev resonance (Fig. 2) the amount of 
material between the target and positron detecting 
plastic phosphor was the minimum—the amount shown 
in Fig. 1. For this resonance, background was low and 
the resonance counting rate was low, so a minimum 
of positron attenuation was desirable. But for the data 
of Fig. 3, the background and resonance counting rates 
were both higher; and a higher “signal-to-noise” ratio 
was achieved by the use of an extra absorber, the extra 
amount used being 0.050 in. of Al. The relative positron 
counting rate for the 650-kev resonance was corrected 
for the smaller amount of attenuation when /odE was 
calculated. 

The resonance widths of Table I are simply upper 
limits to the conventional ‘‘full width at half-maximum.” 
The actual values of [ are probably much smaller, 
perhaps less than 1 kev for the 650-kev resonance. 


DISCUSSION 


Although the Ca(p,7)Sc" reaction has not been 
previously observed, the expected Q value may be 
calculated from measurements on other reactions. 
Plendl and Steigert? measured the ( value of the 
Ca(d,n)Sc* reaction to be —0.57+0.05 Mev from 
which the Q value of the Ca(p,y)Sc* reaction is readily 
calculated to be 1.65+0.05 Mev in disagreement with 
the value determined above from the data of the present 
experiment. 

However, some very recent results at several different 
laboratories are in agreement with the Q value from 


9H. S. Plendl and F. E. Steigert, Phys. Rev. 116, 1534 (1959). 





Ca‘%(p,7)Sc!! 


the present experiment. Wegner and Hall" have meas- 
ured the Q values of both the Ca(d,n)Sc and the 
Ca*(He',d)Sc* reactions. From their measurement of 
the Ca“(He',d)Sc" reaction Q value, and the mass 
tables of Everling et al.,5 we calculate that the 
Ca“ (p,y)Sc" reaction Q value should be 1.02+0.10 
Mev; and from their measurement of the Ca*(d,n)Sc* 
reaction Q value, we calculate that the Ca“(p,y)Sc" 
reaction Q value should be 0.90+0.07 Mev. The former 
value is in good agreement with the present experiment, 
while the latter value is only marginally in agreement. 
Macefield et al." have also recently measured the Q 
value of the Ca“(d,n)Sc* reaction, and from their re- 
sults we calculate that the Ca(p,y)Sc" reaction Q 
value should be 1.080+0.015 Mev in excellent agree- 
ment with the present results. The most recent meas- 
urement of the Ca(He',d)Sc* reaction Q value is 
that of Hinds and Middleton,’ who obtained the value 
—4.414+0,010 Mev from which we calculate the 
Ca®(p,y)Sc" reaction Q value to be 1.079+0.010 Mev, 
also in excellent agreement with the present results. 

Comparisons of excited states in Sc with other 
experiments are also possible. Wegner and Hall," using 
the Ca**(He’,d)Sc* reaction, found excited states in Sc* 
at 1.69, 3.35, 5.10, and 6.01 Mev. The lowest of these 
states corresponds to the resonance at 650 kev (E, 
=1.723 Mev) in the present experiment while the 
others are beyond the energy range of the present 
experiment. 

Macefield ef al.," using the Ca(d,n)Sc" reaction, 
found excited states at 1.709+0.030 Mev and 2.476 
+0.030 Mev. Again the lower state corresponds to the 
lowest energy resonance of the present experiment. The 
upper state would correspond to a resonance at 
1431+32 kev. No resonance was observed in the present 
experiment at this energy, but the background was 


 H. E. Wegner and W. S. Hall, Phys. Rev. 119, 1654 (1960). 
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relatively high in this energy region, so a resonance 
could easily have been missed. Since the present experi- 
ment was completed before the results of these other 
experiments were available, no particular effort was 
made to look for a resonance at about 1431 kev. Since 
the Van de Graaff accelerator is now being used to accel- 
erate tritium, it is not feasible to repeat the experi- 
ment in the near future. 

It is interesting to compare the density and intensities 
of observed resonances in this reaction with those ob- 
served in other reactions.‘ With the Ca“(p,7)Sc* reac- 
tion, two definite resonances were observed, and there 
is reason to believe a third one should have been ob- 
served as discussed above. These two observed reso- 
nances have f/odE values of 0.02 and 0.3 ev barn. With 
the Ni**(p,y)Cu® reaction over the same energy range, 
17 resonances were observed with an average fodE 
value of 0.30 ev barn, the maximum individual reso- 
nance value being 2.1 ev barns. With the Ni®(p,y)Cu® 
reaction, 54 resonances were observed with an average 
JS odE value of 0.42 ev barn, the maximum individual 
resonance value being 2.3 ev barns. For the Co®(p,y)Ni® 
reaction, about 150 resonances were observed with an 
average fodE value of 1.9 ev barns. [The values of 
JS odE for the Co®(p,y)Ni® reaction could not be ob- 
tained for individual resonances because of their close 
spacing; so the maximum individual resonance value 
is unavailable. } 

The order of considering the above reactions has been 
in the direction of increasing numbers of nucleons out- 
side closed shells or subshells for the target nuclides. 
The resonance density and average /odE values tend 
to increase as the number of nucleons outside the closed 
shells or subshells increases. 
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Elastic scattering measurements have been carried out on the C?+C¥” and O'*+-O0"* systems in the energy 
range from 6 to 35 Mev using heavy-ion beams from the Chalk River tandem accelerator and Au-Si surface 
barrier detectors. At energies below the Coulomb barriers the Mott scattering predictions are in excellent 
accord with the measurements as functions of both angle and energy. At energies above the barrier the 
O-+0 excitation curve drops exponentially below the Mott predictions to a value of 10 mb/sr at Ee m. = 16.5 
Mev and remains approximately constant thereafter at that value; in contrast, the C+C excitation curve 


shows marked resonant interference structure. The states involved have +r 210 


“1 sec, large compound 


elastic branching ratios [’,/f', and appear to correspond to resonant absorption of high-order partial waves, 
hence have high angular momentum. It is suggested that these states reflect a quasi-molecular interaction 
mechanism which is involved in grazing collisions of these nuclei and which is critically dependent upon 


the structure of the nuclei involved. 


INTRODUCTION 


XTENSIVE measurements on the elastic scattering 

of N" ions on a variety of target nuclei have been 
carried out with the 63-in. Oak Ridge cyclotron.' More 
recently, measurements have been reported on the 
scattering of C™ and O'* from several 
targets using the heavy-ion linear accelerators at Yale? 
and Berkeley,’ respectively. The reader is referred to 
the Proceedings of the First and Second Conferences on 
Reactions Between Complex Nuclei for detailed references 
to much of this work.* 


elastic ions 


With the availability of heavy-ion beams of more 
precisely controlled and variable energy from the Chalk 
River tandem accelerator and of Au-Si surface barrier 
and diffused Si p- junction detectors® inherently well 
suited to heavy-ion measurements, a program of study 
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artment of Physics, Yale University, 


of heavy-ion elastic scattering® and reactions’ has been 
initiated. This paper is the first in a series planned to 
present the data thus obtained and will describe elastic 
scattering measurements with C®” ions on 
targets and with O'* ions on SiO targets. 


carbon 


The carbon+carbon and oxygen+oxygen systems 
were selected for initial study not only because of the 
intrinsic interest in examining the scattering of iden- 
tical spin-zero bosons but 
that any significant differences in the results obtained 
might be interpretable in terms of the specific nuclear 
structures of the ions involved. Furthermore, a detailed 
knowledge of the scattering from carbon and oxygen 
is essential in the interpretation of further scattering 
experiments when effects arising from carbon and 
oxygen target contaminants must be identified. 

The pure Coulomb scattering of identical particles 
was first considered by Mott.* The differential cross 
section in the center-of-mass system for scattering of 
identical particles of charge Ze is given by 


also because it was hoped 


) 


da/dQ= (Z'e'/ 16" exp —in In sin?(¢/2) | 


+sec*(@ 


csc" (od 


2 exp —in In cos @/2))\2, (1) 


where @¢ is the center-of-mass scattering angle, is the 
center-of-mass energy and where the + signs are ap- 
propriate to systems with symmetric and antisym- 


metric space wave functions, respectively, and thus to 


the statistics of the particles involved. If the particles 
have intrinsic spin /, it can readily be shown’ that of 
the (2/+1)* possible independent spin wave functions 


for the pair, (/+1)(2/+1) are symmetric, whereas 


6D. A. Bromley, J. A. Kuehner and E. Almqvist, Phys. Rev 
Letters 4, No. 7, 365 (1960); Proceedin f the Second Conference 
on Reactions Between Complex Nuclei, edited by A. Zucker, E. C. 
Halbert, and F. T. Howard (John Wiley & Sons, Inc., New York, 
1960), p. 151; Proceedings of the International Conference on 
Nuclear Structure, edited by D. A. Bromley and E. W. Vogt 
(University of Toronto Press, Toronto, 1960), p 255. 
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5 N. F. Mott, Proc. Roy. Soc. (London) A126 (1930) 

*L. E. Schiff, Quantum Mechanics (McGraw-Hill Book Com 
pany, Inc., New York, 1949), p. 226. 
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1(27+1) are antisymmetric. If the particles obey Bose- 
Einstein statistics the symmetric spin states are coupled 
with symmetric space states; if they obey Fermi-Dirac 
statistics, symmetric spin states are coupled with anti- 
symmetric space states. Using this to obtain the relative 
weighting for symmetric and antisymmetric contribu- 
tions to the differential cross section, as given by Eq. (1), 
results in the general expression 


da /dQ= (Z%e'/16E*){csct(¢/2)+sec!(o/2) 
+[(—1)*¥/ (27+1) ]-cse?(@ 2) sec?(@/ 2) 
Xcos[ In tan*(@/2) ]}. (2) 


The Sommerfeld number 7 appearing in Eqs. (1) and 
(2) is given by 


n=Z/hv=0.A5TAZMES, (3) 


where M is the reduced mass in amu and E£ the center- 
of-mass energy in Mev; physically 7 is 3 the ratio of 
the characteristic distance of closest approach given 
by Z°e?/ E and the reduced wavelength A=h/M?. 

The first two terms in Eq. (2) give the classical pre- 
diction of the scattering of identical particles while the 
third interference term reflects quantum mechanical 
aspects of the fact that the incident and target particle 
are not distinguishable. 

From Eqs. (2) and (3) it follows that the interference 
term results in an oscillation about the classical predic- 
tions for both the angular distributions and the excita- 
tion functions. In the case of heavy ions this oscillation 
is particularly marked at low energies because of the 
large values of n which are involved in the argument of 
the cosine factor in the interference term. The Mott 
formulation was initially verified in part by Chadwick" 
in a study of the scattering of alpha particles (~ 1 Mev) 
at 45° from a helium target. Further cloud-chamber 
measurements by Blackett and Champion" identified 
the intereference minimum predicted by Mott* at ~ 25°. 
The first detailed corroboration of the Mott prediction 
was carried out by Heydenburg and Temmer™ in a 
study of alpha-alpha scattering in the laboratory energy 
range 0.150< £,<3.0 Mev. 

In the N“+N measurements of Reynolds and 
Zucker,' analyzed by Porter," the energies studied were 
in excess of the Coulomb barrier and the experimental 
angular distribution data at selected energies were not 
in accord with the predictions of Eq. (2) because of 
specifically nuclear amplitudes which contributed to 
the measured cross section. 

This paper reports measurements on both the energy 
and angle dependence of the differential cross section 
for elastic scattering of C’ on carbon and of O'® on 
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oxygen in the energy range from 3 to 17 Mev in the 
center-of-mass system. Later papers in this series will 
present the results on the elastic scattering of non- 
identical heavy ions and on studies of the associated 
heavy-ion reactions. A preliminary report on the latter 
studies on the C®+C® and O'®+0'* systems has been 
presented previously. Measurements also will be re- 
ported on the interference between Coulomb and 
resonant elastic scattering amplitudes leading to deter- 
mination of the angular momenta of the entrance 
channel resonances observed below the barrier in the 
C+C reaction data.* Studies have also been carried 
out on the alpha particles from the C"(C"?,a)Ne” 
reactions. Measurements on the angular distributions 
and excitation functions of the alpha-particle groups 
leading to many of the lower levels in Ne?’ will be re- 
ported separately. 

On the basis of the results obtained in all these 
studies a phenomenological ‘‘quasi-molecular” interac- 
tion mechanism has been suggested for the C+C 
system®” (analogous to that involved in a metastable 
homonuclear diatomic molecule). This mechanism will 
be discussed more fully in this and subsequent papers. 
The physical bases for the interaction mechanism pro- 
posed have been examined by Vogt and McManus! 
and by Davis.'® 


EXPERIMENTAL TECHNIQUES 
A. Acceleration of C'? and O' 


The measurements reported herein have been carried 
out with carbon and oxygen beams from the Chalk 
River tandem accelerator. [C”]- and [O"'*}- ions were 
produced by passing the positive ion beam from a 
standard rf source operating with CO, input through a 
hydrogen exchange cell; following selection by the 
injection magnet the ions were accelerated in the normal 
tandem fashion. Output beams were obtained of 
essentially equal intensity following stripping of the 
[C"} ions to the [C®]!""* and [C? ]'¥* charge states, 
respec tively, and of the O'® ions to the [ore }at+. 
[o'}Y+, and [O']** charge states, respectively. The 
energy calibration and beam energy stability were 
determined in a previously reported series of measure- 
ments on (~,7) reactions'’; beam energies in the range 
from 6 to 35 Mev were obtained with an energy resolu- 
tion ~5 parts in 10%. 

With this multiplicity of charge states in the output 


44 J. A. Kuehner, B. Whalen, E. Almqvist, and D. A. Bromley, 
Proceedings of the International Conference on Nuclear Structure, 
edited by D. A. Bromley and E. W. Vogt (University of Toronto 
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tween Complex Nuclei, Gatlinburg, Tennessee, edited by A. Zucker, 
E. C. Halbert, and F. T. Howard (John Wiley & Sons, Inc., New 
York, 1960), p. 297. 

16 R. H. Davis, Bull. Am. Phys. Soc. 5, 405 (1960); Phys. Rev. 
Letters 4, 521 (1960); reference 15(b), p. 297. 

17). A. Bromley et al., Can. J. Phys. 37, 1514 (1959). 
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beam from the accelerator, difficulty was experienced, 
on occasion, in identifying the C” and O'* beams as 
such. In order to establish the beam identity it was 
found convenient to bombard a deuterated zirconium, 
or deuterium gas target briefly to give either the 
characteristic 0.875-Mev gamma radiation from the 
first-excited state of O" produced in the H?(O'*,p)O" 
reaction or the 3.086-Mev radiation from the first- 
excited state of C™ produced in the H?(C®,p)C® 
reaction. 


B. Beam Normalization 


Even the thinnest targets used (~20 ug/cm*) were 
expected to be of adequate thickness to achieve com- 
plete charge equilibrium of the emergent beam inde- 
pendent of what incident charge state was in use. How- 
ever, lack of precise knowledge of the energy variation 
of this equilibrium charge state precluded use of the 
integrated beam to give even a relative normalization 
of the points on an excitation curve particularly at low 
energies. Fortunately all targets used contained an 
element of sufficiently high atomic number so that the 
elastic scattering from it exhibited Coulomb behavior 
over the entire range of energies studied, at least at 
forward angles, and this fact was employed to normalize 
the energy dependence of the scattering from lighter 
target nuclei. 

As a check on this normalization, runs were made at 


a few selected energies, using a thermistor bridge to 
measure the thermal energy flow from the beam stopper, 
i.e., the total power delivered by the beam instead of the 
beam current. The device was calibrated using proton 


BLOCK DIAGRAM 


Fic. 1. Block diagram of junction detection system: The legend 
is as follows: PA—transistorized preamplifier, Dist. A.—distributed 
fast amplifiers, Lim—pulse limiters, F.C.—fast coincidence (~20 
nsec) system, A.—linear amplifier (DDL), C.F.— white cathode 
follower, RC—pulse stretcher, SCA—single channel anaiyzer, 
G—pedestal-free gate, S—scaler, C—slow coincidence (~1 ysec) 
system, MCA—100-channel analyzer. The circuit shown allows 
self-gating of any of the detector outputs to facilitate the setting 
of pulse gates on particular spectrum peaks. The two junction 
detectors shown on the left are mounted rigidly at 90° to each 
other7in the scattering plane for coincidence studies as shown in 
Fig 3. 
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beams for which there are, of course, no such charge 
state problems. Knowing the total power arriving at 
the target and the energy per particle delivered by the 
accelerator, the particle flux incident on the target was 
obtained. The relative normalization of the selected 
points studied agreed with the more accurate normaliza- 
tion obtained using scattering from the high-Z target 
elements as noted above. 

In angular distribution measurements a monitor 
counter fixed relative to the target and to the 
beam direction was used to normalize the individual 
measurements. 


C. Detectors 


All measurements reported have been made using 
Au-Si surface barrier detectors fabricated from 120 
ohm-cm n-type Si. Units 2X2 mm and 5X5 mm in 
area have been operated with a bias of ~28 v. It has 
been found convenient to use a crude form of current 
preamplification with two stages of transistor amplifica- 
tion feeding the output signal through ~300 ft of 
200-ohm cable to the accelerator control room. Two 
miniature hearing-aid 22.5-v dry batteries supplied all 
voltages for each detector system in the target area. 

Use of a low-impedance input preamplifier minimizes 
dependence of the output signal upon the capacitance 
of the detector and the preamplifier input. In addition, 
it avoids integration of the signal at the detector and 
provides a very short signal pulse ~ 30 mysec in length 
which minimizes overloading and resultant gain shifts 
in subsequent circuits at high counting rates. The 
signal cables were terminated in standard distributed 
amplifiers for use in coincidence application; in parallel, 
the signal was integrated using an RC network with 
buffering cathode followers, to provide an input suitable 
for double delay line linear amplifiers. Figure 1 is a 
schematic diagram of the system used. 

Energy resolutions of between 1 and 2% were readily 
attainable with this system and 2X2 mm junctions; no 
attempt was made to improve upon this through use of 
thinner targets or more sophisticated circuitry. Figure 2 
shows typical spectra measured with 26.5-Mev carbon 
and oxygen ions incident on 40-yg/cm* carbon and 
70-ug/cm? SiO targets, respectively. It has been demon- 
strated generally that the junction detector outputs are 
linearly proportional to the energy deposited in the 
depletion layer independent of the specific ionization 
of the particle involved; it has been shown in these 
measurements that this linearity holds for C and O 
ions as well, in the energy range studied below 40 Mev. 
The gold electrode acts as an absorber, of course; how- 
ever, this corresponds to a cutoff at less than 1-Mev C or 
O energy in most units. It should be noted that this elec- 
trode was an efficient absorber for optical uv and soft x 
radiation ; this inherent insensitivity of the Au-Si units 
to ambient uv and soft x radiation constitutes a con- 
siderable advantage of the Au-Si relative to the diffused 
pn junction detectors. It should be noted, however, that 
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Fic. 2. Typical pulse height spectra observed using Au-Si junc- 
tions and the system shown in Fig. 1. Peak identification is dis- 
cussed in the text. 


the apparent cutoff at heavy-ion energies <1 Mev 
could in part at least reflect partial recombination at 
the ends of the ionization columns in the detectors. No 
careful study of this phenomenon was attempted. 
Several individual Au-Si detectors have been in use 
over periods of 10-15 months; no observable changes 
in their characteristics have been found after, in some 
cases, up to 10° heavy-ion counts. Indeed it has been 
observed that the Au-Si unit characteristics show slight 
improvement with aging. This presumably reflects the 
fact that the surface states responsible for the surface 
barrier operation reach an equilibrium density following 
further oxidation and that normal ambients tend to 


Fic. 3. Schematic illustration of the 
detection system in use. The top plate 
of the chamber is supported on an 
array of captive ballbearings and the 
associated vacuum seal is obtained 
using a standard O-ring. The target 
system permitted simultaneous as- 
sembly of more than one target, e.g., 
a gold calibration target together with 
the target under study and in some 
instances a calibration radioactive 
alpha particle source as well. Initial 
alignment of the chamber was ac- 
complished optically on the beam line 
of sight as determined by an alignment 
telescope rigidly mounted on the pri- 
mary 90° beam bending magnet of 
the accelerator. Preamplifiers were 
mounted outside the chamber and the 
connections to the detectors brought 
out through Kovar seals. The TV 
camera could be focused on a viewing 
quartz at the entrance of the colli- 
mator system to facilitate adjustment 
of beam steering and focusing ele- 
ments or on the angular position 
vernier on the chamber top carrying 
the detectors. 
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produce a p-type surface on the m-type base Si increasing 
the surface resistivity and decreasing the surface leak- 
age. The opposite effect, wherein the ambients change 
the surface of the p-type material normally used in the 
base wafers of the p-n diffused junctions to type of 
lower resistivity may explain the more rapid observed 
deterioration of the characteristics of these detectors. 

In obtaining the excitation curves three detectors 
were used and their outputs displayed simultaneously 
on three 100-channel Goulding analyzers'’; in obtaining 
the angular distributions the outputs of two movable 
counters were displayed simultaneously as 100-channel 
spectra and a voltage window was set to record the 
corresponding number of events in the elastic peak in 
the fixed-angle monitor detector spectrum. 

In order to make certain the identification of the 
O'®+-oxygen elastic scattering events at the highest 
energies studied, use has been made of the well known 
fact that for elastic scattering of identical particles, 
the separation angle, in the laboratory system, between 
the scattered and recoil moments is uniquely fixed at 
90° independent of the scattering angle. Two detectors 
rigidly fixed at 90° to one another in the scattering plane 
were used in coincidence to reject all but true coinci- 
dence events wherein the scattered and recoil ions were 
detected simultaneously. A relatively long coincidence 
resolving time of 1 to 2 usec was adequate in these 
measurements since the coincidence efficiency was 
~ 100%. 

In obtaining the angular distribution the two detec- 
tors mounted rigidly at 90° to one another were used 
simultaneously to give two points on the angular 
distribution on opposite sides of the zero angle. 
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D. Targets 


Self-supporting carbon targets were prepared using 
a slight modification of a previously reported evapora- 
tion technique."”* In order to obtain uniform, very thin 
targets it was found advisable to lay down the Alconox 
stripping film, prior to the carbon evaporation, by 
spraying a polished glass plate, heated to 150°C, with a 
fine airborne mist of the Alconox solution in distilled 
water. Following thorough drying of the resultant uni- 
form stripping film, the supporting plate was mounted 
to allow evaporation of the carbon film either from a 
vacuum arc between graphite electrodes or from a 
graphite rod heated by passing an electric current 
through it. Films of controlled thicknesses were obtained 
by varying the power input and/or the exposure time. 
The carbon films were then stripped in a heated, dis- 
tilled-water bath to which a few percent of acetone or 
insulin was added to decrease the surface tension. (Self- 
supporting targets ~1 cm in diameter and 20-150 
ug cm? thick were prepared in this way.) 

All targets prepared in this way had a significant 
oxygen contaminant which varied from target to target 
but which was quite stable under bombardment. Signifi- 
cant phosphorous contamination remained from the 
stripping film used; however, since this provided a con- 
venient calibration peak throughout the measurements 
no serious attempt was made to eliminate it. 

A number of possible oxygen targets were examined 
for use with heavy ions. In particular it was found that 
Al,O; targets fabricated, using a previously reported 
technique,” in the nominal range of thickness from 
350 to 1000 A were sufficiently nonuniform to prevent 
the separation of elastic scattering events from the 
different target nuclei using pulse height selection alone. 
Microscopic examination of these targets showed a fine 
striated film structure which presumably results in the 
observed decrease in resolution. Targets prepared by 
oxidizing micro-inch nickel foil in an oxygen atmosphere 
using the focused output from a_ high-temperature 
carbon arc”! were unsuitable because the strong elastic 
scattering from the Ni made extraction of the lower 
energy, lower intensity elastically scattered group from 
oxygen very difficult. Successful targets were prepared 
using evaporated SiO and a technique identical to that 
just described for the carbon targets. Self-supporting 
targets 1 cm in diameter and ~ 100 yg/cm? thick were 
prepared in this way. 

Target thicknesses were determined both by direct 
weighing of film sections and by comparison of the 
yield of elastically scattered heavy ions at low energies 
with that calculated assuming pure Coulomb scattering. 
In terms of energy loss the carbon targets are estimated 


DP. A. Bromley ef al., Phys. Rev. 105, 957 (1957). 


*»D. A. Bromley, J. A. Kuehner, and E. Almqvist, Nuclear 
Phys. 13, 1 (1959). 

21H. Holmgren, et al. Rev. Sci 
Stratton et al. Phys. Rev. 98, 629 


Instr. 25, 1026 (1954); T. F. 


1955). 


KUEHNER, 


AND ALMOQVIST 


to be <100 kev and those of SiO ~250 kev in the 
center-of-mass system. 


E. Scattering Chamber 


An existing chamber with an evacuated volume 12 in. 
in diameterX6 in. deep, originally designed for pre- 
cision proton scattering measurements with gas targets,” 
was modified for use with the junction detectors. The 
beam on target was defined by a series of four §-in. 
diameter collimating apertures. Three Au-Si detectors 
were mounted rigidly to the rotatable lid of the chamber, 
two of these at exactly 90° to one another for use in 
coincidence studies of scattering of identical 
particles. (This feature was required only in the O'* on 


elastic 


oxygen studies at the highest energies involved.) A 
fourth detector was mounted for use as a fixed monitor 
counter; since the Au-Si detectors are unaffected by 
magnetic fields, it was convenient to use a small Alnico 
V horseshoe magnet as the base for this mount, thus 
permitting simple attachment at any desired location 
on the walls of the steel scattering chamber. A sche- 
matic view of this system is shown in Fig. 3. 

Collimating apertures were fitted to each of the 
detectors. In the angular distribution measurements, 
angular apertures of 0.3° were used, corresponding to a 
solid angle of 6X10~° of a sphere; in the excitation 
curve measurements the solid angles were increased to 
2X 10~ of a sphere. 

Following traversal of the chamber, the ion beam 
passed through an insulated section of tubing (main- 
tained at 90 v negative relative to the beam system) 
with a transverse magnetic field applied with a perma- 
nent magnetron magnet to suppress electron trans- 
mission, and was finally stopped in a gold plate con- 
nected to the beam integrator and to the thermistor 
bridge. Two separate diffusion pump stations were 
provided on the target line together with a large liquid 
Ne trap in the scattering chamber itself in order to 
minimize the amount of residual gas present; without 
these, beam current measurements were unreliable. 

Use of successive magnetic elements to steer and focus 
the beam onto the target, as was the case here, 
particular problems when accelerating heavy ions. 
Following energy analysis in the main 90° deflecting 
magnet, the heavy-ion beam traverses some 35 ft of 
vacuum line and a quadrupole lens system before 
reaching the scattering chamber. As a result of interac- 
tions with the residual gas in the vacuum line, some 
beam ions undergo charge exchange and are defocused 
because the lens system (with markedly different focal 
lengths for the different charge states 
single charge component of the monoergic set on target. 
With the pumping and trapping system described, a 
pressure ~5X10-° mm Hg was obtained in the target 


poses 


focuses only a 


2 A. J. Ferguson, R. L. Clarke, and H. E. Gove, Phys. Rev. 115, 
1655 (1959). 
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line and at this pressure the charge exchange loss was 
negligible. 


F. Procedure 


The alignment of the scattering chamber was checked 
by examining the elastic scattering of 27-Mev oxygen 
ions from a gold leaf target. The results are shown in 
Fig. 4 where the solid line passing through the points is 
the Rutherford prediction. The angular zero for each 
of the movable detectors was determined by making 
measurements on the rapidly falling elastic scattering 
angular distribution at positive and negative forward 
angles, as well as from examination of the symmetric 
maximum at @),,=45° in the scattering of identical 
particles. An external vernier arrangement permitted 
setting angles to within 0.1°. 

As a result of the rapid variation of the energy and 
yield of the elastically scattered ions with the angle 
of observation, identification of the groups scattered 
from different target contaminants posed a particular 
problem. From the elastic scattering kinematics in the 
case of C® bombardment of one of the carbon targets 
used it follows simply that the laboratory energies of 
the carbon ions elastically scattered from the C”, O', 
and P*! target nuclei are given by 


E°(6)= Eo cos", (4) 


{£°(0)}'=0.428{ Eo°}! cosé 

== {0.1 $342)°+0.183£0© cos’6} : (5) 
(0.279 Eo' y3 cosé 

+ {0.4424)°+0.078E© cos’6}*, (6) 





+ + - + en een! 
ELASTIC SCATTERING -— 
‘SONS ON soLpD —— 


DIFFERENTIAL CROSS SECTION mb/ster 


~ 40 60 60 100 120 
CENTER-OF-MASS SCATTERING ANGLE 
Fic. 4. Alignment check using Coulomb scattering of O'* ions 
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Fic. 5. Typical kinematic plot for elastic scattering 
of C” on carbon targets. 


where /o° is the laboratory energy of the incident C™ 
ions. In analyzing the experimental data it has been 
convenient to use plots such as that shown in Fig. 5 to 
follow the individual elastically scattered groups with 
changing angle of observation. 

All experimental data have been converted to the 
center-of-mass system for presentation herein. In the 
case of elastic scattering of identical particles as con- 
sidered here, this transformation is particularly simple 
in that the angles, intensities, and energies are related by 


ge.m.= 261ab, 
ee ri secOiabl tab; 


Eo.m.= 3 E 0°. (9) 

The indistinguishability of the scattered and recoil 
particles implies symmetry relative to ¢e.m,.=90° in all 
angular distributions. In all cases measurements were 
continued beyond this angle to demonstrate that the 
symmetry requirement was fulfilled; this served simply 
as a check on systematic errors. In the only previously 
reported study of the elastic scattering of identical 
heavy ions (N"+N") such a systematic error did 
appear,'? and only at the highest energy studied was a 
symmetric angular distribution found; as will be ap- 
parent in later figures, symmetric results have been 
obtained in the data presented here. 


RESULTS 


Figure 2 shows a typical spectrum measured for 
26.5-Mev C™ ions on a 40-yg/cm* carbon target. As 
noted previously, the resolution inherent in the Au-Si 


detectors and the tandem accelerator beam made it 
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The dashed curves are the Mott scattering predictions at the indi- 


cated angles. The 90° data, and prediction have been multiplied 
by a 0.25 scale factor for display purposes here. 


possible to resolve the groups of C® ions elastically 
scattered from the various target components and 
incidentally from inelastically scattered groups. Conse- 
quently it has not been necessary to use the more 
elaborate coincidence techniques in the carbon-on- 
carbon measurements. 

Figure 6 shows the elastic scattering excitation curves 
measured in the laboratory energy range from 6 to 28 
Mev corresponding to the center-of-mass range from 
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Fic. 7. Elastic scattering angular distribution for C2+C® at 


Ex.m.=3.00 Mev. The solid curve is the Rutherford prediction; the 
The spot diameters en- 


dashed curve is the Mott prediction. 
compass the statistical counting errors. 
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3 to 14 Mev. Each of these curves represents the results 
of three separate consistent measurements. The relative 
statistical errors are encompassed in the spot diameters. 
The dashed curves show in each case the cross section 
dependence predicted by Eq. (2) for Mott scattering. 
It should be noted that only in the case of @),4,=45° 
does the Mott expression [Eq. (2) ] predict the same 
E~ energy dependence of the differential cross section 
as does the classical expression. This results from the 
fact that at @=90°, Intan?(¢/2)=0 and cos{yln 
tan?(@/2) |=1, independent of 7 hence E£. Since the 
shapes both of these excitation curves and of the 
angular distributions to follow are in accord with the 
Mott scattering predictions for energies below the 
Coulomb barrier, the cross-section scale on the ordinate 
of the figure has been adjusted to give agreement with 
the predicted Mott cross-section values at low energies. 
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Fic. 8. Elastic scattering angular distribution for C’+C" 


at Ec.m.=5.00 Mev. See caption to Fig. 7. 


The absolute differential cross-section values which 
were measured here are in accord with this adjustment 
but have an estimated possible error by a factor of 2 
reflecting uncertainties in the target thickness and 
beam flux measurements. 

Angular distributions of C™ ions elastically scattered 
from carbon are shown in Figs. 7-12 for center-of-mass 
energies of 3.00, 5.00, 10.00, 11.25, 12.50, and 13.35 
Mev, respectively. In each case the light full line is the 
classical Rutherford prediction and the dashed line 
the corresponding Mott prediction; the experimental 
points are the solid circles and the relative normalization 
in each case is taken from the 90° yield curve of Fig. 4. 
The heavy curves shown at energies above the Coulomb 
barrier are simply drawn to connect the experimental 
points. 
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Fic, 9. Elastic scattering angular distribution for C2+C” 
at Ec.m.=10.00 Mev. See caption to Fig. 7. 


Figure 13 presents corresponding excitation curves 
for the O'§+O"* system at three angles of observation. 
Here again the dashed curves are the Mott predictions; 
the oscillation about the classical E~? dependence is 
more striking than in the C®+C" case because of the 
higher 7 values involved. 

Figures 14-18 present angular distributions of elasti- 
cally scattered O'® ions measured at center-of-mass 
energies of 7.0, 8.8, 10.0, 13.0, and 15.0 Mev, respec- 
tively. Here the light solid line is the classical predic- 
tion, the dashed line the Mott prediction (except at the 
lowest energies where it is covered by the experimental 
data), and the heavy line is drawn to join the experi- 
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Fic. 10. Elastic scattering angular distribution for C2+-C” 
at Eo.m.=11.25 Mev. See caption to Fig. 7. 
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Fic. 11. Elastic scattering angular distribution for C2+C® 
at Eo.m.=12.50 Mev. See caption to Fig. 7. 


mental points. Relative normalization has been taken 
from the' 90° excitation curve of Fig. 13. 

Much more detailed excitation function. measure- 
ments" have been carried out in the region of the Cou- 
lomb barrier for both the C+C and O+0 systems. 
These data will be reported separately where inter- 
ference fluctuations in these elastic cross sections” will 
be used to determine the angular momenta of the 
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Fic. 12. Elastic scattering angular distribution for C2+(C” 
at Eo.m.=13.35 Mev. See caption to Fig. 7. 


3 J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24 
258 (1952). 
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Fic."13. Excitation curves for the elastic scattering of O'8+O0"*. 
The dashed curves are the Mott predictions at the indicated angles. 
The,90° data and prediction have been multiplied by a 0.1 scale 
factor for display purposes here. 
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Fic. 14. Elastic scattering angular distribution for O'*+O"* at 
Ex.m.=7 Mev. The dashed curve is the Rutherford prediction 
and the solid curve the Mott prediction for the differential cross 
section. The spot diameter encompasses the statistical counting 
errors. 
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entrance channel resonances found in the C+C reac- 
tion studies’ at energies just below the Coulomb barrier. 


DISCUSSION 
A. General 


The striking and unexpected feature of the yield 
curves in Fig. 6 is of course the prominent structure in 
the curves measured at do.m and 90°. For 
dc.m.=90° for example, the differential cross section 
changes by an order of magnitude in going from 11.25 
to 12.25 Mev in the center of mass. Moreover, some of 
the structure shows widths <200 kev equal to the 
effective target thickness in use, demonstrating that 
states having surprisingly long lifetimes >10~*! sec 
are involved. The fact that the structural details of 
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Fic. 15. Elastic scattering angular distribution for O'®+O'* at 
Ev.m.=8.8 Mev. The solid curve is the Mott scattering prediction. 


these curves are not correlated at different angles of 
observation implies an interference explanation in- 
volving the compound elastic decay amplitudes for these 
states and the normal Coulomb amplitudes. The energy 
range studied corresponds to excitations in the range 17 
to 28 Mev in the Mg™ compound system using the 
atomic mass values given by Kravtsov.”4 

Experimental data thus far reported on heavy ion 
induced reactions have shown that a statistical model 
gives a satisfactory accounting for the energy spectra 
of emitted nucleons and light fragments. These explana- 
tions assume formation of a compound system following 
coalescence of the projectile and target 
subsequent sharing of the available excitation energy 
among the nuclear degrees of freedom in accordance 


nuclei with 


*4V. A. Kravtsov, Uspekhi Fiz. Nauk. 65 (3), 451 


1958 
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with the laws of statistical mechanics. Because of the 
very large number of these degrees of freedom, hence 
levels in the compound system, it would be anticipated 
that at excitations in the range studied here the level 
density would be sufficiently high to insure complete 
averaging over the individual resonances to give a 
smoothly varying excitation curve. Moreover, in terms 
of a compound nucleus picture, the probability of 
having a true compound elastic decay of the compound 
state involving reformation of the C” nuclei in their 
ground states and their re-emission in the entrance 
channel would be expected to be extremely small. Very 
rough qualitative estimates suggest a branching ratio 
for this decay mode ~ 0.1%. The carbon results shown 
in Fig. 6 are consistent with neither of these expecta- 
tions, suggesting that a different mechanism is involved. 
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Fic. 16. Elastic scattering angular distribution for O'®4+O"* at 
E-o.m.=10 Mev. The solid curve is the Mott scattering prediction. 


In contrast, the excitation curves for the O'+0'° 
system show no resonant structure and thus are con- 
sistent with a compound system mechanism. Above 
the Coulomb barrier these excitation curves show the 
roughly exponential decrease in differential cross section 
with energy which has characterized almost all of the 
alpha, deuteron, and heavy-ion scattering data reported 
previously.‘ This decrease is, however, different from 
those previously observed in that after continuing 
down for roughly a factor of 100 it terminates abruptly 
at Eem.~16.5 Mev and (da/dQ)99°>~10 mb/sr. Further 


discussion of this phenomenon will be presented later 
in this paper. The region of excitation in the compound 


system S*” covered in these measurements is from 


21.5 to 34.0 Mev. 
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lic. 17. Elastic scattering angular distribution for O'®+O'* at 
Eee.m.=13 Mev. The dashed, broken, and solid curves are the Mott 
and Blair predictions and the experimental data, respectively. In 
the latter case the curve is simply drawn through the experimental 
points; the Blair predictions correspond to a cutoff lmax value of 
6 as given from a semi-classical turning point argument. 


B. Interaction Radii 


In previous preliminary reports on these data® the 
quarter-point method suggested by Blair®® was used as 
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Fic. 18. Elastic scattering angular distribution for O''+O'* at 


Ee.m.=15 Mev. The dashed curve is the Mott prediction and the 
solid curve has been drawn through the experimental points. 


> J. S. Blair, Phys. Rev. 95, 1218 


1954) ; zbid. 108, 827 (1957). 
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TABLE I. Reduced reaction radii ro for the 
C®+C® system in fermis. 


¢e.m. =90 ¢e.m. =57.6° 
Aver- Aver- 

Linear age Linear age 
Crossover point 1.80 1.68 my i. .58 68 1.54 
Quarter point 1.75 1.61 j a ‘ 1.59 


deo.m. =39° 
Aver- 
Linear age 


Extraction 
recipe 


a systematic and consistent method for the extraction 
of an interaction radius for each of the systems studied. 
Kerlee, Blair, and Farwell*® have shown that this 
quarter-point recipe is considerably inferior, in its 
precision, to a second semiclassical recipe which they 
suggest based on the location of a crossover on plots of 
(da/d2)/ (do /dQeou1) as a function of lmax/n for variable n. 

Subsequent to the early reports on this work,*’ the 
excitation curve data have been re-analyzed using this 
crossover point recipe. In the case of the C+C data 
it was found that the radii obtained were quite sensitive 
to the assumptions made regarding the treatment of 
the resonant structure. 

Table I lists the reduced interaction radius ro, defined 
by 


Rine=10(A 13+ A.) 
= 2r,A! for identical-particle systems, ob- 
tained for the C+C system at three angles 


of observation. (10) 


In each entry the larger number was obtained from 
linear extrapolation of the excitation curve at energies 
below the onset of resonance structure and the smaller 
from an average curve constructed through the resonant 
structure. Since the resonant structure predominantly 
results from the interference between the resonant and 
Coulomb amplitudes, the latter averaging process is 
presumably the more realistic. 

From the ¢=90°, O'%+0'® data, ro>=1.66f is ob- 
tained using the crossover recipe and ro= 1.62 f from 
the quarter-point recipe. Consequently this analysis 
suggests that there is no significant difference between 
the interaction radii for the C+C and O+O0 systems 
as deduced from the elastic excitation curves. This 
supersedes the earlier analysis’ which used linear ex- 
trapolation of the excitation curve to give the larger 
radius for the C+C system. 


C. Excitation Curves and Angular Distributions 


As shown in Figs. 6-8, 13-16 for energies below the 
Coulomb barrier, both the excitation curves and the 
angular distributions are in good accord with the Mott 
scattering predictions; both clearly show the oscillation 
about the classical predictions resulting from the inter- 
ference term in Eq. (2). 

At energies above the Coulomb barrier, both the 


1343 (1957). 
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excitation curves and the angular distributions near 
90° in the center-of-mass system show the characteristic 
decrease in cross section below the Mott predictions; 
this decrease has been fitted in many instances by the 
Blair model or one of its many refined or modified 
versions.**-*8 In its simplest or ‘“‘sharp-cutoff” form 
this model is based on the assumption of a well-defined 
interaction radius, total nuclear absorption of all partial 
waves in the incident beam with corresponding classical 
trajectories passing within this radius, and pure Cou- 
lomb scattering of all partial waves with trajectories 
passing outside of this radius. The cutoff orbital angular 
momentum /,,,x is obtained from a semiclassical turning- 
point argument by equating the incident energy to the 
sum of the Coulomb and centrifugal barriers, i.e., 
E=([Ze?/Rint ]+[max(lmax+1)#?/2M (Rint)? ], (11) 
where M is the reduced mass of the system and E the 
energy in the c.m. system. 

The abrupt transition assumed between the absorp- 
tion and scattering is reflected in spurious diffraction 
oscillations in the model predictions; these have been 
reduced using various ad hoc techniques. The most 
elegant published refinement is that due to McIntyre 
et al.,?8 suggested by calculations of Cheston and Glass- 
gold,” wherein a smooth transition between absorption 
and scattering is obtained over a range of / values and 
in addition the phases of the partial waves undergo a 
smooth modification in this region. Austern and co- 
workers® have recently carried out a more detailed 
investigation of these phenomena obtaining more 
rigorous predictions for the absorption and scattering 
behavior particularly in the region of cutoff. 

For discussion purposes herein only the simpler 
“sharp-cutoff” formulation is used in an attempt to 
obtain a qualitative understanding of the gross features 
observed. For identical spin-zero bosons, the Blair 
model expression for the differential elastic scattering 
is given by 

| 
da /dQ= (Z'e*/16E*) |\csc2(¢/2) exp[—in In sin?(¢/2) ] 


+sec?($/2) exp[—in In cos?(¢/2) } 
2 Imax 2 
+— } (2/+1) exp(2i6:)Pi(cosd)| , (12) 
in '=0 | 


where all quantities are in the center-of-mass system, 


27.N. S. Wall, J. R. Rees, and K. W. Ford, Phys. Rev. 97, 726 
(1953). 

28 J. A. McIntyre, K. H. Wang, and L. C. Becker, Phys. Rev 
117, 1337 (1960); J. A. McIntyre, S. D. Baker, and K. H. Wang, 
reference 15(b), p. 180; J. A. McIntyre, K. H. Wang, and S. D. 
Baker, Proceedings of the International Conference on Nuclear Struc 
ture, edited by D. A. Bromley and E. W. Vogt (University of 
Toronto Press, Toronto, 1960), p. 384. 

2” W. B. Cheston and A. E. Glassgold, Phys. Rev. 106, 1215 
(1957). 
®N. Austern, reference 14, p. 323. 
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and in addition to the definitions following Eqs. (1), 6 
is the Coulomb phase shift defined as 


(13) 


l 
5:=0,—o0= > tan" (n/hk), 
k=l 


o,=T(l+1+%n)/T(/+1—7). (14) 
The restriction to identical zero-spin nuclei implies 
that only even / values are permitted in Eq. (12); this 
considerably simplifies the computation of angular 
distribution over previously reported situations, i.e., 
N“+-N* where both even and odd orbital momenta are 
allowed." 

It has been demonstrated in many systems*.”6 that 
if m is large, the formalism of Eq. (12) predicts excitation 
curves of the type measured for O'+-O"* over a limited 
energy range near the top of the Coulomb barrier. It has 
similarly been found possible to obtain quite adequate 
fits to the O'®+O" elastic scattering angular distribu- 
tions at energies in the region of the barrier; the low 
cross section for elastic scattering at Ee.m.~16.5 Mev 
requires very long runs to obtain a corresponding 
angular distribution and this has not yet been measured. 
Figure 17 for example compares the differential cross 
section as calculated from Eq. (12) with Jmax=6 with 
the experimental data measured at Fe.n.=13 Mev. The 
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Fic. 19. Blair Model calculations of the C®+C" elastic angular 
distribution at E..m,=11.25 Mev. Curves A, E, B and C are, re- 
spectively, the Mott predictions, the experimental data, the Blair 
prediction for /max=4, and a Blair prediction for lmax=6. 
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Fic. 20. Blair Model calculations of the C®+C® elastic angular 
distributions at E..m.=12.50 Mev. Curves A and E are the Mott 
predictions and experimental data, respectively; curve C is Blair 
prediction corresponding to Imax =8, while curves B and D corre- 


spond to resonant absorption of high partial waves as discussed 
in the text. 


value of Jinax=6 is that obtained semi-classically from 
Eq. (11) and does, in fact, give much better fit than 
either of the adjacent allowed values of lmax=4 or 8. 

Equation (12) has also been evaluated for the C°4+-C” 
system; typical results are shown in Figs. 19 and 20. 
In Fig. 19, corresponding to Fem,=11.25 Mev, the 
characteristic sharpening of the lowest minimum and 
its displacement toward 90° relative to the Mott predic- 
tions are apparent. The curves labeled B and C corre- 
spond to Eq. (12) with Jinax=4 and 6, respectively, and 
qualitatively bracket the experimental data. It should 
be noted however that Eq. (11) predicts a cutoff / value 
of 10 at this energy; the corresponding calculation 
shows no agreement with the data. 

Figure 20 compares experiment and calculations at 
E-o.m.= 12.50 Mev at the sharp minimum in the excita- 
tion curve of Fig. 5. In this case it was found that no 
permitted cutoff value Jinax<16 gave even qualitative 
agreement with the data. Curve C in the figure is typical 
of these calculations and corresponds to Lnax=8. 

In view of the marked resonant structure in the 
excitation eurve of Fig. 6 it appeared possible that 
angular distributions such as that of Fig. 11 might 
reflect a situation involving resonant absorption of a 
particular incident partial wave. If this resonant wave 
corresponds to a grazing collision with 1,>IJmax it be- 





890 BROMLEY, 
comes possible to carry out a Blair model calculation 
wherein complete nuclear absorption is assumed for /, 
as well as for all 7<Jyax. Such calculations have been 
carried out and curves B and D in Fig. 20 correspond 
to situations where /,=ZJmax+4 for Jmax=4 and 6, re- 
spectively. As shown, no quantitative fit is obtained; 
however, discounting in part the oscillatory behavior 
characteristic of the sharp-cutoff approximation used, 
the qualitative agreement obtained is much superior 
to that for a simple /,,.x cutoff alone. This lends credence 
to the assumption that the sharp resonant structure of 
Fig. 6 reflects the capture of selected, high-order partial 
waves to form high-spin compound states of relatively 
long life. No further significance should be attached 
to Fig. 20. 

The fact that the angular distributions for the 
C"+C system shown in Figs. 11 and 12 do not change 
monotonically with energy in contrast to those for the 
'°+0'* system shown in Figs. 16-18 which do, is also 
in accord with this hypothesis and suggests resonant 
effects in the former. 


D. Diffraction Effects 


It should be noted here that an a priori possible 
explanation for the structure in the data of Fig. 6 
follows from the observation of diffraction structure 
in heavy-ion elastic scattering angular distribution 
studies. When such structure is present in the angular 
distributions, an excitation curve measured at a fixed 
angle of observation will show quasi-resonant structure 
the diffraction 
extrema over the fixed counter aperture as changing 
kinematics and changing angular momenta compress or 
expand the features of the angular distributions. An 
analysis of much of the available elastic scattering 
data? has resulted in the empirical correlation that 
diffraction structure is present and not 
present when n>5. This correlation can be shown to be 
qualitatively consistent with a modified Blair model.** 


corresponding to the movement of 


when <5 


Since the energy range studied here in the C"’+C” 
system corresponds to 7.4>n>3.7 and in the O'°+0" 
system to 12.8>n>6.8, it would be expected on this 
basis that diffraction structure should be present in 
the C®+C” that for 


O'%+0!%, To investigate this effect, a calculation based 


excitation function but not in 
on the Blair sharp-cutoff model** has been made for the 
Since Eqs. (11) 


and (12) are defined only for discrete energies a modi- 


90° excitation function for C?+C" 


fication has been used which has allowed the cross 
section to be defined continuously. Instead of a sharp 
cutoff in /, a transition region of width 2/ has been 
defined in which the influence of that partial wave which 
lies inside varies continuously from zero to its maximum 
value. This modification was chosen to affect the sharp- 
utoff assumption least and still allow a meaningful 
] 


definition. In this modification an additional factor has 
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Fic. 21. Comparison of a Blair model calculation of the 90 
C®+C" elastic excitation curve with the experimental data. 


been introduced into Eq. (12), giving 


da /dQ= (Z'e*/ 16E*) | csc?(¢/2) exp[_—in In sin? (¢/2) 


+sec?(o/2) exp[/—in In cos?(¢/2) ] 


? 


+— Z (1-4 


in ! 


(2/+ 1) 


Xexp (276 )P (cos) . (15) 


where 
A,=}-—}4(l'/—1) for 
l<l'—1, 


l>l'+1, 


A,=0 for 
A;=1. for 


11). A feature of this 
radius obtained using 


and /’ equals Jin.x as given by Ea. | 
particular definition is that the 
it corresponds to the radius obtained 
modified sharp-cutofi model at an 

l=Imaxt1. Thus a radius of 7.7 
Cc#4+C™ using the sharp- utoff model corre sponds loa 
radius of 8.0 fermis using this modified model. The 
curve in Fig. 21 was obtained using the 
sharp-cutoff model with R=8.0 fermis. The calculated 
excitation function exhibits diffraction oscillations with 
2 Mev in 
the center-of-mass system. Diffraction structure of this 
wavelength has been observed in the O''+C" system.*! 
While it is clear from Fig. 21 that underlying diffraction 
structure may well be present in the C'?+( 


using an un- 
energy where 


fermis obtained for 


above nN odil ed 


an effective wavelength corresponding to ~ 


excitation 
function, there are superposed sharper and more irregu- 
lar fluctuations. These thus appear to 
correspond to narrow resonances in the compound 


fluctuations 


system formed which have relatively large branching 


31 J. A. Kuehner, E. Almqvist, and D. A 
Phys. Soc. 5, 293 (1960), and to be published 


3romley, Bull. Am. 
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ratios for elastic decay. The corresponding resonant 
elastic amplitudes interfere with the Coulomb ampli- 
tudes to give the observed structure. These resonances 
are believed to be analogous to similar resonances 
having large ['./f branching ratios observed in studies 
of the reaction products from C” bombardment of C™.? 

It is worth noting that at the highest energies studied, 
the steep drop with increasing energy of the elastic 
scattering cross section at 90° for the O+O system 
appears to terminate. Similar effects have been ob- 
served in other systems but in all cases extension of the 
data to higher energies will be required to see whether 
this effect is caused by onset of diffraction scattering 
as n becomes smaller or reflects some other phenomenon. 
It may be that nuclear elastic scattering at these 
energies corresponds to ~10 mb/sr and that the some- 
what higher value for C+C reflects an additional con- 
tribution from quasi-molecular states. 


E. Resonance Analysis 


As noted previously, the sharp structure corresponds 
to compound states with lifetime 7~10~*! sec; the lack 
of correlation between structural features of the excita- 
tion curves at various angles of observation implies 
interference. From the magnitude of the fluctuations in 
the excitation curves it is possible to set approximate 
limits on the partial widths for remission of C™ nuclei, 
i.e., on the compound elastic widths. These approximate 
limits follow from the assumption that application of a 
single resonance formalism is valid. It,is clear from the 
structure in the curves of Fig. 5 that overlapping levels 
are involved ; however, rapid changes of yield over small 
energy intervals as in the region of H=12.2 Mey, for 
example, suggest the presence of a particular strong 
resonance. 

The single-level formalism may be written as 
da /dQ= (Z4e'/16E") csc? (¢/2) exp{ —77 In sin? (¢/2)} 


+sec?(@/2) exp{—in In cos?(¢/2)} 


21 
“a >, (21+1) Pi(cosd) 
n 


X exp (26) [1 —exp(2iu,) J 


21 
——(21'+1) Py (cos) exp(2i6,) 
1 ; 
a. 
Xexp (2iy) . Ee 
(E— Eo) +i 


where in addition to the previously defined parameters 
u; is the nuclear phase shift. The first term here is 
clearly the Coulomb amplitude, the last the specifically 
resonant amplitude, and the second the sum over non- 
resonant nuclear amplitudes. For convenience, param- 
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TABLE IT. Calculated branching ratios for compound elastic decay. 


F’ 2 4 6 8 10 12 14 16 


r./T 0.26 0.20 0.16 O14 O13 0.12 O11 0.10 


eters A and B; may be defined by rewriting Eq. (17) as 


a £'é 
= A+>2, Bi[1—exp(2iu,) ] 
16/2 
+ By exp(2iuy) (18) 


AE+37 


In Fig. 5 resonant fluctuations of at least a factor of 
two are observed where da/dQ at @ 90° is ~¢ of 


the Coulomb prediction, i.e., 


- / do ) A+ a3 Bb [1 - exp(2im,) | 2 4 
dQ eS A|? 5° 


since at ¢c.m.= 90°, | A|?=16, 


A+, B1—exp(2iu,) ]| ~4(4). (19) 


In order to produce average amplitude fluctuations of 
~v2 from Eqs. (18) and (19) 


1 


(| By \T.)/T~[(w2—1)/ (W2+1)] 4x (4), (20) 


whence 

r./T'~0.307/| By |. (21) 
In the energy range from 8-14 Mev, 3.7<n<4.9 and a 
value of 4.3 has been assumed for estimating purposes : 


r 0.3077 0.66 
= » Ce 


rr 2(2/'+1)! Py (cos@ (21'+1)! Pv (cosd) 


Table II lists values of T'./ T as deduced from Eq. (22) 
as functions of the resonant orbital angular momentum 
(l’=J, the total angular momentum of the resonance, 
in this case of zero channel spin). As is clear from 
Table IT, the fluctuations in the excitation curve of Fig. 
5 imply surprisingly large values for the compound 
branching ratio ranging from ~0.25 at low 
angular momenta to a relatively constant value of 
~0.10 at high angular momenta. 

It should be emphasized again that these estimates 


elastic 


are based on the assumption of a single, isolated, 
resonant state. Since the physical situation involves 
overlapping states, this assumption leads to an un- 
certainty in the estimated branching ratio; on the 
average it would be expected that the presence of 
overlapping levels would result in an underestimate 
of F/T. 

To summarize, then, the elastic scattering measure- 
ments reported here suggest that at energies above the 
Coulomb barrier in the C+C 
with states which have lifetimes in excess of 1077! sec, 


system we are dealing 
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Fic. 22. Schematic interaction potential for the C+C system; 
resultant potential curves are shown for three representative 
orbital anguiar momenta. 


which have a high branching ratio for compound elastic 
decay, and which appear to correspond to the resonant 
absorption of high partial waves. In contrast, no such 
states appear to contribute to the O+O scattering 
cross sections. 


F. Quasi Molecules 


The characteristics of the resonant states, i.e., large 
r'./T and small I, as noted above have led in analogy 
to the metastable diatomic chemical molecule” to the 
postulation of a quasi-molecular interaction mecha- 
nism,®?:'56 with the states in question being those in 
a secondary potential minimum at relatively large 
radius. Figure 22 shows a very schematic interaction 
potential for the C+C system of the type envisaged. 
The absorptive core implies that if two carbon nuclei 
attain separation radii in this range, they coalesce 
and thus lead eventually to reaction products. 

Vogt and McManus" have suggested that the outer 
maximum results from deformation of the carbon nuclei, 
while bound together following a grazing collision 
effectively by nuclear interactions in the overlap region 
at the collision interface. This suggestion is critically 
dependent upon the exact nuclear-structure character- 
istics of the nuclei involved and is an attractive one 
because it leads directly to differentiation between the 
C+C and O+0 systems. In the former, overlap is 
readily permissible because of the 4 holes in the carbon 
p shell and because carbon is known to be relatively 
deformable; in the latter, the p shell is filled, inhibiting 
overlap, and the doubly-magic structure is unusually 
rigid, essentially eliminating the possibility of obtaining 


® A. Avogadro, J. Phys. 73, 58 (1811). 


KUEHNER, 


AND ALMQVIST 
a deformation potential maximum to bind the molecular 
states. 

Davis, on the other hand, has suggested that the 
outer potential maximum is simply the reflection of the 
ordinary optical model potential appropriate to the 
system when added to the Coulomb and centrifugal 
potentials. At first sight these suggestions appear to be 
quite different; in particular the equilibrium “molec- 
ular” separation as proposed by Vogt and McManus!® 
is in the range from 7-10 f, whereas as proposed by 
Davis"* it is ~5f. At first sight the former suggestion 
depends critically upon the nature of the ions involved, 
while the latter does not. 

It must be borne in mind, however, that the optical 
model potential appearing in the Davis model'® must 
be that for the entire interacting system, and that the 
nuclear-structure differences already referred to be- 
tween the C+C and O+0 systems should be reflected 
in considerably different optical potentials. In particular, 
the greater deformability of the carbon nuclei would 
correspond to an optical model with a real part having 
a much longer shallow tail toward large interaction 
radii. With such a long tail, the models coalesce. It 
would clearly be of very considerable interest to at- 
tempt an optical model fit to the do/dQ2 and do/dE 
results at given E and Q, respectively, presented herein ; 
as yet only a preliminary attempt has been made to fit 
the do/dE® at do.m.=90°. However, further calcula- 
tions of this sort are planned. 

It should be borne in mind that there is yet another 
difference between the C+C and O0+0 systems as sug- 
gested previously,® namely that nucleon transfer in the 
former case is entirely within the p shell, whereas in the 
latter the nucleons must transfer between the p and 
d shells. This change in orbital configuration would be 
expected to inhibit strongly the probability of such 
transfer and thus perhaps the probability of molecular 
binding. 

With a quasi-molecular hypothesis of the sort ad- 
vanced, the appearance of the strong resonant effects 
at energies above the barrier follows from the observa- 
tion that with increasing energy, hence relative orbital 
angular momentum, the binding potential is distorted 
asymmetrically by the corresponding increase in the r? 
centrifugal potential to inhibit coalescence of the nuclei 
and favor a “compound” elastic decay. This is shown 
schematically in Fig. 21. On the other hand, with de- 
creasing energy hence angular momentum, it would be 
expected that the binding potential would be distorted 
in the opposite sense to favor coalescence leading to 
reaction products from the Mg** compound system. 
These arguments suggested detailed examination of the 
low-energy reaction cross sections; as has been re- 
ported previously, in preliminary fashion, narrow reso- 
nances with large I'./T’ have been observed under these 

3H. Reeves, Proceedings of the International Conference on 
Nuclear Structure, edited by D. A. Bromley and E. W. Vogt 
(University of Toronto Press, Toronto, 1960), p. 964. 
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conditions in C+C but not in O+O, supporting the 
postulated reaction mechanism. A full report on these 
measurements, including further information and dis- 
cussion bearing on the reaction mechanism, will be 
submitted for publication in the near future. 


CONCLUSIONS 


At energies below the Coulomb barriers, elastic scat- 
tering measurements on the C+C and O+0 systems 
are in accord with the Mott-scattering predictions for 
identical spin-zero bosons. At higher energies evidence 
has been obtained for the existence of a quasi-molecular 
interaction mechanism present in the C+C but absent 
in the O+0 system. It is suggested that this mechanism 
depends critically upon the characteristics of the com- 
ponent nuclei involved. Further measurements on the 
corresponding system reaction cross sections are sug- 
gested to provide further insight into the mechanism 
involved. 

It is believed that this is the first evidence for such 


PHYSICAL REVIEW VOLUME 


IDENTICAL 


1 


SPIN-ZERO NUCLEI 893 
molecular states in nuclear interactions; these states 
may provide an interesting probe for study of high- 
spin nuclear states as well as quasi-fission situations 
of particularly simple configuration. Further study of 
the binding involved in these states should provide 
significant information on the nature of the nuclear 
surfaces involved and on the nucleon interactions in 
the surfaces which give rise to the bond. 
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Short-lived isomers have been produced with the pulsed beam of a Van de Graaff generator and observed 
between pulses with scintillation detectors. The results are summarized in the following table: 


Half-life 
20.3+0.3 msec 
Asi4 8.0+0.3 sec 
Br’8 118.0+1.5 ysec 
Te 8.15+0.20 usec 
Te 15.5+0.8 jsec 


Isotope 


Ge™ 


INTRODUCTION 


NE of the notable successes of the nuclear shell 

model has been the prediction of the islands of 
isomerism for odd nuclei.! The simple application of 
the predicted sequence of nucleon shells has led to the 
prediction of isomeric transitions characterized by a 
spin change of 3 or 4. In some cases the expected spin 
changes have not been found because of level shifts. 


+ Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

* Present address: Advanced Research Projects Agency, Wash 
ington 25, D. C. 

t Present address: Sandia Corporation, Albuquerque, New 
Mexico. 

1M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952); M. Goldhaber and A. W. Sunyar, Beta- and Gamma-Ray 
Spectroscopy, edited by K. Siegbahn (Interscience Publishers, 
Inc., New York, 1955). Chap. 16, p. 453. 


Observed 
gamma ray 
(kev) 


Isomeric 
transition 
(kev) 
23 (M2) 
283 (M3) 
149 (72) 


The disappearance of a AJ =3 or 4 isomer may give rise 
instead to an M2 isomer. For the region of 28 to 50 
equivalent nucleons, the shell model predicts single- 
particle levels p3/2, fs/2, p1/2, Zo/2, and also 7/2+ and 
5/2+ levels formed by coupling of several equivalent 
g9/2 nucleons. The island of isomerism is comprised of 


M4 transitions between go/2 and 1/2 levels and low- 
energy /3 transitions between 7/2+ and 1/2 levels. 
However, M2 isomers have been found? and the level 


configurations were g9/2— fs/2 (references 3 and 4) or 


2 Nuclear Level Schemes, A=40—A=92, compiled by K. Way, 
R. W. King, C. L. McGinnis, and R. van Lieshout, Atomic 
Energy Commission Report TID-5300 (U. S. Government 
Printing Office, Washington, D. C., 1955), and Nuclear Data 
Sheets, edited by C. L. McGinnis, National Academy of Sciences, 
National Research Council (U. S. Government Printing Office, 
Washingron 25, D. C.). 
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pij2e—5/2+ (reference 5); unexpected £3 isomers have 
been found owing to gs x—?3/2 configurations.*'® 

The spins and parities of levels in odd-odd nuclei 
have been explained on the basis of single-particle shell- 
model states for the odd proton and neutron; the angu- 
lar momenta are then coupled according to certain 
coupling rules.’ However, proton-neutron coupling 
energies can be sufficiently strong to rearrange the single- 
particle level sequence; thus it has been impossible to 
predict with confidence the relative position of different 
levels. Since the occurrence of isomerism and the type 
of transition responsible for it depend critically on the 
relative position of the low-lying levels, one finds that 
isomers of odd-odd nuclei do not fall into well-defined 
groups. Although exist in Br® and Br* 
(reference 8), none had been found in Br® or in the even 
arsenic isotopes. In the present work a search was made 
for M2 transitions in the odd-neutron nuclides Ge” and 
Se, as well as for short-lived isomers in the odd-odd 
arsenic isotopes 74 and 76, further in the bromine iso- 
topes 78 and 82. The single-particle states permit level 
spins between 0 and 6 or even 9, and thus a possibility 
exists for the occurrence of short-lived isomers. 


isomers 


EXPERIMENTAL PROCEDURE 


The equipment and procedures have been described 
previously. The activities were produced with the 
pulsed beam of an electrostatic generator. The target 
material was mounted at the end of a 2-in. long by 
‘g-in. diam stainless steel tube with a 0.010-in. wall 
thickness. GasO, Ge, and Se targets were thin, evapo- 
rated layers on a 0.010-in. thick gold backing. The Mo 
target consisted of a piece of metallic foil. Survey work 
and half-life measurements were made with a 23-in. 
diam by 2-in. long well-type crystal. Energy measure- 
ments were made with an 1}-in. diam by 1-in. long 
crystal, which was calibrated with standard gamma-ray 
sources." In general, the pulse-height calibration drifted 
slowly because the air stream which cooled the target 
affected the crystal temperature. A run was used for an 
energy determination only if calibrations, taken before 
and after the recording of the unknown, checked with 
each other. 


$ Alois W. Schardt, Phys. Rev. 108, 398 (1957). 
4 Albert Goodman and A. W. Schardt, Bull. Am. Phys. Soc. 4, 
56 (1959), and Albert Goodman, thesis, University of New Mexico, 


1961 (unpublished). 

8 J. P. Welker, A. W. Schardt, G. Friedlander, and J. J. How 
land, Jr., Phys. Rev. 92, 401 (1953 

6 J. C. Hubbs, W. A. Nierenberg, H. A. Shugart, and H. B. 
Silsbee, Phys. Rev 104, 757 (1956 

7M. H. Brennan and A. M. Bernstein, Phys. Rev. 120, 927 
1960) ; references to other work on this subject are given in this 
paper 

* J. E. Sattizahn, Jr., J. D. Kni 
Nuclear Chem. 12, 206 (1960), a 
University of New Mexico, 1957 (unpublished 

* Alois W. Schardt, Phys. Rev. 122, 1871 (1961). 
The following sources were In!” (24.7 and 192 kev), 
: 76.7 and 570 kev), Ce™ (166 kev), and 


Kahn, J. Inorg. & 


ght, and M 
nk Sattizahn, Jr., thesis, 


lj. E 


used: 
Am™! (59.7 kev), Be?’ 
Na™ (511 kev 
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Gamma transitions were detected if their energy fell 
into the range from 30 to several hundred kev; gamma 
rays from lower energy transitions are highly converted 
and were not investigated. A measurement of the K 
x-ray yield from the internal conversion would have 
revealed the existence of such transitions and could 
have been used for calculating internal conversion 
coefficients in where gamma rays were 
observed. However, these x rays, 10.0 kev for Ge to 
17.8 kev for Mo, were absorbed in the steel target tube 
(20% transmission at 30 kev), and special techniques 
would have been required for their detection. Where 
such unobserved transitions were possible, other infor- 
mation about the levels in the nuclide had to be used. 

The search for isomers was conducted with both 
proton and deuteron bombardment at incident energies 
between 2 and 5.5 Mev. The initial survey, made with 
a 40% irradiation duty cycle and short-time gates 
(~30 usec) produced all short-lived isomers in com- 
parable amounts, independent of half-life. Subsequently, 
activities in a given half-life range were brought out® 
with a low duty cycle (1 to 4%). Finally, the half-life 
and gamma-ray energy of each specific isomer were 


those cases 


measured at a duty cycle of about 2°. Isotopic mass 
assignments were based on bombardment of enriched 
isotopes and on cross bombardment techniques. The 
proton-induced reactions included (p,) above thresh- 
old, (p,y), and (p,p’); the latter process can involve a 
Coulomb excitation of a higher excited state which in 
turn de-excites to the isomeric state. The significant 
reactions under deuteron bombardment were (d,) and 
(d,p) processes; at higher bombarding energies the 
(d,a) cross section can also be signific ant. Although the 
(p,y) reactions have small cross sections, the best ratio 
of desired activity to background could generally, be 
obtained if the isomer was formed by this reaction. 


RESULTS 
Odd-Neutron Nuclei 
Ge"! 


The ground state of Ge” is p,/2 and, since there are 
39 neutrons, a low-lying go 2 level is to be expected. 
It was known from the As” decay’ that the first excited 
level at 175 kev is 5/2— and has a half-life of 0.07 usec, 
and, further, that the second excited level at 198 kev 
is either 7/2+ or 9/2+. The possible M2 isomer due 
to a 9/2+ to 5/2— transition was searched for as part 
of a survey of the short-lived activities that could be 
induced on a Ge 
bombardment. 


target by proton or deuteron 


Targets with natural isotopic abundance, as well as 


targets enriched in a specific Ge isotope,'' were em- 

" The enric he d stable isotopes vere obtained from The Isotope 
Division, U. S. Atomic Energy Commission, Oak Ridge, Tennessee 
The desired isotopes constituted the follo Ving percentages of the 
Ge content: Ge 94.2%; Ge” 89.2%; Ge 78.04%; Ge™ 97.7%; 
and Ge? 98.6% 
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Fic. 1. Decay curves taken with the time-delay analyzer; the 
background counting rates have been subtracted from the raw data. 
The 20.3-msec Ge™ data were taken with 19.93-msec wide chan 
nels; the background was 77 counts/channel. The corresponding 
numbers for the other isomers were as follows: 118-ysec Br’, 
99.5 psec, 2520 counts/channel; 8.15-ysec Tc (177 kev), 10.5 usec, 
231 counts/channel; 15.5-usec Te (43 kev), 10.5 usec, 130 counts 
channel. The 15.5-usec Tc decay curve is not straight due to a 
small contribution from the 8.15-yusec isomer. 


ployed. In addition to the known isomers, 0.5-sec Ge®", 
6-usec As®™, 16.8-msec As?7°", and 116-msec As‘*”", two 
new isomers were observed. One of these activities had 
a half-life of 20.30.3 msec (Fig. 1), decayed by a 175- 
kev gamma ray (Fig. 2), and was produced in a Ge” 
target by 4-Mev deuteron irradiation but not by proton 
irradiation. The assignment of this activity to Ge” was 
confirmed by proton irradiation (1.315-2.17 Mev) of 
natural Ga; the reaction involved was Ga‘!(p,7)Ge™™. 
No (p,n) threshold could be found; however, the lowest 
proton energy at which the yield above background 
was significant places the isomeric level below 270-kev 
excitation in Ge”. 

Consideration of the known levels in Ge” at 198 and 
175 kev suggests that the 23-kev transition between 
these levels is responsible for the observed half-life of 
the 175-kev gamma ray. An M2 transition of this energy 
would be expected to have roughly a 20-msec half-life 
(a 25-kev M2 transition in As* has a partial half-life 
of 20.8 msec). Since the isomeric transition itself was 
not actually observed, it is conceivable, though not 
probable, that the 9/2+ level is just below 198 kev 
and that the 198-kev level populated in the As’! decay 
has a spin and parity of 7/2+. 


Se 


The low levels for 43 neutrons are 1/2, go/2, and 
5/2+ in Ge*®, and the levels should also occur in Se*®. 
Since the ground state of Se™ is 5/2+ (reference 2), 
the existence of an M2 isomer was expected. Levels in 
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and As™” taken with the source 
in. diam well-type NaI(Tl) crystal. The 
gamma-ray rides on a spectrum from annihilation quanta. 


Fic. 2. Gamma spectra of Ge7” 
at the center of a 23 
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Se’® were populated by the As‘°(p,7) reaction with both 
2.6- and 3-Mev protons, but no delayed gamma rays 
were found in the half-life range of 10 usec to 1 sec. 
Since the spin change required in the (p,7) reaction is 
only 1, the expected 1/2— level should have been 
formed. The negative result implies probably that a 
5/2— or 3/2— level occurs below the 1/2 level. An al- 
ternate explanation is that the f1,2 level occurs in Se”® 
at such a low excitation energy that the isomeric transi- 
tion was not detected. 


Odd-Odd Nuclei 


As" 


half-life of 
8.0+0.3 sec was produced by proton irradiation of 


A 283+5-kev gamma activity with a 
Ge® (3.2-4 Mev) and of Ce” for proton energies above 
4.2 Mev. The only isotope that can be produced on both 
targets is As™. The threshold of the Ge™(p,v)As™ 
reaction to a 283-kev level is 3.66 Mev.” That the isomer 
could not be observed above bac kground near the (p,n) 
threshold is not surprising, since a spin change of 5 is 
involved in the reaction. The pulse-height spectrum 
obtained with a Ge*™ target is shown in Fig. 2. The 
283-kev gamma ray is superimposed on a large back- 
ground, and any low-energy transition accompanying 
the 283-kev gamma ray would have been missed. The 
background was due to a longer-lived positron activity, 
which was produced on all Ge targets and was probably 
due to an impurity in the targets. The half-life agreed 
with that of Ga®* which would have been produced by 
a Zn°*(p,z) reaction. Traces of zinc could have been 
present in the target, because the backing was silver- 
soldered to the stainless steel target tube. 

2 F. Everling, L. A. Koenig, J. H. E 
Wapstra, Nuclear Phys. 18, 529 (1960) 
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The isomeric half-life classified the 283-kev transition 
in As as AJ=3. After a correction for internal con- 
version,” the ratio of the experimental to the single- 
particle gamma transition probability" is 9X10~* for 
an M3 and 8X10~ for an £3 assignment. A tentative 
assignment of M3 has been made on the basis of the 
available shell model levels and because a known M3 
transition in Br® has almost the same transition 
probability ratio, 17X10-*. The ground state of As” 
is 2— (Fig. 3) and, unless a low-energy transition was 
missed, the isomer has a spin of 5. The single-particle 
levels occurring below 100 kev are 3/2— and 5/2— 
(As*) for the odd protons and 9/2+, 5/24, 1/2-— 
(Ge™) for the odd neutron. Regardless of the proton- 
neutron coupling scheme, a 5+ level cannot be formed 
from these configurations. According to the coupling 
rules of Brennan and Bernstein,’ a large number of low 
levels can be predicted from these configurations. The 
5— level can be accounted for by the coupling between 
a hole in the 3,2 proton shell and a gy/2 neutron (coup- 
ling rule 3, reference 7). 


Asi6 


No short-lived isomer was found in this nucleus 
(10 usec to 10 min). Irradiation of a Ge” target" with 
3.2-Mev protons yielded no short-lived activity. Since 
the proton energy was significantly above 1.78 Mev, 
the (p,) threshold,” any low isomeric level should have 
been populated. In view of the many proton-neutron 
configurations available for states in As”, it is not sur- 
prising that the condition for isomerism does not exist. 


Br? 


Duffield and Vegors'® reported a (127+5)-ysec activ- 
ity with a (149+6)-kev gamma ray which was produced 
by a (y,#) reaction on a natural Br target. They as- 
signed this activity to an isomer in either Br7* or Br®™. 
This isomer was produced in the present work by proton 
bombardment of Se” at 2.6 Mev and of Se’® above the 

p,n) threshold ; thus the isomeric state is in Br7*. It was 
further shown that the isomer decays by two gamma 
rays (Fig. 5) 14942 and 32+2 kev; that they are in 


3M. E. Rose, Internal Conversion Coefficients (Interscience 
Publishers, Inc., New York, 1958). 

*S. A. Moszkowski, Beta- and Gamma-Ray Spectroscopy, edited 

K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 

up. 13, p. 37 

*R. B. Duffield and S. H. Vegors, Jr., Phys. Rev. 112, 1958 


AND A. 


GOODMAN 


cascade was demonstrated by a coincidence experiment. 
The 32-kev gamma-ray intensity is about 50% of the 
149-kev intensity. Since the highest multiplicity one 
can assign to the 149-kev transition is M2, it follows 
that the conversion coefficient of the 32-kev transition 
is about 1.5; this value is consistent only with an 
E1 (a=2.2) or M1 (a=2.9) assignment to the 32-kev 
transition, because the next value for a (£2) would be 
50. The isomeric half-life was remeasured and found to 
be 118.0+1.5 usec (Fig. 1). Since the 32-kev gamma ray 
is AJ=1, it is prompt, and the half-life has to be due to 
the 149-kev transition. Indeed, an M2 assignment gives 
a ratio of experimental to theoretical’ gamma transition 
probability of 0.0028, in good agreement with the 
general trend of M2 transitions. 

When this work was started, it was believed? that 
Br’® had a 6.4-min isomer at 157 kev and that the 
half-life of the ground state was shorter than 6 min. 
In order to measure the half-life of the ground state, an 
activation was made by the Se‘*(p,7)Br’> reaction 
below the threshold for the (p,) reaction of the sup- 
posed isomer. The ground-state threshold was first 
measured with a Se’* target'!"® by detecting the positron 
activity (Fig. 4). Below the 4.43-Mev threshold” the 
induced activity was primarily 18-min Br*; above this 
energy the observed half-life was primarily due to a 6.5- 
min activity. A good determination of the half-life, 
made from data taken 70 kev above threshold,'* gave a 
value of 6.47+0.1 min. A proton energy of 5 Mev was 
used in an attempt to activate the supposed 157-kev 


isomer, but no indication of its existence was found. 
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16 The isotopic composition of the target was as follows: 0.66% 
Se™, 0.88% Se”, 1.26% Se??, 90.24% Se, 6.75% Se™, and 0.82% 
Se®, 

17 Although these threshold measurements are generally accurate 
to +0.01 Mev, this value does not agree with the value 4.35+0.01 
Mev recently reported by R. Rikmenspoel and D. M. Van Patter, 
Bull. Am. Phys. Soc. 5, 338 (1960). 

18 The energy above threshold at which this measurement was 
made is not affected by a possible error (reference 17) in the abso 
lute value of the threshold energy 





SHORT-LIVED 


Independent of this work, Pierson and Coryell'® showed 
that a 6.4-min, 157-kev isomer does not exist and meas- 
ured the ground-state half-life to be 6.25+0.2 min. 

On the basis of the above results a new level scheme 
can be proposed for Br7® (Fig. 3). The isomeric level 
is at 181 kev, has a half-life of 118 usec and a spin of 4. 
The first excited state is at 32 kev with a spin of 2. On 
the basis of its half-life the isomeric transition is M2 
therefore, the first and second excited states have oppo- 
site parity. If the isomeric level has negative parity, 
it may be due to a go/2-f1/2 proton-neutron configuration 
(rule 1, reference 11). The first excited 2+ level would 
in that case be due to a hole in the fs/2 proton shell 
coupled to the fi/2 neutron configuration (rule 3, 
reference 11). Levels with the opposite set of parities 
can also be accounted for, but a 4+ level would require 
a violation of rule 2, reference 11. 


Br™ 


No isomer was found in the half-life range from 10 
usec to 5 min. As with As”, the proton energy was well 
above the Se”(p,7) threshold. Since the ground state 
of Br® is 5—, the selection rules of the (p,m) reaction 
would have favored the production of a lower spin 
isomer. These results together with those of Sattizahn 
et al.’ demonstrate that, contrary to expectation,’ there 
is no isomeric level in Br™. 


Tc Isomers 


Irradiation of natural Mo foil with 2.4- to 3.2-Mev 
protons produced two new isomeric activities: a 
(177+4)-kev gamma activity with an 8.15+0.20 usec 
half-life and a (43+3)-kev gamma activity with a 
15.5+0.8 usec half-life (Figs. 1 and 5). Although the 
177-kev gamma activity was produced over the whole 
proton energy range, the activation of the 32-kev 
gamma activity had a threshold at 2.6 Mev. In addition 
to these activities, 16-sec Tc’ was also seen, but the 
190-kev 910-usec isomer in Tc" (reference 2) was not 
observed. Presumably the Mo'(p,y) cross section is 
very small because of competition with the Mo™(p,7) 
reaction, which has a threshold at 1.2 Mev. 

The new isomers were assigned to Tc because a pre- 
vious search for Mo isomers in this half-life range had 
been unsuccessful,'®.° and because gamma rays of these 
energies are not seen in the Coulomb excitation spec- 
trum”! of Mo. Furthermore, the short half-life of these 


9 W. R. Pierson and C. D. Coryell, Phys. Rev. 119, 755 (1960). 
20S. H. Vegors, Jr., and P. Axel, Phys. Rev. 101, 1067 (1956). 
*1F. K. McGowan and P. H. Stelson, Phys. Rev. 109, 901 


(1958); P. H. Stelson and F. K. McGowan, ibid. 110, 489 (1958). 
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Fic. 5. Gamma spectra of the Br78 and Tc isomers. The 15- to 
100-kev region of the Br?" spectra, plotted with the symbols a 
and ¥, was observed with an 0.2-cm thick NalI(T]) crystal. 


isomeric states indicates a spin difference of at most 2, 
and such levels at 177 or 43 kev above the ground state 
in Mo should have been observed previously. No thresh- 
old was found for the activation of the 177-kev isomer; 
therefore, it could be due to any one of the following 
Tc isotopes: mass numbers 93 or 95 to 100, inclusive. 
The 43-kev isomer occurs probably in either Tc® or 
Tc*’. The 2.6-Mev production threshold of this activity 
isc lose to the Mo” or Mo**(p,) thresholds for a 43-kev 
level in the final nucleus (2.5+0.2 and 2.6+0.8 Mev).” 
Either of these Tc isotopes could also have been pro- 
duced by the Mo* or Mo*’(p,7) reaction, but it is pos- 
sible that the (~,y) cross section was too small to ob- 
serve the activity below the Mo”-**(p,2) threshold. It 
is hardly worthwhile to speculate about the nature of 
these isomers until definite isotopic assignments have 
been made and until it has been established whether 
the observed gamma transitions are accompanied by 
unobserved low-energy transitions. 
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The Sb!!(+¥,@) In"? 


‘17 reaction has been studied by determining the radioactivities of the product nuclei 


in samples that were irradiated with bremsstrahlung of maximum energy varying from 15.5 to 24 Mev. 
Excitation functions for the total cross section and the cross sections to each isomer were obtained. The 
total cross section rises steadily over the energy range studied, reaching a value of 360 wb at 24 Mev. The 
ratio of the cross section for the direct production of the ground state to the cross section for the production 
of the isomer is constant over the energy range studied at a value of 2.60+0.40. The total excitation function 
up to 18 Mev agrees well with cross sections calculated on the basis of a statistical theory for compound 
nucleus decay. The cross-section predictions could not be made for higher energies. The observed ground 
state-to-isomer cross-section ratio is consistent with that expected from a compound-nucleus mechanism 
and probably inconsistent with that expected from a direct mechanism. Thus, the reaction appears to involve 


compound-nucleus processes for the most part. 


I. INTRODUCTION 


AST work on photonuclear reactions in which alpha 

particles are emitted seems to indicate that they 
are mainly compound-nucleus processes.'~* However, 
since the amount of the available data is quite limited, 
it is not known yet to what extent this is true. Also, 
very little of this experimental information is detailed 
in nature. Most of it has involved yield measurements 
made with bremsstrahlung of a single maximum energy, 
with detailed excitation functions having been deter- 
mined for only seven cases outside of the light element 
region.*-* Thus, since it appears to be highly desirable 
to obtain additional information of a detailed nature 
about photoalpha reactions, we have made a study 
of the reaction in Sb™. 

The main reason for choosing this target nucleus was 
that In"? (the product nucleus) has an isomeric state. 
The determination of the relative yields of the isomeric 
and ground states (the so-called isomer ratio) gives an 
additional piece of information besides the excitation 
function that can be used in determining the mechanism 
of the reaction. Erdés et a/.* have previously determined 
an excitation function for the production of the isomeric 
state, but they were not able to measure the direct yield 
ground state. They determined the yield by 
counting the 8 emission from indium samples that were 
chemically separated from the target material. We have 
chosen to use gamma-ray spectroscopy techniques in 


¥Y 7a 


to the 


+ This work was supported by the Office of Naval Research. 

' F. Heinrich, H. Waffler, and M. Walter, Helv. Phys. Acta 29, 
3 (1956 

2M. E. Toms and J. McElhinney, Phys. Rev. 111, 561 (1958). 

?P. Dyal and J. P. Hummel, Phys. Rev. 115, 1264 (1959). 

*R. N.H. Haslam, L. A. Smith, and J. G. V. Taylor, Phys. Rev. 
$4, 840 (1951). 

‘J. G. V. Tayl 
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yr and R. N. H. Haslam, Phys. Rev. 87, 1138 


Haslam and H. M. Skarsgard, Phys. Rev. 81, 479 
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J. Roalsvig, R 
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J. Phys. 37, 722 


1959). 


Skarsgard, and E. Wuschke, Can. 


the present study to facilitate the observation of both 
the isomeric and ground state yields. 


Il. EXPERIMENTAL 


Seventy-gram targets of saturated solutions of an- 
timony trichloride were irradiated for 90 min in the 
external bremsstrahlung beam of the University of 
Illinois 22-Mev betatron. The only reactions that are 
important at the energies used in this study that pro- 
duce indium isotopes are the Sb"™!(y,@)In'!'7—'"'™ and 
the Sb!3(y,a@)In'"-"" reactions. the half-lives 
and decay properties of the In"’ isomers are very differ- 
ent from those of the In" isomers," the In"! 
not interfere with the determination of the Sb™! 
yield. Because of the large yields of (y,n 


Since 


does 
y,a@) 
reactions in 
this target material, it was necessary to chemically 
separate an indium fraction in order to observe the 
products of the (y,@) reaction. This was done by pre- 
cipitating indium with 8-hydroxyquinoline.'! The chem- 
ical separation normally took about 1 hr. Corrections 
were made for the chemical yields in determining the 
absolute (y,a) reaction yields 

The bremsstrahlung beam was monitored with an 
aluminum-walled air-filled ionization chamber placed 
behind a 2-in. thick lead converter in a geometrical 
position such that the chamber subtended the same 
solid angle as the target sample. The ionization current 
collected in the chamber was measured with a vibrating 
reed electrometer circuit. For the absolute yield meas- 
urement, the monitoring system was calibrated with a 
Victoreen “r’’ thimble to give the dose in roentgens. 
In the calibration, corrections were made for the beam 
distribution across the face of the sample and for absorp- 
tion in the sample. 

The radioactivity of the indium samples was deter- 
mined with a gamma ray spectrometer consisting of a 


DPD. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 30, 585 (1958 

'! The details of the chemical separation can be 
Wolfe, Ph.D. thesis, University of Illinois, Urbana 


(unpublished). 
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Fic. 1. Typical gamma-ray spec 
trum of an In!7-"7™ sample. 
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13-in.-diameter by 1}-in.-long NaI(T1) crystal coupled 
with a 100-channel pulse-height analyzer. Three 55-min 
counts were made on each sample, starting 1 hr after 
the end of the irradiation. A typical gamma-ray spec- 
trum is shown in Fig. 1. Reference to the decay scheme 
shown in Fig. 2 shows the origin of the various photo- 
peaks seen in the spectrum. (This decay scheme is a 
modification of the decay scheme reported by Mc- 
Ginnis.” The modifications were determined during the 
preliminary stages of this study, and they will be re- 
ported in detail elsewhere.) The 161-kev peak arises 
from the decay of both In"! and In", The 311-kev 
peak arises only in the decay of the isomer. The 565-kev 
peak is associated only with the ground-state decay, 
and the 725-kev photopeak is a coincidence sum peak 
(161 kev plus 565 kev) associated with the ground-state 
decay. (The peaks associated with the ground-state 
decay will have a decay curve that involves both 
growth and decay because of the 28% isomeric transi- 
tion in the decay of the isomer.) 

The numbers of ground-state and isomer nuclei 
present at the end of each irradiation can be determined 
from the counting data in several different ways. Be- 
cause of the growth of ground-state nuclei as a result 
of the decay of the isomer, the number of 161-kev 
events in two of the counts on a sample can be used 
along with decay and growth equations to determine 
the numbers of ground-state and isomer nuclei present 
at the end of the irradiation. The 565-kev events can 
also be used in the same way; or the 311-kev events 
and the 161- or 565-kev events in the same count can 
be used. Because the counting statistics associated with 
the 161-kev photopeak were much better than for the 
other photopeaks, the 161-kev events in two of the 
counts on each sample were used in making the analysis. 
The alternative methods were applied in several cases 


C. L. McGinnis, Phys. Rev. 97, 93 (1955). 


40 sO 
GHANNEL NUMBER 


and gave results consistent with those gotten from only 
the 161-kev data. In 
made for the geometry 


this analysis, corrections were 
, crystal efficiency," absorption 
in the crystal housing," the abundances of the gamma 
rays in the decay schemes, and for the fact that the 
gamma-ray spectrum was modified by the 
coincidence summing of 161- and 565-kev photons_in 


primary 


the ground-state decay.'® 

The calculation of the direct nuclear reaction yields 
of the isomer and ground state follows from the number 
of isomer and ground-state nuclei present at the end of 
the irradiation. In this calculation, the straightforward 
correction for the production of ground-state nuclei by 
decay of the isomer during the bombardment period 
must be made in order to get the direct nuclear reaction 
yield to the ground state. This correction involves the 
use of standard decay and growth relationships. 


III. RESULTS 


The ratio of the direct yields to the ground state and 
to the isomer was determined for each run. This ratio 
was constant to 7% at a value of 2.60 over the range 
of energies studied (15.5 to 24 Mev). If one includes a 
contribution arising from the uncertainties in the decay 
scheme, the yield ratio with its uncertainty becomes 
2.60+0.40. The constancy of the yield ratio as a func- 
tion of betatron energy means that the ratio of cross 
sections as a function of gamma-ray energy is also 
constant. 

The activation curve for the production of the ground 
state plus the isomer (total yield) is shown in Fig. 3, 
where the number of reactions per mole of Sb”! per 
roentgen is plotted against the bremsstrahlung maxi- 

13 A. L. Stanford, Jr., and W. K. Rivers, Jr., Rev. Sci. Instr. 
29, 406 (1958). 

4. T. Dillman, Ph.D. thesis, University of Illinois, Urbana, 


Illinois, 1958 (unpublished). 
N. H. Lazar and E. D. Klema, Phys. Rev. 98, 710 (1955). 
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mum energy (betatron energy). The photon difference 
method'® was applied to extract the cross sections from 
the smoothed yield curve. The resulting total cross sec- 
tion asa function of gamma-ray energy is shown in Fig. 4. 
Also shown in Fig. 4 are the cross sections for the pro- 
duction of the isomer and for the ground state gotten 
by using the value of 2.60 for the ratios of the two cross 
sections. The excitation function measured by Erdés* 
for the production of the isomer is also shown. One 
notes poor agreement between the two excitation func- 
tions for the isomer production. However, a large part 
of the disagreement can be eliminated by shifting one 
or both of the curves along the energy axis. 


IV. DISCUSSION 
A. Total Cross Section 


The circles in Fig. 4 represert cross sections that were 
calculated on the basis of compound nucleus formation 
followed by the evaporation of alpha particles. These 
predicted cross sections were obtained by calculating 
the ratio of the (y,@) cross section to the (y,”) cross 
section from a statistical theory for compound nucleus 
decay” and multiplying this ratio by the experimental 


* L. Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 (1951). 
‘7 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), Chap. VIII. 
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Sb"! (y,7) cross section reported by Katz and Cameron.'® 
Since the details of a similar calculation for the V*'(y,a) 
reaction have been recently described,’ they will not be 
reproduced here. One notes good agreement between 
the calculated cross sections and those obtained from 
the experiment. The extent of the agreement is probably 
accidental, since many other choices of certain param- 
eters (nuclear-radius and level-density parameters, for 
instance) could have been used in the calculation. A 
change in the calculated values by a factor of two could 
be obtained without using unreasonable choices for 
these parameters. One very serious limitation in these 
calculations is the lack of (y,) cross-section data above 
18 Mev. The (y,7) cross section reaches its maximum 
value at 14.5 Mev. Above 18 Mev the cross section is 
quite small and very difficult to measure accurately 
with bremsstrahlung techniques. Thus, it appears that 
the compound-nucleus calculations can only serve as a 
detailed test of the reaction mechanism over a relatively 
small energy range. Over this small range, we do observe 
satisfactory agreement. 


B. Ground-State to Isomer Cross-Section Ratio 


Next, it is of interest to see what the observed ground- 
state to isomer cross-section ratio indicates about the 
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Fic. 3. Activation curve for the total yield of the 
Sb"! (+¥,a) reaction 
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reaction mechanism. Huizenga and Vandenbosch'*-"? 
have recently discussed the theoretical calculation of 
isomeric cross-section ratios for compound-nucleus reac- 
tions, and they have applied these calculations to several 
different situations. Their calculation of several isomer 
ratios for (y,m) reactions is of direct interest here, and 
we will follow their methods very closely. 

Basically, the calculations involve following the dis- 
tribution of nuclear spins through the various steps 
of the reaction and then deciding on the relative popula- 
tions of the ground state and isomer in the final step. 
The steps to be considered are the absorption of the 
gamma ray by the Sb” target to give the compound 
nucleus, the evaporation of the alpha particle to give 
an excited In" nucleus, and the de-excitation by the 
gamma-ray cascade that eventually leads either to the 
isomer or to the ground state. We next discuss the 
various steps in detail. 

Following Huizenga and Vandenbosch,'* we assume 
that all of the gamma-ray absorption by Sb"! is electric 
dipole in nature. Since the spin of Sb™ is 3,!° dipole 
absorption would lead to compound states of spin J, 
equal to 3, 3, and 3. It is further assumed that the 
relative abundance of each spin state is proportional to 
(27.41). 

Next, this distribution is modified by the emission 
of alpha particles which carry away various amounts 
of angular momentum. For a given compound nucleus 
spin J, the relative probability for the emission of 
alpha particles that lead to a final state with angular 
momentum of J; is given by” 


29 


JetJSy 


2 


l=|Je—Js| 


P(J;) = p(J;) T(E), (1) 
where 7;(/) is the barrier transmission coefficient for 
an alpha particle of energy Z and orbital angular mo- 
mentum / and p(J;) is the nuclear level density for 
spin J;. The spin dependence of the nuclear level density 
is given by 7°"! 


p(J)=p(0)(2J + 1expl— (J +3)*/20?], 


where p(/) is the density of levels of spin J, p(0) is 
the density of levels for spin zero, and o is a parameter 
that characterizes the distribution. Although the calcu- 
lations were made for several values of the parameter 
a, it should be pointed out that Huizenga and Vanden- 
bosch were successful in fitting the measured isomer 
ratios for several different reactions by using a value of 
about 4 for o. 

The calculation of the spin distribution after the 
emission of the alpha particles proceeds by applying 
Eq. (1) to each of the compound-nucleus spin states 


(2) 


'S J. R. Huizenga and R. Vandenbosch, Phys. Rev. 120, 1305 
(1960). 

'?R. Vandenbosch and J. R. Huizenga, Phys. Rev. 120, 1313 
(1960). 

” H. A. Bethe, Revs. Modern Phys. 9, 84 (1937). 

1C. Bloch, Phys. Rev. 93, 1094 (1954). 
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Fic. 4. Sb'!(y,@) cross sections as a function of gamma-ray 
energy. Curves 1, 2, and 3 are the results of this study. Curve 1 
is the total cross section. Curve 2 is the cross section for the produc- 
tion of the ground state. Curve 3 is the cross section for production 
of the isomeric state. Curve 4 is the cross section for the production 
of the isomeric state previously reported by Erdés et al.’ The 
closed circles are total cross sections calculated on the basis of a 
compound-nucleus mechanism. 


populated in the original gamma-ray absorption step. 
In this calculation, the transmission coefficients for the 
alpha particles were taken as those for an alpha particle 
whose eriergy corresponded to the mean kinetic energy 
given by the evaporation calculations referred to in 
part A. This approximation was shown to be quite 
accurate for the case of neutron emission by Huizenga 
and Vandenbosch. Two different sets of alpha-particle 
transmission coefficients were used. Those derived from 
a square-well potential were taken from Feshbach 
et al.” ; coefficients calculated on the basis of the optical 
model were taken from the work of Huizenga and Igo.” 

Next, the resulting distribution is further modified 
by the gamma-ray cascade that follows the emission 
of the alpha particle. We have assumed that only dipole 
radiation is emitted in the cascade except for the last 
gamma ray. For each step, the spin distribution is cal- 
culated assuming that the relative population of the 


22H. Feshbach, M. M. Shapiro, and V. F. Weisskopf, Atomic 
Energy Commission Report NYO-3077, 1953 (unpublished). 

3 J. R. Huizenga and G. Igo (private communication, March, 
1961). 
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Taste I. Calculated ground-state to isomer cross-section ratios 
for different sources of the alpha-particle transmission coefficients 
square well and optical model), various values of the parameter 
o, and various numbers (.V,) of gamma rays in the de-excitation 
cascade for a compound nucleus excitation energy of 22 Mev. 
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various possible spin states is given by the p(/) in 
Eq. (2). The last gamma ray in the cascade is assumed 
to populate the final state (the ground or isomeric state) 
that is closest in spin to the emitting state. For emitting 
states having a J of 3, equal populations to the ground 
and isomeric states are assumed. The calculations were 
made for several different numbers of gamma rays in 
the cascade. 

The results of the calculations for a compound nucleus 
excitation energy of 22 Mev are shown in Table I, 
where the calculated ground to isomer cross-section 
ratio is given for various combinations of the two sources 
of the transmission coefficients, three values of the level 
density parameter o, and three different gamma-ray 
cascades. In this case, the evaporation calculations gave 
a mean alpha-particle kinetic energy of 13.5 Mev. After 
taking account of the 3.4-Mev threshold for the reac- 
tion, the average energy associated with the gamma- 
ray cascade becomes 5.1 Mev. We would expect an 
average of about three gamma rays per cascade for this 
energy. One notes good agreement between the experi- 
mental and calculated cross-section ratios for this 
number of gamma rays in the cascade and a o value of 
4, using the optical-model transmission coefficients, or 
ao value of about 5, using the square-well coefficients. 
Thus, the compound-nucleus calculations based on a 
reasonable value for the parameter o give good agree- 
ment with the experimentally measured ratio. Further- 
more, the energy dependence of this ratio is expected to 
be very slow in this energy region mainly because the 

** The threshold was calculated from the mass data given in 


\. H. Wapstra, Handbuch der Physik, edited by S. Fliigge 
Springer-Verlag, Berlin, 1958), Vol. 38, Part 1, p. 1. 
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average energies of the evaporation spectra do not 
change very rapidly with changes in the compound 
nucleus excitation energy. For example, calculations 
made for a o of 4 and a compound-nucleus excitation 
energy of 15 Mev gave results that are only 10% smaller 
than those appearing in Table I. 

No detailed theory for direct photoalpha reactions 
has as yet been proposed. However, qualitatively, we 
might expect the direct reaction to give us resulting 
nuclei with their spins closer to the target nucleus than 
the evaporation process does. This would lead to com- 
parable numbers of ground-state and isomer nuclei. 
A quantitative estimate can be made on the following 
basis. If we assume that the vast majority of the direct 
alpha-particle emission processes involve neutrons and 
protons that were originally paired in the nuclei in 
much the same way that favored alpha decay in odd 
mass nuclei seems to involve this,2> we would expect 
the excited In!’ nuclei to be born with a spin of 3 (due 
to the same odd proton that is responsible for the 3 spin 
of Sb"). Since these nuclei would probably have rela- 
tively low excitation energies, they would be expected to 
de-excite by only one, or, at most, two gamma-ray transi- 
tions. For de-excitation involving only one gamma ray, 
we would expect a ground to isomer ratio of unity. For 
two gamma rays in a cascade and a o of 4, we would ex- 
pect a value of 1.27 for the ratio. Thus, we would predict 
much smaller values for the ground to isomer cross 
section ratio than are obtained experimentally. 

We thus conclude that the Sb"! (y,a 
compound nucleus reaction on the basis of both the 
magnitude of the observed cross section and the ob- 
served ground-state to isomer cross-section ratio. 


reaction is a 
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A previously unreported 3.14-hr isomeric activity has been produced in Y® by thermal neutron irradia 
tion of Y*®. The thermal capture cross section for the production of the isomer was measured to be 1.0+0.2 
mb. The decay of the isomeric level is characterized by the emission of two cascade gamma rays of 0.482 
and 0.203 Mev. Conversion coefficient measurements indicated that the isomeric level at 0.685-Mev decays 
by 4 or £5 radiation to an intermediate level at 0.203 Mev followed by a predominantly 4/1 transition 
to the ground state of Y®. Gamma-gamma directional correlation measurements and internal conversion 
measurements indicated that the level at 0.203 Mev has spin 3 with odd parity and that the level at 0.685 
Mev has spin 7 or 8 with even parity. A shell-model configuration of (gs/2d5/2) has been assigned to the 


isomeric state. 


I. INTRODUCTION 


N a study of the decay of 3.6-hr Y®, Cassatt and 

Meinke! observed two intense gamma rays of 0.21 
and 0.475 Mev. Recent studies? at this laboratory of 
the decay of Y” indicated that no gamma rays of these 
energies were associated with the decay of this nuclide. 
This discrepancy suggested the existence of another 
yttrium activity having a half-life of approximately 
3 hr. In our work, the Y” was chemically separated 
from gross fission products. Since Cassatt and Meinke 
used source material produced by chemically separating 
yttrium from deuteron-bombarded zirconium, the differ- 
ent methods of source preparation could account for 
the fact that this activity was not observed in our 
work. 

As a result of this discrepancy, a search for a new 
yttrium activity was undertaken. It was found that 
neutron irradiation of Y* produced a 3.14-hr activity 
characterized by the emission of gamma rays of 0.203 
and 0.482 Mev. Lyon, Eldridge, and Bate® have also 
recently reported a 3-hr activity resulting from neutron 
irradiation of yttrium. 

Extensive experimental investigations carried out at 
this laboratory have established that this activity 
arises from the decay of a previously unreported iso- 
meric level at 0.685 Mev in Y™. 


II. EXPERIMENTAL METHOD AND RESULTS 
A. Source Preparation 


Sources of the short-lived activity were prepared by 
irradiating samples of Spectroscopic grade YO; in a 
thermal-flux facility of the MTR and in the core of the 
EBR I.4 The EBR (experimental breeder reactor) pro- 


t+ Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1W. A. Cassatt and W. W. Meinke, Phys. Rev. 99, 760 (1955). 

2 R. L. Heath, J. E. Cline, and S. D. Reeder, MTR-ETR Tech. 
Branches Quart. Progr. Rept.-1st Quarter, 1960, Atomic Energy 
Commission Report IDO-16633 (unpublished). 

3W. S. Lyon, J. S. Eldridge, and L. C. Bate, Oak Ridge Na- 
tional Laboratory Rept. ORNL-2866 (unpublished). 

*C. Eggler, C. M. Huddleston, V. E. Krohn, and G. R. Ringo, 
Nuclear Sci. and Engr. 1, 391 (1956). 


duces a fission spectrum with relatively few thermal 
neutrons. A chemical separation was performed on the 
irradiated material. The short-lived activity was ob- 
served to follow the yttrium fraction, indicating that 
the activity was associated with yttrium. Samples of 
this material irradiated with thermal neutrons also 
contained activities from rare-earth contaminants. It 
was possible to remove these contaminants by purifica- 
tion, using ion-exchange techniques. Sources free from 
contaminating activities were also produced by irradia- 
tion of mass-separated yttrium, obtained from the Oak 
Ridge National Laboratory. Analyses of the decay of 
sources produced both by thermal and fast neutrons 
indicated two major components with half-lives of 
approximately 3 hr and 64 hr (Y”). Although the cross 
sections for the production of these activities were 
much reduced in the fast reactor, the ratio of the 3-hr 
activity to 64-hr Y” was increased by a factor of about 
10. This provided a cleaner source and permitted a 
more precise study of the conversion-electron spectrum 
associated with the decay of the 3-hr activity than 
would otherwise have been possible. For this reason, 
most of the sources used in these studies were prepared 
by irradiation with fast neutrons. Sources for both 
gamma-ray and beta-ray measurements were prepared 
by drying a Y.Ox; slurry on VYNS films (50 ug/cm?). 


B. Gamma-Ray Measurements 


The gamma radiation emitted by irradiated yttrium 
samples was observed with 3-in.X3-in. cylindrical 
Nal(Tl) detectors. Gamma-ray sources were counted 
at 10 cm on the vertical axis of the detector, using a 
1.18-g/cm? Be absorber to absorb the Y” beta rays. 
The general procedures used at this laboratory for 
precision quantitative gamma-ray spectrometry have 
been previously described.° 

A typical pulse-height spectrum obtained from the 
irradiated yttrium samples is shown in Fig. 1. Gamma 
rays were qbserved at 0.203+0.003 and 0.482+0.005 
Mev. In addition, a peak was observed at 0.685 Mev 


5R. L. Heath, C. W. Reich, and D. G. Proctor, Phys. Rev. 118, 
1082 (1960). 
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Fic. 1. Gamma-ray spectrum of 3.14-hr Y*® showing sum spectrum. 


which was due to coincidence summing between the 
two gamma rays. Figure 2 shows a similar spectrum 
obtained with an increased amplifier gain to show the 
0.015-Mev yttrium A x ray produced following internal 
conversion of the two gamma rays. To minimize the 
absorption of the x ray, this spectrum was obtained 
with only the 0.005-in. aluminum can surrounding the 
Nal detector. The figure shows the spectrum after 
removal of the contribution from Y™. 

Relative intensities of the gamma rays were 
tained by successive subtraction of pulse-height dis- 
tributions which represented the response of the 
detector to monoergic radiation for the particular geo- 
metrical arrangement used in making these measure- 
ments. This method is discussed in some detail in 
the Gamma-Ray Spectrum Catalog.® Relative emission 
rates were obtained using calculated detector efficien- 
cies and experimentally determined photo peak efficien- 
cies. Correction factors for absorption in the Be ab- 


ob- 


®*R. L. Heath, Atomic Energy Commission Rept. IDO-16408, 
inpublished) 
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TABLE I. Gamma rays and relative intensities. 


E, (Mev) 


Relative intensity 


0.109+0.001 

1.00 

0.957 +0.004 
<0.01 


0.015 (x-ray) 
0.203 0.003 
0.482-£.0.005 


sorber and the aluminum detector can were experi- 
mentally determined using monoergic gamma-ray and 
x-ray sources. The results of the gamma-ray analyses 
are listed in Table I. In Fig. 1 the response of the de- 
tector to the individual gamma rays is represented by 
solid lines. The Y” bremsstrahlung spectrum was ob- 
tained following the decay of the 3-hr isomer. The 
shape representing the coincidence sum spectrum pro- 
duced by simultaneous detection of coincident events 
in the detector was calculated using a computer pro- 
gram to sum over the two gamma-ray distributions.’ 
From a knowledge of the geometry, it was possible to 
calculate the shape and intensity of the coincidence 
sum spectrum produced by the two coincident gamma 
rays. Within the statistical fluctuations of the experi- 
mental measurement, the 0.685-Mev peak is entirely 
due to this coincidence summing effect. In view of the 
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Fic. 2. Gamma-ray spectrum of 3.14-hr Y® 
showing x-ray energy region. 


7 A detailed description of this program is given in the following 
reference: E. C. Yates, R. L. Heath, and C. S. Pea, MTR-ETR 
Tech. Branches Quart. Progr. Rept.-3rd Quarter, 1960, Atomic 
Energy Commission Rept. IDO-16658 (unpublished) 
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theoretical significance of the intensity of the crossover 
gamma ray, additional measurements were made at 
reduced geometry to minimize summing. The upper 
limit for the intensity of this transition listed in Table I 
was obtained from these measurements. 


C. Half-Life Determination 


The half-life of the yttrium activity was obtained by 
observing the decay of the gamma-ray spectrum. Fig- 
ure 3 shows a plot of the decay of the integrated pulse- 
height spectrum with background subtracted. Least- 
squares analysis of these data indicates the presence 
of two components with half-lives of 3.14+0.10 hr and 
64.0 hr. The long-lived component is attributable to 
bremsstrahlung from the decay of Y”. 


D. Beta-Ray Measurements 


Beta-ray and conversion electron measurements were 
made using a 1}-in. diameter by }-in. anthracene de- 
tector covered with a 50 ug/cm? aluminum light reflec- 
tor. Energy calibration of the scintillation detector was 
achieved by comparison with conversion lines of Ba!’ 
and Bi*’™, 

A typical beta spectrum obtained from a sample of 
Y® irradiated in the EBR I is shown in Fig. 4. The 
gamma-ray response of the detector has been sub- 
tracted. In addition to the 2.27-Mev ground-state beta 
ray associated with the decay of Y”, conversion lines 
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Fic. 3. Decay of 3.14-hr yttrium gamma rays 
for half-life determination. 
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hic. 4. Spectrum of beta radiation {rom ytirium sample. 


are observed at 0.185 and 0.465 Mev corresponding to 
K-shell internal conversion of the 0.203- and 0.482- 
Mev gamma rays. No evidence of any beta group 
associated with the 3.14-hr activity was observed, and 
the conversion lines decayed with the 3.14-hr half-life. 


E. Coincidence Measurements 


Gamma-gamma coincidence measurements were made 
using a pair of 3-in.X3-in. Nal detectors. Beta-gamma 
coincidences were obtained using a 1}-in. X }-in. anthra- 
cene detector in conjunction with one of the gamma-ray 
crystals. Graded back-scatter shields were used, and 
all measurements were made at 90° in the plane of the 
detectors. A “fast-slow’’ coincidence circuit with a fast 
resolution of 210-7 sec. was employed. The coinci- 
dence spectrometer consisted of a single-channel pulse- 
height analyzer operated in coincidence with a 256- 
channel transistorized analyzer of conventional design. 
Double-differentiated delay line linear amplifiers were 
used on both channels to allow the use of the “zero 
crossover point,” characteristic of the pulse shape pro- 
duced by this type of amplifier, to derive timing signals 
for the fast coincidence gates. This method, as de- 
veloped by Fairstein,® eliminates the amplitude-de- 
pendent time jitter which is characteristic of conven- 
tional trigger circuits. Using this system, 100% co- 

* EF. Fairstein, Oak Ridge National Laboratory Instrumenta- 


tion Division Annual Progress Report ORNL-2480, July 1, 1957 
(unpublished). 
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Fic. 5. Spectrum of gamma rays coincident 
with 0.203-Mev photopeak. 


incidence efficiency for all pulses from 1 to 100 v in 
amplitude can be achieved with a fast resolving time 
of 210-7 sec. An example of the performance of this 
system is shown in Fig. 5, which is the spectrum of 
gamma rays in coincidence with the 0.203-Mev gamma 
ray. The 15-kev yttrium A x ray resulting from in- 
ternal 0.482-Mev gamma ray is 
clearly indicated. 

Results of the gamma-gamma coincidence measure- 
ments indicated that the two gamma rays were 100% 
in coincidence. There was no evidence for any addi- 
tional weak transitions. Beta~gamma coincidence meas- 
urements showed only the appropriate conversion line 
in coincidence with each gamma ray and showed no 
evidence for any beta ray associated with the decay of 
the 3.14-hr activity. The absence of any beta radiation 
associated with the observed activity indicates that it 
arises from the decay of an isomeric level. 


conversion of the 


F. Isotopic Identification and Measurement 
of Capture Cross Section 


On the basis of arguments presented above, the 3-hr 
activity was attributed to the decay of an isomeric 
level in yttrium. To permit an isotopic assignment, 
irradiations of mass-separated Y® were made in a 
thermal-flux facility of the MTR both with and with- 
out cadmium shields. The cadmium was used to attenu- 
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ate neutrons with energies less than ~0.4 ev. The 
ratio of activity produced without the cadmium shield 
to the shielded irradiations was greater than 30, indi- 
cating that the activity can be produced with thermal 
neutrons. Furthermore, a decay curve for the Y” 
ground-state activity was obtained using a 478 flow 
proportional counter. These data are shown in Fig. 6. 
To eliminate the counter response to conversion elec- 
trons from the isomer, the source was placed between 
two 0.020-in.-thick absorbers. An analysis of the decay 
curve shows an initial buildup with a (3.05+0.11)-hr 
half-life followed by the decay of a single component 
with a (64.10+0.08)-hr half-life (Y"). The total dead- 
time correction amounts to less than 5% of the ob- 
served effect. The observed buildup is attributed to 
the decay of the isomer to the ground state of Y™. 
This, together with the fact that the activity can be 
produced by thermal neutrons, is felt to be sufficient 
proof that the isomer is in Y”. The thermal cross sec- 
tion for the production of the isomer, measured by 
irradiating samples of yttrium together with thin gold 
foils to determine the thermal flux, was found to be 
1.0+0.2 mb. 


G. Internal Conversion Coefficient 
Measurements 


Values of the total conversion coefficients of the 
0.203- and 0.482-Mev gamma rays and the K-shell 
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hic. 6. Decay curve for Y” ground-state beta activity 
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coefficient of the 0.482-Mev gamma ray have been 
determined. The total conversion coefficients were ob- 
tained by measuring the absolute intensity of electrons 
and gamma rays with a 1}-in. diam X}-in. anthracene 
crystal and a 3-in.X3-in. Nal gamma-ray detector. The 
efficiency of the electron detector was determined 
using Bi’’™ and Ba’ conversion electron sources, 
previously calibrated by absolute gamma-ray counting. 
A typical electron spectrum used in these measurements 
is shown in Fig. 4. Results obtained for ar were: 
0.11+0.02 for the 0.482-Mev gamma ray and 0.03+0.01 


for the 0.203-Mev gamma ray. Comparison with the. 


theoretical values of Rose® indicated that these values 
are consistent only with an M4 or £5 assignment for 
the 0.482-Mev transition and an M1 assignment with 
some £2 mixing for the 0.203-Mev transition. 

Information on the A-shell coefficients for the two 
gamma rays was obtained from the relative intensities 
of the yttrium K x ray and the gamma rays in the 
singles spectra. The intensity of the yttrium K x ray, 
corrected for fluorescence yield," represents internal 
conversion by both gamma rays. If one assumes an M4 
assignment for the 0.482-Mev gamma ray and calculates 
the expected x-ray intensity from the theoretical value 
of a, (0.084), a value of 0.030 is obtained for the 
K-shell conversion coefficient of the 0.203-Mev gamma 
ray. This compares with theoretical values of 0.026 
and 0.068 for M1 and £2 radiation, respectively. An 
E5 assignment for the 0.482-Mev gamma ray would not 
materially alter this result, since the conversion coefh- 
cients for M4 or F5 radiation are nearly the same. 
The results of internal conversion coefficient measure- 
ments are summarized in Table IT. 


H. Directional Correlation Measurements 


The directional correlation function of the 0.482 
0.203-Mev gamma-ray cascade was measured with ex- 
perimental techniques and equipment which have been 
described previously. The “fast-slow” coincidence 
circuitry had a measured resolving time of ~8X 1075 
sec, 


The random coincidence rate was measured several 


TABLE II. Summary of conversion coefficient measurements 
ak experi 


mental) 


I 
Mev) at singles ak (theoretical) 


theoretical) 
V1 E2 V1 E2 
0.026 0.075 0.0298 0.023 0.068 


Fa 4 ES 4 \f4 ES 
0.038 0.100 0.112 0.084 0.032 0.084 0.090 


0.203 0.03 +0.01 


0.482 0.11 +0.02 


’'M. E. Rose, /nternal Conversion Coefficients, (North-Holland 
Publishing Company, Amsterdam, The Netherlands, 1958). 

” C, D. Broyles, D. A. Thomas, and S. K. Haynes, Phys. Rev. 
89, 715 (1953). 
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times during the course of the experiment and found 
to be less than 2% of the total coincidence rate. In the 
analysis of the data, the variation of this random co- 
incidence rate with time (due to the decay of the source) 
was taken into account. 

The measured directional correlation of the 0.482 
0.203-Mev gamma-ray cascade is shown in Fig. 7. The 
solid curve is the least-squares fit of the data to a 
function of the form W (@)= 1+ A 2P2(cos@)+A 4P4(cos6). 
The experimental values of the coefficients A2 and A, 
are —(0.153+0.006) and +(0.0016+0.0063), respec- 
tively. After correction for the finite solid angle sub- 
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lic. 7. Directional correlation of the 0.482-0.203 
Mev gamma-ray cascade in Y™. 


tended by the detectors, these values are — (0.178 
+0.007) and + (0.003+0.011). 

Since the measured internal conversion coefficient of 
the 0.482-Mev gamma ray is consistent only with the 
assignment of either M4 or £5 to the transition, only 
spin sequences in which the multipolarity of this transi- 
tion was 4 or 5 were considered. The negative value of 
A» definitely rules out an assignment of spin 4 to the 
0.203-Mev state in Y”. The only remaining assignment 
which is consistent with the half-life measurement and 
the absence of a crossover transition is 3. The data do 
not, however, provide unique assignments for the spin 
of the initial state or the mixing ratio of the second 
transition. 
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III. DISCUSSION 


The decay scheme shown in Fig. 8 was constructed 
from the gamma-ray and beta-ray measurements pre- 
viously described. The order of emission of the two 
gamma rays was established from the multipolarity 
assignments obtained from conversion coefficients and 
directional correlation measurements. Spin assignments 
for the 0.203- and 0.685-Mev levels are based on a 
knowledge of the ground-state spin" and the results 
of directional correlation measurements. Although 
neither the conversion coefficients nor directional cor- 
relation data unambiguously assigns a value for the 
spin of the initial state, the measured value for the 
half-life for gamma-ray decay of this level is more 
nearly in agreement with that expected for an M4 
transition. This would require the assignment of spin 
7 to this level. 

It seems reasonable to expect that the Y” nucleus 
can be described by the nuclear shell model." The go » 
neutron shell is filled at 50 neutrons, leaving the odd 
neutron in Y® in the d5,2 level. Having 39 protons, the 
nucleus is left with one proton in the 1,2 shell. On the 
basis of shape analysis of the beta spectrum of Y”, the 
spin and parity of the ground state have been estab- 
lished as 2—. The next proton levels expected are go/2 


M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley & Sons, Inc., New York, 


1955 
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and g7/2. The order of neutron levels above the d5,2 level 
would be g7z/2, Ai1j2, d32, and S12. Two possible con- 
figurations exist which could produce the 3— level at 
0.203 Mev. The neutron could be elevated to the gz/2 
level to produce the configuration (1,2¢72), or the 
ground state configuration (f;,2d5)2) could recouple to 
give a spin of 3—. Similarly, three possible configura- 
tions exist for the isomeric level at 0.685 Mev. These 
configurations are (g9/2¢7/2), (gz/2g72), and (go/2d5,2). 

Bartholomew ef al."* have studied the level structure 
of Y” by observing the capture gamma rays associated 
with the Y®(,y)Y" reaction. The level scheme pro- 
posed in their work is shown in Fig. 9. Levels were 
reported at 0.2024, 0.247, and 0.7767 Mev. Shell-model 
configurations suggested for the 0.2024, 0.247, and 
0.7767 Mev levels were (f1/2d5)2), (P1/2¢7/2), and (go/2d5,2), 
respectively, with assignments of 3— for the 0.2024 
and 0.247-Mev levels and 2+ for the level at 0.7767 
Mev. The assignment of 3— to both the 0.2024- and 
0.247-Mev levels was based on the relative intensity 
arguments for gamma rays reportedly feeding these 
two levels from a level at 6.849 Mev and from the 
0.7767-Mev level. These arguments depend upon the 
configuration assignment of the 0.7767-Mev level. 

On the basis of the work of Bartholomew e/ al.," the 
most reasonable configuration assignment for the level 




















Fic. 9. Level scheme for Y” proy 


2G. A. Bartholomew, P. J. Campion, J. W 
Manning, Nuclear Phys. 10, 590 (1959 
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at 0.685 Mev would be (gy/2d5,2), since the isomeric 
transition would then involve a change in the state of 
only one nucleon. The transition to the 0.247-Mev 
state, involving a change in the state of both nucleons, 
should be considerably weaker than that to the state 
at 0.203 Mev. No 0.247-Mev gamma ray with an in- 
tensity greater than 1% of the 0.203 was observed in 
the present work. 
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The masses of Cl*¥ and Ar* and the energies of their first excited states have been determined | 
gation of the reactions Ar*(t,v)C}** and Ar“(¢,p) Ar. Charged reaction products were analyze 
resolution magnetic spectrometer. The experimental results for Ar* are: 
or —21.990+0.040 Mev (O'*=0 
The experimental results for Cl* are: mass excess (.—A)=—29.772+0.040 Mev (C?=0) or 
; energy of first excited state =0.364+0.030 Mev. The Q values of Ar(/,p)Ar® and 


+0.040 Mev (C#®=0 


+0.040 Mev (O'=0 


yy an investi- 
1 with a high 
34.423 
; energy of first excited state=1.138+0.030 Mev 
18.227 


mass excess V 1 


Ar (¢,a) CP were found to be 7.046+0.040 and 7.259+0.040 Mev, respectively 


INTRODUCTION 


“THE masses and energy levels of a number of light 

nuclei have been measured at this laboratory 
in the past few years in experiments! using gas targets 
with tritons as the bombarding particles. The present 
experiment uses a triton beam to bombard an argon 
gas target in order to study the reactions Ar“(/,p)Ar® 
and Ar*(t,@)Cl®*. A study of the proton and alpha energy 
spectra of these reactions should yield information on 
the masses of Ar® (heretofore unknown) and Cl* along 
with data on their energy levels. The information pre- 
viously known about these nuclides mostly concerns 
the mass of Cl® and the half-lives of the two nuclides.? 


EXPERIMENTAL APPARATUS AND PROCEDURE 


The experimental setup is identical with previous 
studies! and will not be described in detail. Briefly, a 
2.6-Mev triton beam from an electrostatic accelerator 
bombarded a natural argon gas target. The reaction 
products emerging at a laboratory angle of 30° were 
analyzed with high resolution in a 16-in. double- 
focusing magnetic spectrometer and detected by a CsI 
scintillation counter. Mass-spectrometric analysis of 
the target gas showed that the argon concentration 

t+ Work performed under the auspices of the U. 
Energy Commission. 

'N. Jarmie and M. G. Silbert, Phys. Rev. 120, 914 (1960); 
M. G. Silbert and N. Jarmie, ibid. 123, 221 (1961); M. G. Silbert, 
N. Jarmie, and D. B. Smith, Nuclear Phys. (to be published). 

2? P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
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was always greater than 98 atom percent. Background 
runs were taken with nitrogen, oxygen, air, neon, and 
carbon dioxide. Energy determinations and other pro- 
cedures are discussed in the previous papers. 


RESULTS 


Two alpha and two proton groups were observed 
that were assignable to the argon target. Energetic 
considerations eliminate all the argon isotopes except 
Ar* as being responsible for these reactions. The peaks 
were about one-tenth the size of peaks seen’ in reac- 
tions with targets of Z=8 or 10. This reduction in 
cross section is about what would be expected on the 
basis of Coulomb barrier penetration of the target 
nucleus by the incident triton. The peaks of interest 
were close to the ground-state alpha group from the 
O'*(t@)N' reaction and a small amount of oxygen 
was added to the target gas to provide an energy cali- 
bration. Analysis of the data has led to the results 
shown in Table I. No attempt was made to search for 
energy levels higher in excitation than the first excited 
states because of the increased complexity of back- 
ground groups in the proton and alpha spectra. The 
estimates of errors are standard deviations. Values of 
known masses used in the calculations were taken from 
Everling et al. 

If one assumes that the even-even nuclide Ar® has 
zero spin and even parity, then the beta decay to K® 
~ ground state) is once forbidden. Only 


(which has a 2 
3F. Everling, L. A. Kénig, J. H. E. Mattauch, and A. H. 
Wapstra, Nuclear Phys. 18, 529 (1960 
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TaBLe I. Experimental results. Given are the Q’s for each reaction, the mass, the mass excesses | 


AND 


“. G. SILSERT 


W—A), 


and the energy of the first excited state. 


Ar® 
Q value 
Mass (C#=12 
Mass (O!*= 16 
(M—A) (C®=0) 
W—A) (O'F=0 
First excited state 


— 34.423+0.040 Mev 
—21.990+0.040 Mev 
1.138+0.030 Mev 


the ground-state decay is energetically favorable. A 
rough calculation using this assumption, a reasonable 
fi value (10-7 or 1075), and a value for the half-life of 
10 to 100 years (compatible with the known value? of 
“greater than 3.5 years’’) leads to a prediction for the 
(M—A) of Ar* in the range from — 34.0 to —34.4 Mev 
C"=0), in good agreement with our measured value 
of —34.42 Mev. Even larger values of the half-life do 
not significantly change this result. Our measurements 
predict a beta-decay energy of 0.583+0.045 Mev. 


Cp 


7.046+0.040 Mev CAr®(t,p) ] 7.259+0.040 Mev [Ar 
41.963043+0.000043 amu 
41.976384+0.000043 amu 


38.968037 +0.000043 amu 

38.980425+0.000043 amu 
—29.772+0.040 Mev 
—18.227+0.040 Mev 
0.364+0.030 Mev 


To eliminate the possibility that we had missed the 
ground-state group for Ar”, a search was made for a 
higher-energy proton group. No proton groups were 
found for several Mev higher than the assigned ground- 
state group; if the ground-state group were higher 
than the range of our search, Ar® would have to be 
stable with respect to beta decay to K®. Our value for 
the mass excess (C”®=0) of Cl® of —29.772+0.040 
Mev agrees with the previously determined value of 
— 29.803+0.021 Mev.' 


VOLUME 123, NUMBER 3 


Protons from Alpha-Induced Reactions* 


WAYNE SWENSON AND NIKOLA CrinDROT 
ysics and Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusett 
Received December 21, 1960) 


Department of Ph 


The results of proton energy spectra measured at several angles from 30.5-Mev alpha particle induced 
reactions on Al’, V5!, Co, As*, Nb, Rh'®3, In"5, and Ta!®! were analyzed using the statistical model. The 
analysis yielded the differential cross section d*a/dQdE and the relative level density w(/) of the residual 
nucleus as a function of proton and excitation energy of the residual nucleus. The nuclear temperature 
1/T=d(\nw) /dE and the level density parameter a of w=C exp[(aE)*] were obtained. The energy and angu 
lar dependence of the spectra are adequately described by the statistical model at back angles, with the 
indication of the presence of a direct-reaction mechanism contribution at forward angles, which extends to 


high excitation energies. 


1. INTRODUCTION 


VARIETY of nuclear reaction mechanisms have 

been proposed to implement the understanding 
of medium-energy nuclear reactions. In particular, de- 
scriptions such as the compound nucleus model and 
direct reaction mechanisms have enjoyed varying 
amounts of success for different reaction particles and 
conditions. The direct (fast) interaction description 
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Massachusetts. Submitted in partial fulfillment of the require 
ment for the degree of Doctor of Philosophy at the Massachusetts 
Institute of Technology. 

+ On leave of absence from the Institute ‘‘Rudjer Boskovic,” 
Zagreb, Yugoslovia 


and the compound nucleus model (slow) are logical 
extreme limits of reactions proceeding through a com- 
pound nuclear system as visualized by Weisskopf' as 
an intermediate stage between the initial independent 
particle stage and the final emission stage. Once the 
compound system has been formed by the removal of 
a particle from the entrance channel, the reaction may 
proceed to the final emission stage by one of two 
courses. It may lead to compound nucleus formation 
and subsequent decay, or it may proceed by a direct- 
reaction mechanism to the final stage. 

The description of an actual reaction, the present 
experiment being no exception, lies rarely on one of 
these limits but usually somewhere between them. 

If it is desired to obtain information about one of 


these limits (compound nuclear process in this experi- 


'YV. F. Weisskopf, Revs. Modern Phys. 29, 174 (1957 
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ment), it is necessary to know how the relative im- 
portance of different reaction mechanisms change with 
such things as bombarding energy, excitation energy of 
the residual nucleus, angle of emission, and target mass. 

Inasmuch as the number of degrees of freedom in- 
volved in the reaction varies continuously from only 
a few in the limit of simple direct reactions to many in 
the limit of complete compound-nucleus formation, the 
excitation of the residual nucleus may be expected to 
show a similar variation, yielding correspondingly more 
energetic particles from direct reactions. 

Although sometimes insignificant in their contribu- 
tion to the total reaction cross section, the presence of 
the direct process is readily detected as forward de- 
viations from the isotropy in the angular distribution 
of reaction products, since the statistical model pre- 
dicts isotropy (or symmetry about 90° c.m. at a mini- 
mum) in the angular distribution.2* Such deviations 
from isotropy constitute a substantial part of the basis 
of reaction mechanism discrimination in the experiment 
reported here. The discrimination may be clouded by 
events of character intermediate between strict com- 
pound-nuclear processes and simple direct-interaction 
mechanisms. Special cases of transitions to discrete 
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Fic. 1. Schematic diagram of the scattering chambers, 
slit system, and Faraday cup. 


2 L. Wolfenstein, Phys. Rev. 82, 690 (1951). 
> W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 
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lic. 2. The differential cross sections of the (a,p) reaction on 
AF? at five laboratory angles from 30° to 150° are represented as 
a function of the excitation energy of the residual nucleus. The 
cross sections are in units of mbarns/sr Mev of excitation energy. 
The calculated threshold energy at which deuterons from (a,d) 
reactions may appear in the proton spectrum at each angle is 
labeled the deuteron edge. 


final states which have unmistakable direct-interac- 
tion character show strong peaking in the backward 
hemisphere.‘ 

With regard to the relative success of the two men- 
tioned reaction mechanisms in describing previous ex- 
perimental evidence, the energy distribution (Maxwel- 
lian for neutrons) of reaction products is predicted 
fairly well by the statistical model in the experiments 
of Graves and Rosen, Gugelot, and many others too 


‘P. R. Klein, N. Cindro, L. 
Nuclear Phys. 16, 374 (1960). 

51. Nonaka, H. Yamaguchi, T. Mikumo, I. Umeda, T. Tabata, 
and S. Hitaka, J. Phys. Soc. Japan 14, 1260 (1959). 

®R. Sherr and M. Rickey, Bull. Am. Phys. Soc. 2, 29 (1957) 
and C. E. Hunting and N. S. Wall, ibid. 2, 181 (1957). 
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1G. 3. The differential cross sections of the (a,p) 
reaction on V*'. See caption to Fig. 2. 


numerous to mention,’ and the predicted statistical 
model parameters are reasonable. In many other ex- 
periments of this type, part of the emitted spectrum 
may be attributed to evaporation, but part of the 
spectrum is not attributable to evaporation, as indi- 
cated by the forward peaking of the angular distribu- 
tion of emitted particles.* Despite the considerable 


7E. Graves and L. Rosen, Phys. Rev. 89, 343 (1953), P. C. 
Gugelot, ibid. 81, 51 (1951); P. H. Stelson and C. Goodman, 
ibid. 82, 69 (1951); E. G. Whitmore and G. E. Dennis, ibid. $4, 
296 (1951); G. K. O’Neill, ibid. 95, 1235 (1954); I. Kunabe et al., 
ibid. 106, 155 (1957). 

8 A few of these experiments may be mentioned: P. C. Gugelot, 
Phys. Rev. 93, 425 (1954) ; R. M. Eisberg and G. Igo, ibid. 93, 1039 
(1954); R. M. Eisberg, G. Igo, and H. E. Wegner, ibid. 100, 
1309 (1955): L. Rosen and Stewart, ibid. 99, 1052 (1955); H. W. 
Fulbright, N. O. Lassen and N. O. Roy Poulsen, Kgl. Danske 
Videnskab. Selskab, Mat.-fys. Medd. 31, No. 10 (1959); G. Igo, 
Phys. Rev. 106, 256 (1957); D. Allan, Proc. Phys. Soc. (London) 
A70, 195 (1957); P. V. March and W. T. Morton, Phil Mag. 3, 
143 and 577 (1958): L. Colli and V. Facchini, Nuovo cimento 5, 
309 (1957). D. L. Allen, Nuclear Phys. 24, 274 (1961). 
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area of agreement between statistical evaporation 
theory and the large body of experimental work that 
could be included in reference 8, there are very few 
experiments among them which do not indicate the 
possibility of a non-compound nuclear contribution. 
It is not always clear to what extent non-compound 
nuclear processes contribute. Many results are further 
clouded by the uncertainty of multiple particle emission. 

In general, irrespective of reaction type, insufficient 
experimental information presently exists concerning 
emission spectra in the region of overlapping states 
and corresponding derived statistical model parameters. 
To attain a more complete understanding of the degree 
to which direct reactions contribute to the total cross 
section, it is necessary to acquire more complete infor- 
mation about the experimental angular distribution. 
A broader coverage of target masses would also seem 
desirable. 

Alpha particles were chosen as the bombarding par- 
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lic. 4. The differential cross sections of the (a,p) 
reaction on Co™. See caption to Fig. 2 
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ticle, as a compound system of alpha particle and 
target nucleus is more likely to proceed through com- 
plete compound-nucleus formation than a direct-reac- 
tion mechanism because of the short mean free path 
of an alpha particle in nuclear matter.*"” Further, if 
the decay mode is a direct reaction it is likely to occur 
at the surface and hence involve fewer degrees of free- 
dom or less excitation of the residual nucleus. 

The previously published (a,p) experiment (at 40 
Mev) of Eisberg et al." is limited in the above-named 
The most uncomfortable aspect of the 40- 
Mev (a,p) experiment is that the level density pa- 
rameter a@ of w=C exp[(a/)!] was much smaller than 
expected from the Fermi gas model calculation of the 
level density and, even more surprisingly, did not show 
the expected increase with mass number while exhib- 
iting a Fermi gas emission spectrum, as pointed out 
by Igo and Wegner.” The results of the experiment 
reported here (at 30 Mev) and those of the recent 
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lic. 5. The differential cross sections of the (a,p) 
reaction on As‘, See caption to Fig. 2 
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I'1c. 6. The differential cross sections of the (a,/ 
reaction on Nb*. See caption to Fig. 2. 


are in 
above 


(a,p) work of Lassen and Sidorov™ (at 20 Mev) 
better agreement with statistical theory in the 
respects. 


2. EXPERIMENT 


The significant physical quantity measured was the 
proton energy spectrum of the (a,p) reaction at several 
laboratory angles. The experimental approach was to 
use absorbers for particle selection and a scintillation 
spectrometer in conjunction with a multichannel ana- 
lyzer for the determination of the energy distribution 
of the emitted protons. Energy calibration of the emis- 
sion spectrum was accomplished by use of resolved 
ground-state (a,p) transitions of known energy. 
sections were obtained by comparison of the yield to 
that of the C?(a,p)N' and the AP’(a,p)Si® ground- 
state reactions for which the cross sections are known.,"*:!5 

The reactions studied in the experiment were induced 
by alpha particles accelerated to 30.5 Mev by the 


Cross 


183 N. O. Lassen and V. A. Sidorov, Nuclear Phys. 19, 579 (1960). 
4 C, E. Hunting, Ph.D. thesis, M.1.T. (1958). 


18C, E. Hunting and N. S. Wall, Phys. Rev. 115, 956 (1959), 
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M.I.T. cyclotron. The beam passed first through the 
target under study in the first scattering chamber and 
then through a Au target in the second chamber as 
depicted in Fig. 1. The reaction particles from the 
target in the first chamber passed first through an ab- 
sorber, and then into the Nal scintillation spectrometer 
(labeled proton counter in Fig. 1) which was mounted 
on a rotatable arm. The beam intensity was monitored 
by detecting with a CsI scintillation counter alpha 
particles elastically scattered from the Au target in the 
second chamber. Corrections in the monitor count were 
made to account for scattering of the beam by the 
target in the first chamber. The correction to be made 
to the monitor count was determined by taking monitor 
counts with and without the first target in the beam at 
a constant beam current. The beam was stopped in a 
Faraday cup and the current measured by an electronic 
electrometer. 

The electronics used was conventional. The cathode 
follower output of the Nal scintillation counter passed 
through a preamplifier and a linear amplifier, and pulse 
height analysis was accomplished with an RCL 256- 
channel analyzer. 

In the experiments involving the targets As”, Rh", 
and In'5, the absorber was 309 mg/cm? of Au and the 





lOc 


», (0 


(millibarns / steradian / Mev Excitation) 


d?o0 
dade 


Deuteron Edges 
eo 
20° sO? 
4 ii ! 
6 | 10 8 6 
Excitation Energy ( Mev) 





Fic. 7. The differential cross sections of the (a,p) 
reaction on Rh'™. See caption to Fig. 2. 
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», See caption to Fig. 2. 
crystal a 125-mil thickness of NaI(TI). In experiments 
utilizing the targets Al*’, V®, Co, Nb’, and Ta!" a 
175-mil NaI(TI) crystal and a 548-mg cm? Pb absorber 
were used. The crystals were small enough to make 
the counter very inefficient as a neutron detector. The 
primary function of the absorber was to stop the alpha 
particles scattered from the target. The absorber also 
stopped any tritons produced in the target. Thus the 
counter detected only protons and deuterons besides 
gamma rays. Further, noting that the differential energy 
loss, dE/dx, is twice as great for deuterons as for 
protons, the energy loss in the absorber was about 
twice as great for deuterons as for protons of the same 
energy. 

For all the targets used, the O value of the (a,d) re- 
action is 6-8 Mev lower than the corresponding (a,p) Q 
value. Thus, the maximum deuteron energy obtainable 
in an alpha-induced reaction is 6-8 Mev less than the 
corresponding maximum proton energy. The separation 
in proton and deuteron energy is further widened by 
the above described absorber effect. As the response 
for deuterons is the same as for protons in Nal, deu- 
terons and protons of the same energy in the detector 
will produce pulses of nearly equal height and hence be 
indistinguishable. For the 309-mg/cm?2 Au absorber, 
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;. 9. The differential cross sections of the (a,p) 
reaction on Ta!*!, See caption to Fig. 2. 


the upper 8-10 Mev of the proton spectrum was deu- 
teron free and the upper 10-13 Mev region was free 
for the 548-mg/cm? Pb absorber. Above these limits 
(referred to as the “deuteron edges”) there may be a 
deuteron contamination. However, statistical model 
calculations indicate the deuteron contamination is less 
than 5%. The 309-mg/cm* Au absorber permits the 
detection of protons down to an energy of ~12 Mev, 
or ~14 Mev for the 548-mg/cm? Pb absorber, below 
which they are lost in the gamma-ray background. The 
relative importance of protons from competing (a,2p) 
and (a,p) reactions is negligible and is commented on 
in a later section. 

A self-supporting thin carbon (1.8 mg/cm*) target 
was prepared by spraying Aguadag on a mirrored sur- 
face and then peeling off the layer of carbon after 
drying.'® Thin foils of natural Al (3.64 mg/cm’), 
V (7.80 mg/cm?*), Co (6.08 mg/cm?*), Rh (6.35 mg/cm’), 
Nb (8.33 mg/cm?), In (0.92 mg/cm?), and Ta (17.15 
mg/cm*) were used. The As target was prepared by 
sublimation onto a thin Formvar backing. The carbon 


'6C. W. Darden, Ph.D. thesis, M.I.T. (1959), 
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target was found to contain a trace of oxygen. The As 
and In targets contained small amounts of hydrogen 
and carbon. 

As the chief interest in these experiments was in the 
gross structure of the emission spectra, only moderate 
energy resolution was required. The resolution must, 
however, be sufficiently good to allow detection of any 
anomalous groups that might appear and must not 
obscure the gross features of the level spectrum. The 
fact that the ground and first excited state groups from 
the several residual levels in the C"(a,p)N'® and 
AP? (a,p)Si® reactions were well resolved is evidence 
of fulfillment of this condition. The resolution, (that is, 
the full width at half-maximum) of the detector with- 
out absorber was 0.6-0.7 Mev as determined using 
carbon and aluminum targets. The resolution exhibited 
no (~0.1 Mev) important energy dependence over the 
range 16-31 Mev proton energies. 

A correction to the incident alpha-particle energy 
was made to account for the average energy loss of the 
alpha in the target before an interaction occurred. 

The experimental data were acquired in the form of 
counts per channel as a function of channel number. 
The channel number was a linear function of the proton 
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Fic. 10. The natural logarithms of the level density of Si® are 
represented at different angles as a function of the square root of 
the excitation energy. 
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Fic. 11. The natural logarithms of the level density of Cr®™ are 
represented at different angles as a function of the square root of 
the excitation energy. 


energy in the counter (after passing through the ab- 
sorber). The analyzer channel number was calibrated 
by using the proton ground-state group from the 
Al**(a,p)Si® reaction with the Pb absorber at different 
angles, and the proton ground-state group from the 
C"(a,p)N™ reaction with the Au or the Pb absorber as 
well as without any absorber, also at different angles. 
Utilizing the 7.5-Mev cyclotron beam, the protons 
scattered from Au at 30° were also used for calibration. 
The two above reactions and the proton beam thus 
provided protons of known energies between 7.5 and 
Mev, being made where 
required. 


25.5 absorber corrections 


3. DATA ANALYSIS 


It is desirable to represent the experimental data in 
a form which lends itself well to the interpretation of 
its physical significance. Such a form was felt to be the 
product of a compound nucleus analysis. The testing 
ground of such an analysis is the agreement between 
the experimental emission spectra and level density 
parameters and those predicted by the statistical model. 

From statistical theory,'’ the relative intensity of 


17 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics, 
John Wiley & Sons, Inc., New York, 1953). 
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the particles emitted from the reaction V(a,b)Y in the 
exit-channel energy range ¢€ to e+de is represented by 
Nide=consto,(b)w(€max— ede. o-(b) is the « apture cross 
section of the inverse reaction and w(/) the density of 
states of residual nucleus at the excitation energy EF 
= €max— € Where €max is the maximum channel energy 
(total center-of-mass kinetic energy) corresponding to 
=0. As will be seen, analysis of the present experi- 
ment from the statistical point of view surely enjoys 
some success, and just as surely offers evidence of a 
non-compound nuclear contribution. The values of o, 
used in the analysis were taken from the tables of Blatt 
and Weisskopf'’? for values of Y=e/B<1.8 with a 
radius of r>= 1.510" cm; B is the barrier height. An 
approximate form o,=2(R+X){R[(¥—1)/¥ J+}, de- 
rived on the basis of a classical model'? which assumes 
that every particle striking the nucleus is captured, was 
used in the range ¥>1.8. The approximate form was 
normalized to fit smoothly to the quantum mechanical 
range Y¥<1.8 and approach geometrical at Y= «. 

An IBM 704 computer program was used in the data 
analysis.'* The program computes for each channel the 
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® Fic. 12. The natural logarithms of the level density of Ni® are 
represented at different angles as a function of the square root of 
the excitation energy. 


18 The CONDAC program deck was generously supplied by C. D. 
Goodman and B. Williams at the Oak Ridge National Laboratories. 
It was tested and used at the M.I.T. computation center. 
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Fic. 13. The natural logarithms of the level density of Se7® are 
represented at different angles as a function of the square root 
of the excitation energy. 


laboratory proton energy, the exit channel energy, and 
the excitation energy of the residual nucleus. A quantity 
\, the number of counts per energy interval dé in the 
center of mass, is calculated for each channel. V is 
equal to the differential cross section d’¢/dQdE when 
the appropriate monitor count is included in the pro- 
gram input data. A quantity .V/eo, proportional to the 
level density, is also calculated for each channel and 
hence as a function of laboratory proton and excitation 
energy. Without the program the analysis of a large 
amount of data would be considerably more exhausting, 
if not impossible. The alternative of analyzing a small 
sample or an averaged, smooth spectrum would not 
seem to be in the best interests of discovering the 
salient properties of the emission spectra, for instance, 
the periodic structure at forward angles and high ex- 
citation energy. 


4. RESULTS 


The differential cross sections d¢/dQdE for the 
(a,p) reactions on Al*’, V*!, Co®*, As”, Nb®, Rh, In', 
and Ta'*' are represented in Figs. 2-9, respectively. 
The points in the figures are experimental, and the 
solid curves are smooth curves drawn through the 
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experimental points. The errors indicated are the sta- 
tistical errors. 

The energy dependence of d’a/dQdE is, in general, 
smooth and slowly varying. With the exception of the 
ground states of Si*, Ni®, and Mo", and in the case of 
Si*® and Ni® low-lying excited states, the protons from 
discrete states of the residual nuclei are not resolved, 
resulting in most cases in a continuous proton spectrum. 
In the case of Si*, in addition to the ground-state group 
there appears a group from the 2.2-Mev level, a group 
from the 3.5- and 3.7-Mev levels, and another from the 
5-Mev state. Above 5 Mev no further states should be 
resolved in Si*.!* However, in the case of Si* there is 
evidence of structure in the proton spectrum at excita- 
tion energies >5 Mev. That is, the regular appearance 
of groups may be noted at a definite excitation energy 
at different angles. The spacing between these groups 
seems to be nearly regular and about 1.5 Mev. Sn!’ 
also offers considerable evidence of structure at high 
excitations ~3.5 and ~5.5 Mev in the 10°-60° range. 
Sn"® is a magic nucleus. A hint of structure is to be 
seen in the forward angle spectra of Cr°*, Mo, and 
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Fic. 14. The natural logarithms of the level density of Mo* are 
represented at different angles as a function of the square root of 
the excitation energy. 


19 P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
(1954). 
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Pd*’*, A group from the 1.1-Mev level in addition to the 
ground-state group appears in the spectrum from Ni®, 
but no structure above 2 Mev where the levels occur 
at 2.05, 2.30, 2.33, 2.89 Mev, etc.”* This type of forward- 
peaked structure at high excitations has been reported 
in the (a,p) reaction studies of several nuclei in the 
Cu, Ni region by Nonaka ef al.*' at 28 Mev. No im- 
portant structure above 2 Mev is indicated in the 
spectra from the residual nuclei Ni®, Se’, and W'™ or 
any nuclei at back angles (except Si*’). Quite generally 
it may be said of the spectra investigated, that no 
“anomalous” groups appear that resemble those re- 
ported in the inelastic scattering experiments of Cohen 
and Rubin,” Crut ef a/.,> Yntema and Zeidman,™ and 
others. 
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» C.H. Paris and W. W. Buechner, Comptes Rendus du Congrés 
International de Physique Nucléaire, Paris, 1958, edited by P. 
Guggenberger (Dunod, Paris 1959), p. 515. 

21 Proceedings of the International Conference on Nuclear Struc- 
ture, Kingston, Canada, 1960, edited by D. A. Bromley and E. W. 
Vogt (University of Toronto Press, Toronto, Canada, 1960). 

2B. L. Cohen and A. Rubin, Phys. Rev. 111, 1568 (1958). 

3M. Crut, C. D. Sweetman, and N. S. Wall, Nuclear Phys. 
17, 655 (1960 

‘J. L. Yntema, B. Zeidman, and B. J. Raz, Phys 
801 (1960 
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Fic. 16. The natural logarithms of the level density of Sn™8 are 
represented at different angles as a function of the square root of 
the excitation energy. 


In Figs. 2-9 the differential cross sections at different 
angles may be compared directly as a function of 
angle. Comparison in this manner makes manifest the 
following points: (1) The cross section increases pro- 
ceeding from back to forward angles; (2) the forward 
peaking of the cross section is more pronounced for 
light elements than for heavy elements; (3) the forward 
peaking is greater at low excitation energy than at 
high excitation energy, but in general (except for the 
heaviest elements) does not completely vanish at high 
(>10 Mev) excitation energies. 

The natural logarithms of the quantities, w(/) 
= (Pa /dQdE)/ec(e), which we shall call the relative 
level densities, are represented in Figs. 10-17 as a func- 
tion of v &. The curves represent the best smooth 
curves that may be drawn through the experimental 
points. The three points made regarding the cross- 
section curves are true of the level density curves, the 
third being more obvious in these plots, since the In(/:) 
curves are more nearly straight lines. 

A straight-line representation of In(/) vs yF is 
expected if the energy dependence of the level density 
may be expressed in the form w(/)= const exp[ (a/)!], 
where a is a constant parameter relating the tempera- 





PROTONS FROM 
ture and excitation energy. Within the statistical errors, 
the 150° curves for the heavy elements are straight 
lines. In all cases at back angles (150°) the curves may 
be considered straight at high (>4 Mev) excitations 
and even at low excitations of the heavier nuclei. Plots 
of In(/) vs E were not found to be linear, but rather 
concave downward. 

Proceeding from back to forward angles, the curves 
of Figs. 10-17 deviate from a straight line. The devia- 
tion from linearity is most pronounced at low excitation 
energies and less pronounced, but still present, at higher 
excitations. Further, the isotropy and linear character 
of Inw vs y & persist to smaller angles for the heavy 
elements (to 6=60° in the case of Ta). For the lighter 
elements isotropy is not clearly indicated even at 150°, 
even though the Inw vs ¥ & curve may be linear (at 
least for high excitations). 

The ultimate success of the statistical analysis de- 
pends on the degree of completeness by which the re- 
action mechanism may be described as proceeding 
through the compound nucleus. It is clear that com- 
pound-nucleus formation and decay is not the only 
mechanism involved in the (a@,p) reaction initiated by 
30.5-Mev alpha particles, since the statistical model 


(a, p) w '84 
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Fic. 17. The natural logarithms of the level density of W'* are 
represented at different angles as a function of the square root of 
the excitation energy. 


a-INDUCED 


REACTIONS 


Qs5 











40 2 160 200 240 280 








Fic. 18. The experimental level density parameters @ are com- 
pared through the function 3a/27*A! to the prediction of Newton’s 
shell development formula. A is the mass number. 


prediction of angular isotropy (or at a minimum sym- 
metry about 90° c.m.) of the reaction products is at 
variance with the experimental angular distributions. 
Recalling the three points made of the angular, energy, 
and mass dependence of the cross section, they seem 
typical of direct-reaction mechanisms. 

From the experimental results we note that the 
angular distributions may be considered independent 
of angle at the largest angles and the shape of the 
Inw vs ¥F curves may be considered linear at the 
largest angles. These two considerations are certainly 
true of the heaviest elements and are approached for 
the lighter ones. The fulfillment of these two considera- 
tions may be taken as conditions for the successful 
application of statistical theory. If this point of view is 
adopted, then it may be said that the only important 
reaction mechanism at 150° is compound-nucleus for- 
mation and decay. The spectra at 150° may be taken 
as a reference point, and deviations from the 150° 
spectrum at forward angles may be considered direct- 
reaction contributions. 

The results of statistical analysis of the 150° data 
(120° when largest angle observed) are presented in 
Table I.*® 

The temperatures defined by 1/7=d(Inw)/dE were 
taken as the slope of the Inw(/) vs E& curves at excita- 


ras _e I. Parameters from statistical analysis of 150° data. 


a (Mev) 
E>5 Mev 


+().2 7.1+1.4 
+0.05 11.2+0.8 
§ +0.08 11.2+1.2 
9 +0.13 15.5+0.8 
+().1 11.2+0.4 
) +0.1 12.8+0.8 
+0.12 15.6+1.2 
26.0+0.4 


Residual Me T (Mev) 

nucleus k=11 Mev 
Si® 2 
Crm 2 
Ni® 1 
Se’§ : 1 
Mo* - 1 
Pais 2 
Sn'8 1. 
wie 0.8 +0.2 1 


7 
.26+0.08 


25 Previously reported in Bull. Am, Phys. Soc. 5, 76 (1960). 





920 W. SWENSON 

tions of ~5 and ~11 Mev. The level density param- 
eters a of the Fermi gas expression w(£)« exp[(a)*] 
were determined from Figs. 10-17 at E>5 Mev. The 
errors indicate the uncertainty in the slope of the 
curves due to statistical fluctuations and nonlinearities 
of the curves. The temperatures are seen to decrease 
with increasing mass of the residual nucleus, which is 
consistent with the compound-nucleus idea of sharing 
excitation energy with all nuclear constituents, there 
being less average energy per nucleon for heavier nuclei. 
The @ values show a corresponding increase with the 
mass number. The temperature shows an increase with 
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Fic. 19. Representation of normalized level densities of Si*, 
Cr#, Ni®, Se78, Mo**, Pd!®*, Sn™8, and W'® in units of Mev as a 
function of excitation energy. The data correspond to the labora- 
tory angle of 150°. Normalized at neutron binding. 


AND N. 


CINDRO 


excitation energy consistent with the predicted Fermi 
gas E=aT* equation of state. Although the parameters 
a and T show a mass variation qualitatively in agree- 
ment with the predictions of any nuclear model, they 
are not in quantitative agreement with any model. The 
parameter a is about 2.5 times smaller than those pre- 
dicted by such model treatments as the Fermi gas 
calculation of Lang and LeCouteur,® or the Fermi 
gas treatment of Newton?’ shell 
effects. 

The level density parameters a from this experi- 
ment, multiplied by a normalizing factor of 2.5, are 
compared with the theoretical Fermi-gas shell-depend- 
ent formulation of Newton®’ in Fig. 18. Although no 
very definite conclusions may be drawn, it does seem 
(1) that the level density parameters may be expected 


with or without 


to show a great deal of shell structure in qualitative 
agreement with a shell-sensitive model like Newton’s 
or Cameron’s** and (2) that detailed agreement be- 
tween results of the type of experiment reported here 
and statistical model predictions cannot be expected. 
Probably more weight should be given to the experi- 
mental points of heavy nuclei in Fig. 18 than to lighter 
ones, as the lighter elements involve more uncertainty 
as to the extent of direct-reaction participation. If a 
clear picture of the effect of shell structure on level 
density parameters is to be obtained it will necessitate 
further experiments. New experiments should involve 
the investigation of many more elements (~50) than 
did the present experiment. These elements should 
lead to a variety of even-even, even-odd, odd-odd, 
magic and nonmagic residual nuclei. Such an investi- 
gation is underway. 

In the experiment here reported, all residual nuclei 
are even-even in character and hence exhibit no odd- 
even effects. The single case of Sn''* is distinct from 
those of other nonmagic residual nuclei investigated, in 
that it gives a higher temperature at low excitation 
than do the others. If shell structure or even-odd effects 
are present, the spacing of the single-particle states is 
larger and the situation may be approximated by the 
introduction of an energy gap near the ground state.” 
For low excitation, more energy would then be required 
to populate the same combination of single-particle 
states than is required for a normal nucleus. A higher 
temperature would result at low excitation for magic 
nuclei, and to a lesser degree for even-even nuclei. 

The relative level densities obtained from the ex- 
periment may be normalized at neutron binding energy 
from the results of resonant slow neutron capture ex- 
periments. Level spacings from neutron capture ex- 
periments have been reviewed and compiled by several 


26 J.M.B. Langand K. J. LeCouteur, Prox London) 


A67, 586 (1954). 
27 T. D. Newton, Can. J. Phys. 34, 804 (1956 
28 A. G. W. Cameron, Can. J. Phys. 36, 1040 
* T. Ericson, Nuclear Phys. 8, 265 (1958). 
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authors.* However, of the eight residual nuclei investi- 
gated in the experiment only the level spacings of Mo", 
Sn''§, and W'™ are known from neutron capture. In 
view of the incomplete knowledge of spacings from 
neutron capture, the absolute density wo(/,A) for spin- 
zero states was calculated using Newton’s shell-develop- 
ment formula. The results compare with the three 
existing experimental cases within a factor of two. The 
neutron binding energies used in the calculations were 
taken from the University of California Radiation 
Laboratory Q-value tables*! and the pairing energies 
subtracted from the neutron binding energies to account 
for odd-even effects were taken from Newton?’ and 
Cameron.**> The total density of states of all spins 
w(h)~4te*wo(/) at neutron binding was calculated 
using o=4 for the dispersion as a best value from 
Ericson’s® statistical analysis. The normalization is 
shown in Fig. 19 from 150° data. 

Although the level density parameters reported are 
taken from the 150° data, which are relatively free 
from direct-reaction contributions, the shapes of the 
level density curves at forward angles are not so very 
much different from those of 150°, even though forward 
peaking of the cross section is evident. The preceding 
observations are addressed to excitation energies higher 
than 5-6 Mev. From this observation it may be sug- 
gested that the total reaction cross section (compound 
plus direct) is dominated by pure phase-space consider- 
ations like those advanced by Ericson.* 

In Fig. 20 comparison is made of the nuclear tem- 
peratures deduced from different alpha-particle-induced 
experiments. Their dependence upon mass number is 
compared. The (a,p) data of Eisberg ef a/."' at 40 Mev, 
the present (a,p) data at 30 Mev, and the Lassen and 
Sidorov™ (a,p) data at 19.3 and 11.9 Mev are shown 
together with the temperatures from the (a,a’) data of 
Fulbright ef al. at 20 Mev. The (a,a’) data of Igo* 
were excluded because of the confusing character of 
the shape of the emission spectra. Several other (a,a’) 
experiments were excluded from comparison because 
the authors’ method of data presentation precluded 
easily extracting level density parameters. In each of 
the chosen experiments the back-angle data are pre- 
sented, since they are freer of direct-reaction contribu- 
tions. The temperatures from the Eisberg et al. 40-Mev 
(a,p) experiment were obtained from measured level 


*® J. S. Levin and D. J. Hughes, Phys. Rev. 101, 1328 (1956); 
J. A. Harvey, D. S. Hughes, R. S. Carter, and V. E. Pilcher, 
tbid. 99, 10 (1955); D. J. Hughes and J. A. Harvey, Neutron Cross 


Sections, Brookhaven National Laboratory Report BNL-325 
(U. S. Government Printing Office, Washington, D. C., 1955); 
D. J. Hughes and R. B. Schwartz, ibid., Suppl. No. 1, 1957. A. 
Stalovy and J. A. Harvey, Phys. Rev. 108, 353 (1957). 

3.V. J. Ashley and H. C. Catron, University of California 
Radiation Laboratory Report UCRL-5419 (unpublished). 

® T. Ericson, Nuclear Phys. 11, 481 (1959). 

%T. Ericson, Advances in Physics, edited by N. F. 
(Taylor and Francis, Ltd., London (to be published) J. 

4H. W. Fulbright, N. O. Lassen, and N. O. Roy Poulsen, Kgl. 
Danske Videnskab. Selskab, Mat.-fys. 31, No. 10 (1959). 

8° G. Igo, Phys. Rev. 106, 256 (1957). 
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Fic. 20. Comparison is made between the temperatures T from 
different alpha-particle-induced experiments as a function of the 
mass number A. The temperatures correspond to ~10 Mev exci- 
tation. The different data are represented by the following 
symbols: @ Eisberg, Igo, and Wegner, (a,p) 40 Mev; 0 Swenson 
and Cindro (a,p) 30 Mev; + Fulbright, Lassen, and Poulsen 
(a,a’) 20 Mev, @ Lassen and Sidorov (a,p) 19.3 Mev; Lassen 
and Sidorov (a,p) 11.9 Mev. 


density parameters @ through the equation of state 
E=aT?/4 at E=10 Mev with the exception of the 
mass-200 point [it also finds agreement with F 
= (a/4)T*] which was taken from the experiment. 

In Fig. 21 the level density parameters a from the 
same experiments are compared at the same excitation 
again as a function of mass number. In this figure the 
parameters were derived from the measured tempera- 
tures through the equation of state for the Lassen and 
Sidorov (a,p) experiments at 11.9 and 19.3 Mev. The 
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Fic. 21, Comparison is made between the level density pa- 
rameter a of w=C exp[(a)*] for the same experiments as in 
Fig. 20, again as a function of mass number. The symbols have 
the same meaning as in Fig. 20. f 
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insufficiency of the amount of available data is appar- 
ent. On the basis of what data are available it is seen 
that the temperature variation with mass is qualita- 
tively acceptable, but it shows a dependence on the 
energy of the bombarding particle, a position untenable 
on the basis of the statistical model. It has been 
suggested” ** that due to the short mean free path of 
alpha particles’” in nuclear matter, the incident energy 
of the alptia is shared only locally with a number of 
nucleons less than A before emission occurs (called 
“spot heating’’), giving rise to high temperatures. If 
this approach were adopted, the temperature would 
be expected to show an increasing relationship with 
the incident particle energy. Such a trend is shown in 
the comparison of Fig. 20. An equation of state of the 
form E=aT*,/4 demands that the parameter a show a 
decreasing relationship with the incident energy from 
the spot-heating point of view. Such a trend is shown 
in Fig. 21. The group of points in Fig. 21 from the 11.9- 
Mev experiment are unreasonably high, which indicates 
that level density parameter comparisons through the 
equation of state cannot be expected to be completely 
quantitative. Though the comparisons of Figs. 20 and 
21 lend support to the qualitative correctness of the 
spot-heating approach, this point of view should be 
accepted only with reserve until sufficient data become 
available to permit a quantitative study. 

Relative to the question of competing reactions, of 
all the reactions involving single-particle emission, only 
the (a,d) reaction yields detectable particles that could 
not be distinguished from protons. Deuterons lose on 
the average an amount of energy A4~2 Mev more in 
passing through the absorber than protons of a corre- 
sponding energy. The maximum channel energy for 
proton emission is also greater than that for deuteron 
emission by AV=(Q(a,p)—QV(a,d)~6 Mev, the differ- 
ence in the ground-state (0 values. On the basis of the 
statistical model, the ratio of the number of deuterons 
to protons emitted with a channel energy ¢ between e 
and e+de after passing through the absorber is 
Valejde M 4(2la+1)o 


i\€)we) 


Vp(elde M,(27,4+1)0-p(€)w(e—AQ—A) 


awe) 


{ 0.06 for Al 
w(e—8) 0.01 for Ta, 
where Mz and M, are channel masses, /2 and /, are 


the spins, ¢.4 and o,, are the inverse capture cross 
sections of deuterons and protons, respectively. The 


ry. 4 
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ratio has the above approximate value at ~12 Mev 
excitation if the level densities of the residual nuclei 
are assumed to be the same. Even-odd and shell effects 
are thus not included but would not be likely to influ- 
ence the calculation by more than ~ 10%. Thus, if the 
reaction may be described by compound-nucleus forma- 
tion and decay, the yield of deuterons is negligible 
compared to protons for the range of excitation studied. 
The He’ and H* yields are even lower than the deuteron 
yield. 

Of the reactions leading to two-particle emission, all 
reactions (a,«p) will be competitors of the (a,pz) reac- 
tion, where x and z may be anything. The only two 
likely important competitors are the (a,pp) and (a,np) 
reactions, and these reactions will contribute only at 
channel energies below €max— By, B, being the binding 
energy of the proton to the final nucleus. When sta- 
tistical model emission functions are evaluated, it is 
found that the total calculated (a@,7p) cross sections 
are 40.6 mb for Rh" and 67.0 mb for V*'. The calcu- 
lated cross sections of the (a,pz) reactions are 176 mb 
and 118 mb for Rh'® and V*, respectively. The total 
a(a,np) cross section is smaller than for the o(a,pz) 
cross section, but more important is the fact that in 
the region of channel energies covered by this experi- 
ment the (a,vp) emission functions are lower than those 
of the (a,pz) reactions by about two orders of magni- 
tude. That this is so is due principally to the fact that 
the threshold of the (a,7p) reaction occurs at an excita- 
tion energy S,—~8-10 Mev higher than does the (a@,pz) 
proton threshold. By the same considerations, the 
secondary proton contribution from the (a,pp) reaction, 
though a little larger (B,<8,) than from the (a,np) 
reaction, is also negligible. Protons from three-particle 
emission reactions have energies below those observed 
in the experiment. 
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Electron-Scattering Study of Nuclear Levels in Cobalt, Nickel, Lead, and Bismuth* 
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We have observed inelastic scattering of 183-Mev electrons 
through angles of 40°-90° in the laboratory, leading to excitation 
of discrete nuclear excited states in Ni®*, Co™®, Ni®, Pb’, and 
Bi®. The excitation energies were below 8 Mev. Born-approxima- 
tion analysis of the measured inelastic form factors was used to 
deduce the multipolarities \ (when not previously known), and, 
by extrapolation, the transition rates for 15 corresponding gamma 
transitions. A number of groups of electric transitions for \=2, 3, 
and 4 were observed, each group having strikingly similar form 
factors. In all but one of these groups the ratios G of the observed 
gamma transition rates to the single-particle predictions were 
greater than 15, and for some transitions from 30 to over 100. 
One of the groups, in cobalt and the nickels, contains the 1.33-Mev 
/2 transition to the first excited state of Ni®. Another group con- 
sists of fast £3 transitions, seen in all five nuclei, from states known 
as the “anomalous levels.’’ They included the transition to the 


I. INTRODUCTION 


LASTIC and inelastic scattering of high-energy 

electrons, in principle, provides a powerful tool 
for the investigation of nuclear structure, for not only 
is the electron-nucleus interaction known in great detail, 
but the large momentum transfers that can be effected 
by using primary electron energies above 100 Mev lead 
to cross sections that are very sensitive to the spatial 
structure of nuclear ground states or of nuclear excited 
states.' Large-angle scattering of high-energy electrons 
can easily induce nuclear transitions of high as well as 
low multipolarity, and provides one of the few means of 
studying nuclear resonance transitions with excitations 
greater than a few Mev accompanied by nuclear angular 
momentum changes larger than 3%. Theoretical under- 
standing of elastic electron scattering is well advanced 
and more than adequate for the interpretation of present 
experiments! *; quite fine structure in the charge dis- 
tribution of the nuclear ground state can be dis- 
tinguished by analysis of experimental cross sections. 
Inelastic electron scattering to discrete nuclear levels 
is, as yet, not as easily interpretable; a complete phase- 
shift analysis of the scattering process is much more 
complicated than for the elastic case and is not yet 
available. Born-approximation results have been pub- 
lished,’ however, and, as in the elastic scattering case, 
are useful in interpreting experimental measurements. 
In the measurements reported here, inelastic scattering 
measurements have been made with nuclear excitations 


* This work was supported in part by the joint program of the 
Office of Naval Research, the U. S. Atomic Energy Commission, 
and the Air Force Office of Scientific Research. 

'H. Crannell, R. Helm, H. Kendall, J. Oeser, and M. Yearian, 
Phys. Rev. 121, 283 (1961). 

2U. Meyer-Berkhout, K. W. Ford, and A. F. 
Phys. 8, 119 (1959). 

3L. I. Schiff, Phys. Rev. 92, 988 (1953), and 96, 765 (1954); 
the latter paper is referred to as “LS” in the text. See also, J. H 
Smith, Phys. Rev. 95, 271 (1954). 
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first excited state in Pb®* (G=31) and a transition in Bi® identical 
in energy and form factor. Among three slow £4 transitions in 
cobalt and the nickels was the 2.50-Mev 4* — 0* transition in 
Ni®. The £4, £3, and an £2 transition in Co™® identify states 
analogous to the 4*, 3-, and 2* seen in the neighboring even-even 
nuclei. The last two transitions are strongly enhanced. A pair 
of fast 4.30-Mev 4 transitions was observed in Pb™® and Bi™; 
their speed (G=37) indicates they may constitute the lowest- 
energy configuration of 16-pole mode of excitation of the nuclear 
surface. Values of the collective vibrational parameters C, and By 
and the degree to which some of the transitions exhaust ordinary 
sum rules support the conclusion that the inelastic scattering 
process is strongly exciting nuclear collective excitations. Some 
of the observed results are expected on the basis of the theory 
of collective vibrational excited states; some are the consequence 
of unidentified configurations. 


up to 7.5 Mev with a primary electron energy of 183 
Mev. Similar transitions have been studied in two 
groups of nearly identical nuclei (Ni®*, Co, Ni®; and 
Bi, Pb”**) in order to establish the similarity of differ- 
ent types of transitions in a manner as independent of 
analysis as possible. In addition, each transition form 
factor was compared with the Born-approximation pre- 
dictions to establish the multipolarity and to determine, 
by extrapolation, the partial y-ray decay rate to the 
ground state. 


Il. EXPERIMENTAL APPARATUS 


Target materials in the form of metallic foils were 
placed at the focus of the momentum-analyzed electron 
beam of the Stanford linear accelerator. Electrons scat- 
tered by the target through angles from 40°-90° were 
momentum-analyzed with a 36-in. magnetic spectrome- 
ter. The detector was a 10-channel scintillation counter 
and Cerenkov counter telescope defining 10 adjacent 
momentum intervals in the image plane of the spec- 
trometer. Each fractional momentum interval Ap/p was 
equal to 0.0031, where Ap was the momentum accept- 
ance defined by each counter element and p was the 
focused momentum. The primary beam was integrated 
after it passed through the target by either a Faraday 
cup or a secondary-emission monitor.‘ The apparatus 
has been described before, and the references contain 
information on the operation of the 
equipment.!:>. 

The relative efficiency of each of the 10 channels was 
determined at intervals of a few hours during the cross- 


*F, Bumiller and E. Dally, in Proceedings of the International 
Conference on Instrumentation for High-Energy Physics, Berkeley, 
1960 (to be published). 

5J. I. Friedman, H. W 
Rev. 120, 992 (1960). 

6H. W. Kendall, J. I. 
M. Gram (to be published 
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section measurements by counting at the flat part of the 
inelastic spectrum of electrons scattered from a C” 
target. The number of counts detected by each channel 
was used to determine a correction factor applied to 
data measured by that channel. Normally, these eff- 
ciency factors were known to better than 3%, and they 
rarely deviated from a constant value beyond what was 
expected from statistical fluctuations in the number of 
observed events. 

High momentum resolution was required to dis- 
tinguish by energy loss the electrons that had scattered 
elastically or inelastically, leaving the nucleus in one or 
another discrete excited Contributions to the 
uncertainty in the determination of the residual nuclear 
excitation arose from the finite momentum spread of the 
primary electron beam, radiative and ionization proc- 
esses occurring when the primary beam or scattered 
electrons passed through the target material or other 
foils or windows, aberrations in the focusing properties 
of the spectrometer, and the finite momentum accept- 
ance of the elements of the electron detecting system 
described above. The fractional uncertainty in the pri- 
mary electron beam momentum was normally adjusted 
to be in the range from 0.1%-0.2%. Electron brems- 
strahlung and Landau straggling from target and foils 
and radiative processes occurring during the scattering 
process contributed an uncertainty in the values of the 
momenta of the scattered electrons of less than 0.2%. 
These effects could be calculated to high accuracy, and 
the measured momentum spectra of scattered electrons 
corrected for them. In practice, although bremsstrahl- 
ung and radiative corrections were applied to all the 
measured spectra, the correction program propagated 
uncertainties arising from statistica! counting-rate fluc- 
tuations from each part of the measured spectra to all 
lower-momentum parts. (References 5 and 6 contain a 
more complete discussion of the correction progr um.) 
The effect was to reduce greatly the accuracy of inelastic 
cross-section determinations when their yields were 
much smaller than that from the elastic process at the 
same energy and angle. To reduce uncertainties from 
this source to a minimum, very thin target materials 
were used. Typical values for target thicknesses, meas- 
ured in radiation lengths (r.].), were 0.03 and 0.05 r.1. for 
Ni® and Ni®*, and 0.03 r.l. for Pb?’*. 

Aberrations in the magnetic spectrometer made a 
negligible contribution to the observed momentum un- 
certainties. Theoretical studies’ of the instrument used 
in the present series of experiments indicated the un- 
certainties introduced in the determination of a scat- 
tered-electron momentum to be less than 10~*p, and 
this result was consistent with observed elastic peak 
widths. The fractional momentum resolution from all 
the effects discussed above was Ap/p=0.45% for the 


data reported here, and energies of discrete excited 


state. 


7D. L. Judd, Rev. Sci. Instr. 21, 213 (1950 
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nuclear states in the present experiment could be deter- 
mined to within an accuracy of 100-200 kev for strongly 
excited transitions. 


Ill. DETERMINATION OF CROSS SECTIONS 
AND FORM FACTORS 


Absolute cross sections for elastic and inelastic scat- 
tering were determined by comparison with electron 
scattering from the free protons in a polyethylene 
target. The momentum spectra of electrons scattered 
from the polyethylene, the two Ni, the Co, the Bi, and 
the Pb targets were corrected for the varied efficiencies 
of the counters and normalized for a uniform integrated 
primary beam and number of target nuclei per cm? in 
the beam. Each spectrum was corrected for bremsstrahl- 
ung and radiative effects during scattering by using the 
momentum transfer in the scattering process and the 
total number of radiation lengths of material in the 
scattered electrons’ path as parameters. The corrections 





————= VISUAL FIT TO DATA 

——--——= CORRECTED CURVE ELASTIC PEAK +5 
* VISUAL FIT TO DATA CORRECTED FOR 
RADIATIVE AND BREMSSTRAHLUNG 
PROCESS 


* FIVE RUNS: I5O yu COULOMBS EACH 


NUMBER OF COUNTS PER CHANNEL PER MICROCOULOMB 








CHANNEL NUMBERS 


Fic. 1. In this figure and in Fig. 2 are shown the experimental 
data of a number of separate runs on the elastic and inelastic 
electron spectra from scattering of 183-Mev electrons from Co™® 
at 0=70° and Ni*® at 6=55°, where @ is the laboratory scattering 
angle. The abscissas are scales determined from the momentum 
acceptance of the separate channels of the detector. Successive 
integers determine momentum intervals Ap such that Ap/p 
=0.0031. The deviation from a linear momentum scale is negligible 
over the ranges displayed. The zeros of the abscissas are arbi 
trarily chosen. The ordinates display the number of detected elec 
trons per microcoulomb of integrated charge from the primary 
beam. They are proportional to d’¢/dQdp, the cross sections for 
the electron-scattering processes as observed with finite momen 
tum resolution. The dashed curves are visual fits to the data, and 
the solid curves are the visual fits with bremsstrahlung and radia 
tive corrections applied 
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Fic. 2. Scattered-electron spectrum from a Ni** 
target at @=55°. See caption to Fig. 1. 


were applied using an IBM-610 computer and have been 
described in detail.** From these corrected spectra and 
the known electron-proton elastic scattering cross sec- 
tions,® the unknown elastic and inelastic scattering cross 
sections could be determined. Figures 1 and 2 show some 
representative corrected and uncorrected scattered elec- 
tron spectra. Usually 40-100 data points were taken 
covering the inelastic spectrum with 200-700 counts per 
point. At small scattering angles, the uncorrected spec- 
tra were dominated by the radiative tail of the large 
elastic scattering peak, and a number of the inelastic 
scattering peaks could be seen only with some difficulty. 
At about @=55° to 6=60°, where @ is the laboratory 
angle of scattering, the first diffraction dip in the elastic 
scattering cross section gave a more favorable ratio of 
inelastic to elastic scattering, and, as the cross sections 
were large, this was the region of most accurate in- 
elastic scattering cross-section and nuclear excitation 
energy determinations. At larger angles (@ from 80°- 
90°), the ratio of inelastic to elastic yields was in general 
less favorable, the cross sections were much smaller 
than at the lower angles, and, as at the small-angle 
points, the accuracy of the measurements was somewhat 
reduced. 

Elastic and inelastic scattering form factors are de- 
fined from the relation 


Oobs= Ou X F 4 (1) 


where, in Born approximation,’ 


F\?= fewu M |i)d*r) ’ 
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where (f|M!7) is the matrix element relevant to the 
transition; F is the form factor for a transition to a 
discrete nuclear state, either to the ground (elastic 
scattering) or to an excited nuclear state (inelastic 
scattering); oops is the observed differential scattering 
cross section for primary energy /) and laboratory angle 
6; and oy, is the differential Mott scattering cross section 
for scattering from a spinless point nucleus with the 
same Z as the target material. Nuclear recoil effects were 
negligible from all targets except hydrogen in the present 
experiments, and corrections for them were neglected 
in the determinations of all cross sections. All of the ine- 
lastic F? distinguished in the present experiments and sev- 
eral representative elastic F? are plotted in Figs. 3-12. 
The inelastic F? are plotted against gA!, where gq is the 
four-momentum transferred to the nucleus in the elastic 
scattering. The four-momentum transfer is given to 


=! 
10 T Tr T 





T Tr 


MEV LEVEL IN NiS° 
MEV LEVEL IN Co°? 
(OATA @& THEORY « 10) 


MEV LEVEL IN Ni5® 
(OATA & THEORY + 10) 


, BORN 
APPROXIMATION 
ZERO — 


4 











= 
8 9 10 


qal’3 
Bearey 
60 70 90 
) 


= 
40 50 





Fic. 3. In this and succeeding figures through Fig. 11 are shown 
the /#* for the inelastic transitions observed in the present 
experiment. The abscissae are gA!, where g is the momentum 
transfer in the scattering process and A is the target mass number. 
The errors shown are estimates of the errors arising from the 
determinations of the inelastic cross sections. The text contains a 
more complete discussion of these errors. The predicted F? for 
the various multipole assignments are shown as solid or dashed 
lines and are, unless otherwise noted, computed for Ry = 1.20 f. The 
corrections arising from the change of the electron’s wavelength 
when inside the nucleus have not been applied to these predictions. 
They have been applied to the transition rate measurements de- 
rived from these fits. The fitting parameters 8, were the quantities 
determined by the comparisons of theory with experiment. The 
scales of laboratory angle @ are shown for A = 60 and are approxi- 
mately correct for A =58 and 59. The present figure shows F? for 
three similar £2 transitions in Ni**, Co®, and Ni®. The breakdown 
of the Born approximation is evident in the region of the Born- 
approximation diffraction zero. In figures in which data and theory 
for more than one transition of similar character are shown, data 
and theory for the several sets are displaced by factors of ten for 
display purposes as noted in the figure legends. 
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also. The F? are functions of g alone (or of g4!) only in 
a first Born-approximation theory, and for inelastic 
magnetic nuclear transitions even this is not true. As 
we have identified only electric transitions and analyzed 
the data using the Schiff first Born-approximation 
theory,’ this presentation is the most convenient (see 
Sec. IV). 


IV. THEORETICAL INTERPRETATION OF THE 
DATA: ASSIGNMENT OF TRANSITION 
MULTIPOLES AND MEASUREMENT 
OF RADIATIVE WIDTHS 


The analysis of the inelastic F? was based on the 
calculations of Schiff* and was similar to Helm’s analysis 
of data from Sr** and several d-shell nuclei." The F?, as 
defined by Eq. (1) for inelastic scattering involving a 
2\-pole transition between the nuclear ground state of 
spin J, and an excited state of spin /,, is given in Born 
approximation [Eq. (25) of LS,’ whose notation we 
use ] as 

4r(2X+1) 
F\(1,,0.) \?= 
2I+1 


x > Vyoprx(1m,; [em.)d*r 


my 


Jatqr 


Me 


= 8) (1,f.) tf inlgrio *(r)r°dr 


=f) (I oI.) fr? 


fr? “(q)= tx f into py»? ‘(r)r°dr, 


prx(1,m,;1.m,) is the matrix element for the transition; 
and we have assumed that the p, have the same radial 
dependence, allowing the factorization of the radial 


where 


integral. Equation (3) gives the square of the transition 
form factor associated with the transition charge matrix 
element p,. The expressions (3) and (4) constitute the 
leading term in the cross section for electric transitions 
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Fic. 6. 3.2-Mev E2 
transition F? in Ni®’, 
Set caption tol ig 3. 
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of multipole order \. We have neglected contributions 
from the transition magnetization and transition current 
matrix elements to the total transition rate for electric 
transitions, in accordance with the estimates of Schiff.* 
The same estimates allow a neglect of the entire class 
of magnetic transitions, justified a posteriori by the fact 
that all the | F'/* seen in the present experiment can be 
fitted by assuming electric 2A-pole for some choice of 
\. The quantity 6,(/,,/.) includes the terms of the 
nuclear-orientation summations. It depends strongly on 
the nuclear model. 

An approximate form for the F? of Eq. (3), for small 
g, can be found by expanding the spherical Bessel func- 
tion and retaining the leading term: 


9 


5 FF 
lim | Fy (74,7) Aol dP —- |. (5) 
a (2A\+1)!! 


q 


where 


”)o.e= xf ‘pr?'*(r)rdr, (6) 


and (2A+1)!!=(2A+1)X (2A—1)X-+- 3X1. Equa- 





“£4 TRANSITION 
3.5 MEV, Ni>8 


E 3 Fy 











qal’s 


7. 3.5-Mev F4 transition F? in Ni’. See caption to 
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Fic. 8. 5.1-Mev electcic 16-pole transition F* in Ni®™. See 
caption to Fig. 3. The fit to the data can be improved by using 
Ry=1.12f. The prediction from an £5 multipole assignment is 
shown, also. The large value of Ry probably excludes this 
assignment 
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Ni®*. See caption to Fig. 3 


tion (5) can be combined with an expression for the 

partial gamma decay rate from the excited to the ground 
state derived by Ravenhall," giving 

27,+1 By(7,,7.) 

P\(I.— Ty) = | 

27,41 [(2n+1)!1 
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where x= Fo/hc, and ¢ is the nuclear transition energy. 
It should be noted that Eqs. (3)—(7) are not valid for 
A=0. The relations replacing these equations are dis- 
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Fic. 10. 2.6-Mev £3 transition F? for Pb™® and Bi?. These 
are the “anomalous” transitions similar to those shown in Fig. 4. 
The 2.6-Mevy level in Pb®* is the first excited state. See caption to 
Fig. 3. 
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"ic. 11. 4.3-Mev electric 16-pole transition F? in Pb™* and 
Bi®*. Predictions from E3 and E5 multipole assignments are also 
shown. See caption to Fig. 3. The elastic F* for scattering from 
Bi®* is shown for comparison. These elastic data have been 
analyzed by Crannell ef al. (reference 1). 


cussed by Sc hiff* ; they are not relevant to the analysis 
of these measurements. 

Following the work of Helm,” we make a very simple 
assumption concerning the form of M of Eq. (1) for the 
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Fic. 12. Elastic F* for Ni, Co®, and Ni®. The errors are 
standard deviations arising from counting statistics and are about 
as large as the data points. The curves are visual fits to the data. 
The abscissa is the laboratory angle of scattering. These and other 
elastic data from Co® have been analyzed by Crannell et al. 
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cases of interest wherein \>0 and we desire inelastic 
form factors. We assume that 


where 
po(r) = 5( | ammaas R a 


pi (r) = (2g)! exp(—s* 


ffestererr=1. 


The use of a folded charge distribution in a Born- 
approximation form factor of the form of Eq. (1) allows 
it to be factored into the products of the form factors 
for po and p; separately. The square of the form factor 
associated with p; may be factored from Eq. (1). Then, 
po(r) is the delta-function approximation suggested as 
an approximation for p,(r) by LS.° The transition charge 
matrix element is thus described by a smeared delta 
function using the Gaussian function p;(r), with smear- 
ing parameter g. These assumptions are similar to the 
use of the spatial derivative of the static nuclear charge 
distribution as the distribution of the nuclear time- 
varying field. For these choices of po and pi, Eq. (3) 
takes the form 


2g") 


and 


F(T 4,7 ¢) |? =B8y (14,7 e) tf inl po(r)rdr 


= 9, (1,,7.)L jx(gR) F exp(—q°g’), 


where we have used 
Fy(q) = (29g*) 1 f exp —r*/2g*)e—*4 dr = exp(—q’g*/2). 


Equation (9) then determines the g dependence of the 
inelastic | F |? provided accurate assignments of R and 
g are made. We have made these assignments using the 
values of R and g determined from the elastic scattering 
data of Helm": R is assumed to have the form 1.20X A! 
fermi and g=0.95 fermi. As used here, R is the radius 
of the equivalent uniform charge distribution and has 
been determined by Born-approximation analysis of 
elastic electron scattering. These charge distributions 
are in agreement with those found by the accurate 
phase-shift analysis of the relative elastic-scattering 
cross sections of Hahn et al.” and the more recent abso 
lute cross sections of Crannell ef a/.! Within the present 
theory, with the assumptions concerning R and g, the 
measured inelastic |F *? determine only 8,(/,,/.) and A 
(for those cases for which it was not previously known 
In particular, the positions of the diffraction zeros pre 
dicted by the form of Eq. (9) are not subject to adjust 


2B. Hahn, D. G d R. Hofstadter, Phys. Rev 


101, 1131 (1956 
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ment. The experimentally determined values of 8, (/,,/.) 
can be used in Eq. (7) to find the measured partial decay 
rates (7, — /,) for the gamma transitions. The values 
of T\(7.— 7,)/Tsp(A, Te T,) can then be computed 
from I,,, the Weisskopf single-particle estimates as 
given by Mozskowski." In evaluating the I's), we have 
used, for r, the nuclear radius r= RoA!, where Ro was 
taken to be 1.20 f. The expression I',/T’,, is the same for 
electric multipoles as Bop,(/A)/B.,(EX); where B(FX), 
the reduced transition probability, is defined by Alder 
el al.4; Boy,(EX) is the observed value; and B,,,(/)) is 
the Weisskopf single-particle estimate. We will use G 
for the ratio T\/T sp. 


V. EXPERIMENTAL RESULTS 


The comparison of the predictions of Eq. (9) with the 
experimental data is shown in Figs. 4-10. The break- 
down of the Born approximation is evident in every case 
in which the data span the value of g at the Born- 
approximation zero. A number of the multipolarities of 
the nuclear transitions, observed in these scattering 
experiments, are known from radioactive-decay scheme 
studies or from nuclear-reaction data.!® In Ni® the 

.33-Mev level is known to be 2*, as is the 1.45-Mev 
level in Ni®’. The 2.60-Mev level in Pb?’ is 3- and the 
transition E3. The 2.50-Mev level in Ni® has spin 4 and 
even parity; the transition is /4. Satisfactory fits to the 
electron-scattering data for all of these transitions have 
been made using these assignments to select the appro- 
priate form of Eq. (9). On the basis of the near identity of 
the measured form factor of the 1.30-Mev transition in 
Co** to both the 1.33-Mev transition in Ni® and the 1.45- 
Mev transition in Ni®*’, we have concluded that it, too, is 
£2. Thespinassignment for this level is not determined un- 
ambiguously, however; it could well be the $~ level seen 
by Mazari et al.'® at 1.2 Mev. We regard the multi- 
polarity assignment for this transition made from the 
present data as unambiguous. From comparisons with 
other transitions of comparable energy and known 
multipolarity, unambiguous /3 assignments are made 
for the 3.95-Mev transition in Co and the 2.60-Mev 
transition in Bi*’*. In Fig. 4 are shown predictions for 
#2 and F4 assignments for the known 4.50-Mev £3 
transition in Ni®; they are clearly excluded by the data. 
In the same figure, the effect of a small alteration in R 
is shown in the prediction for the £3 form factor of the 
4.50-Mev level in Ni**. The spin assignments for all the 
excited states in odd-/ nuclei, seen in the present experi- 


18S. Mozskowski, in Beta- and Gamma-Ray Spectroscopy, edited 
by Kai Siegbahn (Interscience Publishers, Inc., New York, 1955), 
p. 390. 

4K. Alder, A. Bohr, T. Huus, B. Mottelson, and A. Winther, 
Revs. Modern Phys. 28, 432 (1956). 

6 Data on the decay schemes are taken principally from Nuclear 


Data Sheets, National Academy of Sciences—National Research 
Council (U. S. Government Printing Office, Washington, D. C., 
1959). 

‘6M. Mazari, A. Sperduto, and W. W. Buechner, Phys. Rev. 
107, 365 (1957). 
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ment, are not determined uniquely by the data. It is 
possible that more than one level contributes to our 
observed yields. This point is discussed further in 
Sec. VI. 

No other experimental data are available to select the 
multipolarity of the remaining transitions whose |F|? 
were measured here. Multipolarity assignments were 
made on the basis of the best fits using the theoretical 
predictions of different A. The 4.30-Mev transitions in 
Bi and Pb*’s were found to be the same, within experi- 
mental error, and did not fit the predictions for £3 
transitions, contrary to the preliminary analysis re- 
ported earlier.’ Figure 8 shows attempted fits for /3, 
4, and £5 multipolarities to the data on the 5.1-Mev 
transition in Ni®. The data suggest an F4 argument: 
The fit is about as satisfactory as the theoretical fit to 
the data of the known 2.50-Mev F4 transition in the 
same nucleus. Uncertainties in the determination of the 
radius parameter R and the surface thickness parameter 
g are great enough that £3 or £5 assignments are prob- 
ably not excluded, although a fit to an £5 prediction 
requires Ro= 1.33 fermi, a large value. The character of 
the 3.50-Mev level in Ni®* is poorly determined by the 
amount of data available; the data suggest an /4 
assignment. Very little empirical or theoretical informa- 
tion exists that would allow estimates of the ambiguity 
in the multipolarity assignments. 

The values of 8,(/,,/.), determined from the fitting 
procedures discussed above, were used with Eq. (7) to 
find the partial y-ray transition rates for the excited- 
state to ground-state y ray. These values are listed in 
Table I. The transition rates are listed in Table II. The 
value of x\(r*), 2 in Eq. (7) has been taken to be («R)” 
multiplied by a factor to correct for the change of wave- 
length of incident electron when inside the nucleus. This 
correction factor is [1+ (3Za/2xR) }-*, where a is the 
fine-structure constant. The factor varied from 0.764 for 
an /:2 transition for Z= 28 to 0.279 for an £5 transition 
for Z=82. This factor was not applied in the develop- 
ment of Eq. (9) as the value of R used was determined 
from uncorrected elastic Born-approximation data." 

For levels that constitute the first excited nuclear 
state, the y-decay rates are the total rates; for transi- 
tions from the 4.05-Mev level in Ni® and from the 
4.5-Mev level in Ni®*, the ratios of the intensities of 
ground-state gamma branch to the /:1 stopover transi- 
tions ending in the first excited 2+ states were measured 
by Crut and Wall.'® From these data, we have calcu- 
lated the gamma transition rates for these 1 transi- 
tions. They are enormously attenuated, the values of G 
being about 3X 10~®, with errors estimated to be greater 
than 50%. The y-ray branching ratio between the 
1.17-Mev y ray and the 2.50-Mev y ray from the 2.50- 
Mev 4* level in Ni® has been measured by Morinaga 


17H. Crannell, R. Helm, H. Kendall, J. Oeser, and M. Yearian, 
Bull. Am. Phys. Soc. 5, 270 (1960). 

18.N. S. Wall (private communication). We appreciate permis 
sion to use these unpublished data. 
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TABLE I. Values of §, the fitting parameters of the Born- 
approximation inelastic form factors for transitions of angular 
momentum change A, as defined by Eq. (9) of the text. The nuclear 
radius R was taken to be RA! for Ro=1.20 f unless otherwise 
noted. The errors are estimates from the fitting procedure in which 
disagreement near the region of the Born-approximation zeros 
was neglected. In these regions the Born approximation is known 
to be inadequate. The “anomalous” transitions are those en 
hanced E3 seen by Cohen and others in inelastic proton scattering 
reference 39). The uncertainties in the transition energies are 
between 0.1 and 0.2 Mev. 


€ 
Mev Remarks 
1.45 


3.20 


4.50 


Nuclide 
Ni5s 


Better fit 
Anomalous 


51 
) 


M 


Anomalous 


Anomalous 


Parameters for best fit 


wuuvrmemuu 


_ 


Parameters of E5 fit 


and Takahashi; from this information, the partial 
decay rate for the 1.17-Mev 4* — 2* transition between 
the 2.50-Mev and the 1.33-Mev levels was derived. The 
branching ratio for y-ray emission from the 2.50-Mev 
level in this nucleus to the second 2* state at 2.18 Mev 
must be very weak; it has not yet been observed.'® The 
branching ratio of the intensity of the 190-kev y ray to 
the 1.29-Mev ray leading to the ground state of Co™® is 
known.'* Assuming the electron excitation is populating 
this state, the partial transition rate for the 190-kev 
line can be determined. The assumption may not be 
a good one; the point is discussed in Sec. VI. 

There were a number of sources of error in the meas- 
urements of the form factors beyond those one would 
expect from the errors arising from counting-rate sta- 
tistical fluctuations. There was, occasionally, a sub- 
stantial background to be subtracted from observed 
peaks in addition to those subtracted during the radia- 
tive correction program. The scattered-electron mo- 
mentum resolution of the equipment was not sufficient 
to resolve, clearly, the higher-energy nuclear transitions, 
and in more than one spectrum evidence is seen for the 
presence of unresolved transitions. For example, in Co™ 
there are more than 40 known nuclear levels in the range 
from 1.097-Mev to 3.95-Mev excitation. The present 
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experiment distinguishes only three of these levels 
clearly; but others with inelastic cross sections, less 
than 10% of the transitions of low intensity observed 
here, could not be excluded from the spectra. There was 
a low background in the Co™ spectra that can be at- 
tributed to excitation of many of these levels. This back- 
ground could not be resolved into transitions to discrete 
states. Small fluctuations in the operation of the elec- 
tronic equipment, or in the stability of the magnetic 
spectrometer, contributed little error to elastic cross- 
section measurements but constituted a serious source 
of error in measuring the smaller inelastic cross sections 
because of the propagation of errors in the radiative 
correction program. The errors in the |F|? shown in 
Figs. 3-12 are standard deviations, estimated from the 
standard deviations of the number of counts in the in- 
elastic peaks of the uncorrected scattered electron 
spectra and from the standard deviations of the esti- 
mated background subtraction. No quantitative calcu- 
lation of the propagation of errors through the correc- 
tion program was attempted, and the errors indicated 
on the plotted data points should be considered as lower 
bounds. The lower-angle points, in particular, required 
large bremsstrahlung subtractions and were more sub- 
ject to undetected errors. 

The errors ascribed to the determination of the 
gamma transition rates are only from fitting the as- 
sumed F? curves to the data, and do not include esti- 
mates of error in the Born-approximation theory, in the 
simplified assumptions concerning the transition charge 
densities, or in the choice of R and g. It is interesting to 
note that, in the few cases in which comparison is possi- 
ble with measurements by other techniques, the results 
rarely disagree beyond what would be expected from 
the stated errors in the measurements. Table III con- 
tains all known comparisons of measurements of y-ray 
transition rates by electron scattering from medium- and 
high-Z nuclei with determinations by other techniques. 
A few comparisons are shown for transitions for which 
the Born approximation should be adequate. These 
comparisons provide what are perhaps the best esti- 
mates of the reliability of electron-scattering measure- 
ments in determining these rates, just as the compari- 
sons of Born-approximation and phase-shift calculations 
of elastic scattering provide the best estimates of the 
validity of the approximate cross sections. The nominal 
criterion for validity of Born approximation is Za<1. 
For the nickel-cobalt group Za= 0.24, and for lead and 
bismuth it is ~ 0.6. The agreements between theory and 
experiment, as shown in Table III, are surprisingly good, 
although the number of known comparisons for Z 2 12 is 
limited. The older electron-scattering results shown in 
this table were made on the basis of poorly defined 
that contributed an error to 
those measurements that has no analog in the results of 
the present measurements. The electron-scattering tech- 
nique appears to overestimate the transition rates when 
compared with the results of other measurements; but, 


absolute cross sections"; 
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TABLE II. The measured y-ray transition rates ['m given here for transitions ending in the ground state were deduced from the in- 
elastic electron scattering results (given in Table I) using the extrapolation results of Ravenhall, Eq. (7). I'sp is the single-particle 
estimate of the gamma transition rate using the equations of reference 13 and nuclear radii R= RoA* for Ro=1.20 f. The rates for four 
transitions between excited states were found using y-ray branching ratios taken from other work. The M1 transition rate for the 
0.191-Mev ray in Co® requires the assumption that the electron scattering populates the 1.29 level (see references 15 and 16), an as- 
sumption that may be incorrect. The values of I’, for the £1 transitions in the nickel isotopes depend on unpublished measurements of 
Crut and Wall.'8 The /1 assignment is taken from their measured a, y angular distributions (reference 37). Small admixtures of M2 
or £3 are not excluded by their data. The value of I’, for the 1.17-Mev £2 transition in Ni® depends on a measurement by Morinaga 
and Takahashi.'® The assumptions concerning the spins of the states excited in the odd-A nuclei are important in determining the values 
of l’, through the statistical factors. Other evidence, discussed in the text, suggests that these transitions may be to groups of closely 
spaced states. For such cases, the values of 8, given in Table I are a better guide to the collective properties of the excited states than 
the values of G=I,,/l's) given here. The errors given are consequent on the errors in the determination of the 6, and do not include 
errors introduced by the Born approximation or the approximations to the nuclear transition matrix elements. Other evidence, discussed 
in Sec. IV, indicates that our techniques may overestimate I’, by an amount which may be as great as a factor of two. See also Table III. 
I'm Tsp 
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4 is a better multipole assignment 


as consisting of vibrational oscillation of the nuclear 
surface about a near spherical equilibrium shape; the 


in general, it is not by as much as a factor of two. It is 
likely that the neglect of the current and magnetization 


terms in developing Eq. (9) is responsible for some 
overestimation; the neglect would contribute an error 
in this direction. 


VI. DISCUSSION OF RESULTS 
A. Introduction 


A number of descriptions have been given of the sys- 
tematic appearance of 2* first excited states in even-even 
nuclei which do not have a large permanent ground-state 
deformation."**°! These excited states are interpreted 


P. H 
published). 
21 Proceedings of the International Conference on Nuclear Struc 
ture, Kingston, Canada, edited by D. A. Bromley and E. W. Vogt 
(University of Toronto Press, Toronto, Canada, 1960), p. 788 and 

elsewhere. 


Stelson and F. K. McGowan, Phys. Rev. (to be 


excitation energy corresponding to the energy of one 
phonon. The simple phonon model predicts strongly 
enhanced £2 transitions from the first excited state to 
the ground state, an enhancement observed experi- 
mentally, and, for two-phonon excitation, the existence 
of a degenerate 0*, 2*, 4* triplet of states at twice the 
energy of the first 2+. Experimentally, all members of 
the triplet are rarely observed, and their excitation 
energy is usually somewhat more than twice that of the 
first 2+ state. In the harmonic oscillator approximation, 
transitions from the ground to excited states above the 
first are forbidden. There have been a number of recent 
developments in the theory of these vibrational excita- 
tions (referred to by Stelson,” Davydov,* Moore,” 
2 Reference 20; and reference 21, pp. 787-800. 

2% A. S. Davydov, reference 21, pp. 801-813. 

24 R. B. Moore and W. White, reference 21, pp. 640-643. 
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Tas_e III. Gamma-ray transition-rate measurements for transitions ending in the ground state as determined by electron-scattering 
techniques compared with measurements by other techniques. The electron-scattering measurements of Helm (reference b) were made 
with poorly defined absolute cross sections, and the uncertainties from this source of error are not present in the other electron-scattering 


results. The letters “B. A.” 


indicate transitions for which the Born-approximation analysis should be valid. The source of the dis- 


crepancy in the measurements of the 2.18-Mev transition in Li® is not understood at present. 
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1959). 
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Belyaev,”> and Grechushina**), among them analysis by 
Davydov and Filippov’ considering deformations hav- 
ing triaxial symmetry, and others treating in more detail 
the interaction of the valence nucleons with the nuclear 
surface. Other authors have considered vibrational con- 
figurations involving phonons of other than quadrupole 
surface deformation.** Some of these descriptions can 
be derived by shell-model calculations. They reproduce 
the energies and collective behavior of a number of F1 
and E3 states.” * 

A nuclear shape of multipole order 4 may be con- 
veniently described by the parameters 8,“ and y, where 
8? measures the distortion and y, the degree of de- 
parture from axial symmetry. Call 82,97 the value of 824 
describing the rms quadrupole distortion of the nuclear 
ground state."** Its value may be found from 
B(E2, 2* — 0*) for the transition from the first excited 
to the ground state. In general, 82.9% is small for the 
nuclei of the type considered here. Large values of 824 
describe nuclei having large spheroidal deformations; 
this is characteristic of many of the rare-earth elements. 

26S. T. Belyaev, reference 21, pp. 587-589. 

26D. P. Grechushina, reference 21, pp. 614-616 
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Extremely small values or zero characterize the closed- 
shell nuclei.*** These various values reflect the strength 
of the coupling of the nucleons in unfilled shells to the 
nuclear surface. Strong coupling is associated with 
nuclei having large spheroidal deformations and weak 
coupling* with nuclei at or near closed shells. It is 
significant that no collective quadrupole excitations are 
seen in magic nuclei: the consequence of a coupling 
strength insufficient to generate the necessary quad- 
rupole deformations. 

In odd-A nuclei, the intrinsic nucleonic degrees of 
freedom are coupled to the collective oscillations," 
giving rise to an excited-state multiplet arrayed from 
the vector combinations of the intrinsic and collective 
angular momenta. If the coupling could be neglected, 
the phonon excitation spectrum would be the same as 
that of neighboring even-even nuclei and in the absence 
of changes in the intrinsic structure the transition rates 
would exhibit the same enhancement. Weak coupling 
would lift the energy degeneracy of the multiplet, but if, 
as in the present experiment, measurements were made 
with energy resolution too low to resolve the multiplet, 
the rule of spectroscopic stability*® would indicate that 
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the cross sections should be essentially the same as in 
neighboring even-even nuclei. 

A set of parameters appropriate to the harmonic 
oscillator approximation to the nucleon surface energy 
of a deformation of multipole order \ consists of the 
phonon energy e, the mass transport parameter B,, and 
the effective surface tension C, describing the surface 
oscillations of an irrotational incompressible liquid drop. 
The relations between these and 8,4 are 


(8,4)?= (2A+1) (« 2C)), 
e=h(C,/By)', 


(10) 
(11) 


3ZeR* 
a= (— = — , (12) 
EX; 1 0) 


The values of C, and B, found from Eqs. (11) and (12) 
are appropriate to a uniform charge distribution of 
radius R. The modification that takes account of a 
nonuniform distribution p(r) has been published by 
Tassie.** The result, from the derivations of Lane and 
Pendelbury,”* replaces 3R* by (2A+1)(r-*)/R*. With 
this replacement, Eq. (12) becomes 


h/e 


Ze(2A+1)(r?-) 
-| | nen, (9) 
2B(EA;’— 0) 


= 
4rR* 


For comparison, the prediction for B, using the hydro- 
dynamical model describing the collective motion as 
the irrotational flow of an incompressible liquid drop is 


2\+1 AM (r?d-?) 
(By)hya= —, (14) 
r 4dr R?-4 
where A is the nuclear mass number and M is the 
nucleon mass. 


TABLE IV. Vibrational parameters for the levels in the even-even nuclei in the present experiment: 


probability ; 
to the nuclear surface energy; 
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Following Lane and Pendlebury,”* the quantity (r”~*) 
was evaluated for the cases of interest for a proton 
density distribution of the form 


p(r)=pol 1+eo—*)/=], (15) 


using values of the parameters 7 and z from the electron- 
scattering determination of Crannell ef al.! The calcula- 
tions were made on the Stanford Computation Center 
Burroughs 220 digital computer. 

In the analysis and interpretation of the measure- 
ments discussed in Secs. IV and V, we have calculated 
the values of By, Cy, and 8,4 for a number of the observed 
transitions, and compared these values with other 
measurements. These results are included in Table IV. 
In addition, the values of the reduced transition proba- 
bility B,(A — 0)/e? for a number of transitions in the 
even-even nuclei from states ” of spin \ to the ground 
state have been compared with the sum rule, 


> n [Ba(A— 0)/e? J= 0] Oye?! 0) 
which can be written 


> nL Bald 0)/e? |= (2/4) <r) 


(16) 


(17) 


where (Qo is the electric 2*-pole operator, and we use the 
notation of Lane and Pendlebury.** These comparisons 
are shown in Table V and are similar to ones made in 
reference 28. The approximate nature of the sum rules 
is shown by the values greater than unity for the expres- 
sion B(A — 0)/e? divided by the appropriate sum rule 
limit for a number of the transitions. 

In parts B and C of this section, the conclusions 
drawn from the values of the sum rules and collective 
parameters are discussed separately for the nickel and 
cobalt targets (referred to as ‘‘group I’) and the lead 
and bismuth (“group II’). The energy levels in the 
nuclei of groups I and II are shown in Figs. 13 through 


B(Ed) is the reduced transition 


By and C, are the mass transport and the effective surface-tension parameters of the harmonic-oscillator approximation 
(By)nya is the value appropriate to a hydrodynamic model; 8, is the distortion parameter of a nuclear 


shape of multipole order \; and R is the nuclear radius (R= RyA* for R=1.20 f). 
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2.2 +0.66 
2.5 +0.57 
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® See McDaniels et al., reference 37. 
> Preferred multipole is £4. 
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4.16 
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145+ 19 
1070+390 
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4.61 
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3700+875 
1890+ 700 


0.401 +0.056 
0.464 +0.074 
0.324 +0.077 
0.495 +0.18 


0.0791 +90.024 
0.15 +0.035 
0.104 +0.02 
0.125 +0.019 
0.327 +0.11 


6.96 870+260 
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TaBsLe V. Comparison of B(\ — 0), the reduced transition probability for multipole order A, for a number of transitions in even-even 
nuclei, with the sum-rule limits as determined from Eq. (17). Here, Z is an antisymmetrization factor whose value is between 0.5 and 
1.0, as used by Lane and Pendlebury (reference 28). The approximate nature of these sum rules is indicated by the values greater than 


unity found for the 


2 transitions. No theory or interpretation appropriate to a sum-rule analysis of the £4 transitions observed in 


the present experiment is available, and comparisons have accordingly been omitted from the analysis. 


BiA\— 0) 
Sum-rule limit - 
Multipole Nuclide 


E2 Nis 6.56 X 10? f 
Ni® 6.76XK 10? 


>} 08 2.30 108 f# 
Ni5s 
Ni® 


Pbh™8 


0.154/Z 
0.190/Z 
0.27/Z 


1.76X 104 f* 
1.83 x 10* £6 
3.0 «105 f* 


17. Also shown are many levels, known from other work, 
which the electron scattering process does not strongly 


excite. 
B. Co™, Ni**, Ni* 


A variety of evidence has established the spins and 
parities of the first excited states of Ni°* and Ni® as 2°. 
No exception is known to the rule that the ground-state 
spin and parity of even-even nuclei is 0*, thus defining 
the gamma transition from the first excited state to the 
ground state as pure £2 for these nickel isotopes. The 
systematics of these and analogous transitions in other 
nuclei has led to the suggestion that the first excited 
state represents the one-phonon excitation of a vibra- 
tional collective quadrupole deformation of the nuclear 
surface. In these and nuclei of similar mass, 2+ and 4* 
higher excited states are usually identified. The 0* 
member of the two-phonon triplet (not predicted by the 
theory of Davydov and Filippov’) is usually not seen. 

The measurements of these transition form factors 
in the nickels agree well with the £2 assignment. The 
values of G are much greater than unity, as expected 
from the enhancement predicted by the collective de- 
scription of the excited state, and the value for Ni® 
agrees with the value found from a resonance fluores- 
cence measurement of the gamma lifetime (see Table 
III). In Co**, electron scattering induces a transition 
strikingly similar in energy, multipole assignment, and 
value of 82 (defined in Sec. IV); a transition which also 
has a large y-ray transition rate enhancement. In this 
nucleus, the ground-state spin and parity are }~, and 
the measured transition energy (1.30+0.1 Mev) and 
peak width of the scattered electrons that have induced 
the transition suggest a transition to the known $- at 
1.29 Mev. The multiplet expected on the vibrational 
interpretation of the excited-state configuration would 
have five components with spins ranging from 3 to 11/2 
and negative parity. We saw no appreciable broadening 
of the recoil electron line, which would indicate that the 
energy degeneracy of the multiplet is not lifted by as 
much as 300-400 kev. Two arguments suggest that the 
degeneracy is not lifted by an amount large compared to 


B(F2,’— 0) 


9.9 X10? ft 
13.0 «10? f* 
25x 108 f4 


8.1 


- Fractional 


é 5 error Remarks 


1.45-Mev level only 
Including 3.2-Mev level 
1.33-Mev level 

. No £2 transitions observed 


0.13 
~0.15 
0.12 
0.14 


0.16 
0.37 


4.50-Mev level 
4.05-Mev level 
2.6-Mev level 


X 108 f* 
X 108 f® 
< 10* £6 


the experimental resolution. The first is that one would 
expect to distinguish the several members of the multi- 
plet in inelastic electron scattering, and no other low- 
lying £2 transitions were seen in the present experiment. 
The second is that such a splitting would indicate a 
valence nucleon-surface coupling term far stronger than 
that currently accepted for this mass region. We are 
puzzled why the other levels of this multiplet in Co* 
have not been identified in higher-resolution nuclear 
reaction or decay scheme studies. Electron excitation 
fails to excite the 1.10-Mev 3~ first excited state, and 
the conclusion is that this transition fails to have a 
strong £2 enhancement and thus is not to be identified 
as one of the collective multiplet. If one assumes the 
transition to be to the known $> level, as in Fig. 14 and 
in Table II, the resulting value of G is much higher than 
the comparable values for the nickels. This reflects only 
statistical factors in the expressions for T,, and I’,,. If 
one assumes the transition to be to all members of the 
unresolved multiplet and averages over intensities to all 
the components, then the average value of G= B(E2) pn 
B(E2)., is about 11, where B(/:2),, is the value ap- 
propriate to the phonon excitation and is defined in 
Eq. (V. 32) of Alder et al."*; B(£2),, is equivalent to the 
B(E2, 2+ — 0*) for the nickel isotopes. This similarity 
of the values of G reflects the similarity of the values of 
8 for this transition in group I. These similarities and 
the near identity of the transition energies lead us to 
conclude that the collective quadrupole vibrational state 
is being excited in all three nuclei, and that the only 
discernible effects of differences in the valence nucleon 
configurations among the three are in slight changes in 
e and Bo. 

The known £4, 0* — 4* transition to the 2.50-Mev 
level in Ni® is excited by electron scattering, and the 
measured form factor may be fitted unambiguously with 
an £4 assignment. In addition to this #4 transition, 
analogous ones are excited in the other two nuclei of 
group I. They all have nearly identical energies (2.70 
Mev in Co*’, and 2.50 Mev for both nickels), and com- 
parable values of 8; (see Table I). The values of G 
observed are not substantially greater than unity. In 
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Co, the peak was poorly resolved at many angles, and 
the measured form factor disagreed with the prediction 
at the two lowest values of 6. In view of the errors 
associated with these measurements, the disagreements 
are not considered serious. The data establish the simi- 
larity of the transitions at the several points at which 
the peak is well resolved. The very small values of G 
compared with the other collective transitions are quali- 
tatively understood on the basis of the two-phonon 
interpretation of the excited-state configuration. 

The measurement of the gamma transition rate for 
the 2.50-Mev /4 transition in Ni® was combined with 
the data of Morinaga and Takahashi" on the ratio of 
the intensity of this 2.50-Mev ray to the 1.17-Mev ray 
leading to the 2+ excited state at 1.33 Mev, to yield a 
value for the partial transition rate for the 1.17-Mev £2 
transition, and hence of the rate enhancement G. The 
errors attached to the measurement of this ratio are 
not known. The value of G is 0.85, which is a low value 
not understood on the basis of the vibrational model. 

#3 transitions having similar energies around 4 Mev 
were observed in each of the nuclei of group I. The form 
factors had the same g dependence within the errors of 
measurement, and the values of 8, were nearly the same 
for the nickels and about a factor of two lower for Co*. 
The values of G indicate strong enhancement of the 
gamma transition rate. The /3 assignments for these 
transitions in group I are unambiguous, and for Ni®* and 


4° 


10 OTHER LEVELS 
IN RANGE FROM 
2.46 MEV TO 4.11 
( wev 
2.50 | 


/ 


E4 |E3 JE4 JE2 |E4 |E2 


° 


ni>® 


Fic. 13. In this and the following four figures are shown portions 
of the energy-level structures of the nuclei investigated in the 
present experiment. The information is, for the most part, taken 
from reference 15. The y-ray transitions shown are those whose 
decay rates were determined directly in the present experiment 
or inferred from a knowledge of the y-ray branching ratios in de 
excitation of the nucleus. The spin and parity of each level are 
shown at the left, where known, and the energy of the excited 
states in Mev on the right. The best assignments of the transition 
multipolarities are indicated. This figure shows the energy-level 
structure of Ni®, 
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Fic. 14. Energy-level diagram for Co®. A large number of the 
energy levels are omitted (see reference 16). We have identified 
the 1.30-Mev transition induced by inelastic electron scattering 
with the 1.29-Mev transition known from other studies (see refer 
ences 15 and 16). It is expected, from other considerations dis 
cussed in the text, that each observed electron-induced transition 
may excite a number of levels spaced less than about 200 kev 
apart. This possibility adds some uncertainty to the level scheme 
and to the measurements of the gamma transition rate for the 
0.19-Mev ray from the 1.29-Mev level. See caption for Fig. 13. 


Ni® they agree with those made by Crut e/ al." on the 
basis of angular correlation measurements and by 
McDaniels ef al.** using inelastic a-particle scattering. 
The multiplet expected in Co® is unresolved. These 
transitions are among the class of ‘‘anomalous”’ transi- 
tions first seen by Cohen and co-workers® in inelastic 
proton scattering. These have been seen over wide 
regions of the periodic table, and, unlike the collective 
#:2 transition, they vary only slightly in properties from 
one region to another. The /:3 transitions seen in group I 
are of the same class as the two seen in group II. 
These octupole transitions are interpreted as the 
lowest collective ox tupole vibrational mode of nuclei not 
having large ground-state deformations. Alternative 
single-partic le des¢ riptions have also been proposed,” 
but the interpretation as collective excitation is more 
satisfactory. Lane and Pendlebury’> have recently 
studied this interpretation theoretically and concluded 
that the octupole states are not well described as single- 
particle states. More sophisticated shell-model predic- 
tions using a detailed treatment of the particle-hole 
interaction in nuclear matter and a complete shell- 
model analysis® for Pb*’* bear out this conclusion. The 
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Ni 
Fic. 15. Energy-level diagram for Ni®. (See caption for Fig. 
13.) A number of levels have been omitted from the diagram 
see reference 16). 


similarities of the measured form factors and energies 
for these transitions in group I and the substantial 
enhancements observed strongly support the conclusion 
that these are collective states and that their gross 
properties are independent of the valence nucleon con- 
figuration. As in the £2 and F4 transitions, the predicted 
multiplet is unresolved in Co**, indicating that the 
particle-surface coupling is relatively weak. 

In addition to the families of transitions seen in 
group I, there was a 3.5-Mev transition seen in Ni 
which could be fitted by an £4 assignment. The value 
of G is about 2.5. £3 and £5 assignments are probably 
not excluded by the data, although the fits are very 
much poorer. A 5.1-Mev transition in Ni®™ is fitted by 
an £4 assignment. It is only slightly enhanced ; assign- 
ments of £3 or £5 (see Table II) predict somewhat 
greater enhancement. A strong £4 transition is seen in 
Ni** at 7.55 Mev; G=11.6 for this transition. There was 
evidence for similar transitions in Ni® and Co**, but 
they were too poorly resolved to be clearly distinguished. 

The values of the deformation parameter 3,4 times 
the nuclear radius, of B,/(By)ny4, and of Cy are given for 
the nickel isotopes and Pb*’* in Table IV. It can be seen 
that the mass parameters A, for \ <4, are on the average 
somewhat more than an order of magnitude greater 
than the hydrodynamic or irrotational values. These 
enhancements of B, and the magnitudes of the surface 
tension parameter C) reflect the enhancements of the 
y-Tay transition rates that were calculated from the 
measured form factors. The By, and especially Bo, are 
very sensitive to the strengths of the valence nucleon- 
surface interactions, and the observed values are in 
qualitative agreement with the predictions of the collec- 
tive model. Values of these parameters have been re- 
ported by a number of authors.**-#! The behavior of 
the quadrupole parameters throughout the periodic 
table has been interpreted by Marumori ef al., assum- 
ing vibrational collective excitations, and Pendlebury 
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and Lane*’ give an analogous discussion for the octupole 
parameters. The very large values of 8* and the large 
fluctuations in their values normalized to predictions of 
the hydrodynamic model are not understood, no theo- 


retical interpretation being available. 


C. Pb**, Biro 


A large number of shell-model calculations have been 
made in attempts to describe the level structure of the 
nuclides near Pb*’* in terms of data on the single-particle 
levels in the particularly rigid structure of this doubly- 
magic nucleus.” The rigidity of this structure is 
testified to by the absence of collective quadrupole states 
(none is known in Pb*’s), the high energy of the first 
excited state (the highest of any nucleus of A>40), 
the slowness of electric-quadrupole transitions in nuclei 
whose A is close to 208, and the measurement of the core 
deformation by the odd proton in Bi** through measure- 
ment of its static quadrupole moment.“ The shell-model 
calculations have been successful in predicting the level 
positions and spins of a large number of levels for other 
Pb isotopes. In Pb*"s, analogous calculations are more 
difficult than for neighboring nuclei because, in a shell- 
model description, all excited states must involve the 
breaking of the core configuration and thus require a 
detailed knowledge of two-nucleon interactions in the 
nucleus. 

A number of authors have suggested single-particle 
descriptions for the 2.60-Mev first excited 3~ state in 
Pb**s, although there are strong theoretical objections 
to these. Carter, Pinkston, and True’s shell-model calcu- 
lation® shows that there is no single-particle configura- 
tion that explains the excited state ene rgy. The com- 
plexity of the decay scheme'® of Pb*’* makes a reliable 
y-ray transition-rate measurement for this transition 
very difficult, and hence also the determination of the 
collective enhancement. Inelastic 
excites this level strongly, and the measurements show 
(see Table II and Fig. 10) a gamma transition’ rate 
enhancement of 30.8. This value is nearly identical to 
the recent prediction of this quantity by Baranger.® A 
transition of the same energy in Bi*” was observed in the 
present experiment, having a form factor the same 
within experimental error. The inelastic form factors of 
the transition in both nuclei fit £3 predic tions. As before, 
unresolved 


electron scattering 


we assume we are observing, in Bi, the 
multiplet containing several states of spins from } to 
15/2. The transition rates in Table II are evaluated for 
the two states with spin 7/,.= 3 and /,=15/2 
of B(£3) pn is, from the value of 83, nearly the same as 
that for the excitation in Pb”; 
between these transitions in the two isotopes, coupled 


The value 


the great similarity 


1957), 


calculations for 


43—. Bergstrém and G. Andersson, Arkiv Fysik 12, 415 
have reviewed a number of the shell-model 
A~=208 

“ The single-particle levels for nuclei in the region about Pb 
are given by A. E. S. Green, Phys. Rev. 104, 1620 (1956 
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with the enhancement of the gamma transition rates, 
demonstrates a predominantly collective configuration 
for both levels. If the 2.3-Mev level in Pb®* would be 
(d3,2)~'(hg2) configuration,“ the analogous state in Bi?” 
would be (d3,2)~'(49/2)?, and the pairing interaction 
would be expected to lower the energy of the state by 
far more than 300 kev, an amount incompatible with 
the present measurements. There was no evidence for 
the electron excitation of the first two levels in Bi, 
levels which this result suggests will have predominantly 
single-particle configurations. 

In addition to the pair of 2.60-Mev electric octupole 
transitions, we observed a second pair of transitions, 
each of 4.30-Mev energy, one transition in each nucleus, 
having, within the experimental error, the same transi- 
tion form factors. The predictions for #3 fail, contrary 
to an earlier report,'’ and the form factors are fitted 
best by an £4 assumption. The /4 fit is not as satis- 
factory as for the 4 transition in Group I, but is within 
the range of agreement expected from the theory em- 
ployed and the errors introduced during the data proc- 
essing. An £5 assignment is probably not excluded, but 
it appears quite unlikely when compared with other 
fits discussed earlier. With any of these assignments, the 
y-ray transition rates are strongly enhanced; for the 
£4 assumption, the enhancement in Pb”s is 36.6. Our 
failure to observe transitions to a large number of the 
known levels in both Pb and Bi in the range of nuclear 
excitations from 0.90-4 Mev (see Figs. 16 and 17), and 
the large enhancements of the identical 4.30-Mev transi- 
tions, suggest that we are observing a collective excita- 
tion whose detailed configuration is unknown. It is 
apparent from the values of G that the configuration is 
quite different from that of the 4* states in Group I 
nuclei. It appears possible that this common collective 
configuration may be the one-phonon 4+ vibrational 
state distinguished by its value of G from a two (2t+)- 
pho.ron 4* excitation. 

As in the collective states in cobalt and nickel, one is 
led to the conclusion that the important contributions 
to the structures of the 2.60- and 4.30-Mev states in the 
odd-A isotope Bi are the same as the collective con- 








Fic. 16 
level diagram for 
Pb**® showing the 
known excited states 
below 5.5 Mev. (See 
caption for Fig. 13.) 


Energy 


STUDY OF 


NUCLEAR LEVELS 
Fic. 17. Energy-level 
diagram for Bi?’ show- 
ing the known excited 
states below 4.5 Mev. 
The spin assignments in 
brackets are the lowest 
values compatible with 
the assigned transition 
multipolarities. It is ex 
pected that the electron 
excitation process may 
excite groups of states 
with an energy spacing 
less than about 200 kev. 
The consequences of ex- 
citation of groups of 
states, unresolved in the 
present experiment, are 
not incorporated in the 
diagram but are de 
scribed in the text. 


figuration in the even-A isotope Pb*°’. The excited con- 
figurations in Bi” then consist of multiplets with seven 
and nine components, respectively. The present meas- 
urements are consistent with the multiplets’ being 
energy degenerate or nearly so. The situation is analo- 
gous to the investigations of Cohen ef a/.** using inelastic 
proton scattering to study the electric octupole transi- 
tions. In those studies, using low energy resolution, the 
splitting of the collective configuration by different 
single-particle states was undetectable, whereas at 
higher resolution the structure could be well resolved. 
The point is discussed by Lane and Pendelbury.?* In 
Table II, the values of I’,, and G are computed for the 
two excited states with the highest and lowest spins 
relevant to each multiplet. The differences in the values 
of I, and G from those observed in Pb*’s arise entirely 
from statistical factors. The values of 8, for the £3 and 
separately for the #4 transitions are the same within 
the errors of measurement. 


VII. CONCLUSIONS 


In spite of the shortcomings of the Born-approxima- 
tion analysis of the inelastic scattering, it appears to 
yield better estimates of the y-ray transition rates than 
there is any reason to expect, especially in the high-Z 
elements. The rates determined in this way are rarely in 
error by a factor of two when absolute cross-section 
measurements are available. Inasmuch as the y-ray 
enhancements can vary by factors greater than 100, 
depending on the characters of the transitions, it is 
apparent that the measurements can prove useful in 
interpreting these characters in spite of the uncertainties 
introduced by the analysis. 


The deficiencies in the analysis of the inelastic-scatter- 
ing results have one important consequence: to deny us 
access to the information contained in the measured 
form factors concerning the spatial distribution of the 
transition matrix elements, and hence of the spatial 
structure of the excited-state wave functions. Phase- 
shift analysis of elastic scattering allows precise deter- 





CRANNELL, HELM, 
minations of static nuclear charge distributions, for the 
high momentum transfers necessary to study the very 
short distance structure of the distributions are easily 
obtained. Equivalent information is contained in the 
inelastic form factors reported here. In the present 
experiment we extract only the most rudimentary in- 
formation about the excited-state functions, 
nameiy, that the scattering to a level of known prop- 
erties can be predicted, in the region away from the 
Born zeros, assuming that the important contributions 
to the transition matrix elements depending on these 
wave functions arise from the region near the nuclear 
surface. 


wave 


One of the techniques employed in the present meas- 
urement was to investigate transitions in groups of 
nearly identical nuclei. We have observed a number of 
different sets of similar transitions in these groups, each 
set having form factors that were strikingly similar 
even in the region of the Born zeros. These data establish 
the similarity of the nuclear excited-state configurations 
in these groups of nuclei in a manner independent of 
analysis. These similarities, coupled with the large y-ray 
enhancements observed, suggest that these configura- 
tions are in large part collective, and support in a 
number of cases the conclusions of other workers. 

The values of the collective vibrational parameters, 
being based on these observed enhancements, serve to 
indicate in an equivalent way that these states are of 
a collective nature. 

One of the questions raised by the present results is: 
Why do we fail to see so many of the known levels in the 
region of excitation under examination? In Co** there 
are over 40 known levels, of which only two are excited 
with large probability. In Pb*> only two out of about 
ten levels under 5.5-Mev excitation are seen. The situa- 
tion is the same in the other nuclides. By no means are 
all the missing levels the magnetic transitions that the 
Born approximation suggests would not be strongly 
excited. Gamma-ray enhancement measurements do not 
appear to be as good a guide in answering this question 
as might have been expected, for a few transitions were 
were little faster than single- 
particle speed. The results appear to indicate that the 
electron-scattering process selects the class of collective 
excited-state configurations. 


observed which in fact 


We summarize here briefly the results discussed in the 
earlier sections. 
(1) In Ni**, Ni®, 


and Co”, we observed the known 


fast 2 transitions which in the even-even isotopes lead 


to the first excited state. The enhancement known for 
the Ni® transition was confirmed, and similar enhance- 
ments were found for the othe r two. The form fac tors 
for all three were nearly identical for all momentum 
transfers investigated, including those in the region 
where the measurements disagree greatly with the 
Born-approximation predictions. 

2) In the 


same group of nuclei and in Pb** and 
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Bi, the ‘‘anomalous” £3 transitions were seen. In all 
cases, the gamma transition rates show substantial 
enhancement compared to single-particle predictions. 
In the odd-A elements there appears to be no evidence 
for lifting of the energy degeneracy of the multiplet 
formed from the angular momentum of the excitation 
and the spin of the ground-state configuration. The 
energy resolution used was, however, not sufficient to 
resolve splittings less than about 0.4 Mev. The data 
strongly support the conclusion that the states are 
predominantly collective. 

(3) #4 transitions in Ni®*, Ni®, 
served which had similar form factors. In Ni®, the tran- 
2.50 Mev. In all 
cases, the gamma transition rates were close to the 
single-particle predictions. Other evidence allows an 
interpretation of the levels as being predominantly 
collective. 

(4) A pair of transitions in Pb?’ and Bi?’ have identi- 
cal energies (4.30 Mev) and form factors. They are 
identified as enhanced /4 transitions, and are probably 
the second collective excited states in these nuclei, the 


and Co** were ob- 


sition was to the known 4° state at 


first 16-pole excitations rather than double /:2 phonon 
excitations. 
(5) No electric-quadrupole transitions were seen in 
either Pb?’ or Bi" 
(6) Three /4 transitions were seen in the nickel iso- 
and 3.5-Mev and 
transitions in Ni**; of the three, only the 
.55-Mev transition is appreciably enhanced. 
(7) A large number of known states in the nuclei 
investigated here were excited so weakly as to be un- 
observable. This result can be understood qualitatively 
for some of the states, but for the majority it cannot 
It would appear that the electron-scattering process 
selectively excites certain types of excitations. The evi- 
dence indicates these may be collective, but the present 
theory of the inelastic-scattering process is inadequate 
to demonstrate this conclusion unambiguously. 
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The Na*! nucleus has been studied through two reactions: the Ne**(d,n) Na*! reaction using a fast neutron 


spectrometer, and the Ne”’(p,7)Na*! reaction using both single-crystal and Hoogenboom techniques. Eq for 
the neutron spectroscopy for the major part of the work was centered about 4.87 Mev, while the capturing 
resonance for the gamma-ray work was at #p=1.17 Mev. Enriched neon was employed as target gas. 
Energy levels in Na* are found at excitations of 0.33+0.03 Mev, 1.77+0.05 Mev, 2.42+0.04 Mev, 
2.80+0.06 Mev, and 3.61+0.06 Mev. From the neutron work level parameters can be assigned to the 
0.33- and 2.42-Mev levels, while the from gamma-ray work spin limits and parity may be assigned to the 
3.61-Mev level. This latter level corresponds to the 1.17-Mev capture resonance, and a study of the de- 


excitation cascades has been partially completed. A 
collective model is given. 


I. INTRODUCTION 


NFORMATION about the energy-level scheme of 
Na*' has previously been obtained from a number of 
different experiments, but only for excitations above the 
proton binding energy is the information concerning 
the level scheme at all complete.' With the exception of 
the ground state no information on spins and parities 
of the low-lying levels has been available. The extension 
of the collective model interpretation? to nuclei with 
atomic weight just above O'® suggests that further 
information on the level structure of a nucleus such as 
Na?! 
schemes for comparison. Recent studies of the level 
structure of the mirror nucleus Ne”! provide one such 
scheme,’ as do recent extensive studies* of Na**, Collec- 
tive model interpretations?’ predict similar rotational 
bands for Na*! and Na*®; the shell model also predicts a 
similar structure since the nuclei differ only in paired 
neutrons. In addition to the comparison of the Na”! level 
scheme to nuclei of nearby mass numbers, the character 
of the weakly bound or just unbound levels of Na*! could 
contribute some knowledge about the possibility of 
capture of protons by Ne” in stellar reactions. 


is of interest, and several nuclei provide level 


The first part of the present experiment consisted of 
studying the angular distribution of neutrons from the 
Ne™*(d,n) Na? 
and to analyze the observed levels by stripping theory 


reaction in order to observe new levels 


where possible. The second part of the experiment 
studied the gamma-ray spectrum following capture by 
Ne” of 1.17-Mev protons. This resonance capture had 
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discussion of the level scheme of Na®! in terms of the 


been established by previous work®’ and corresponds 
to an excited state of Na®! at 3.61 Mev. The angular dis- 
tribution of gamma rays in the direct decay to the 
ground state provided probable spin and parity assign- 
ments to the 3.61-Mev level, and the study of cascades 
through lower excited states was used to supplement the 
neutron spectroscopy. 


II. ENERGY LEVELS OF Na*! FROM FAST NEUTRON 
SPECTROSCOPY OF THE Ne”(d,n)Na** REACTION. 
EXPERIMENTAL PROCEDURES AND 
DATA TREATMENT 


A gas recoil fast neutron spectrometer* was used to 
observe neutron groups corresponding to Na*! left in 
its excited states as a result of the Ne*(d,n)Na”! reac- 
tion. The target was neon gas enriched to 98% Ne” in 
a thermal diffusion column.’ For most of the neutron 
work, a deuteron bombarding energy of approximately 
4.9 Mev was employed. The energy was set by the gen- 
erating voltmeter, which had been calibrated by the 
Li’(p,)Be’ reaction threshold and various higher reac- 
tion energies, and was considered known to +20 kv. 
Observations were made at laboratory system angles of 
0°, 20°, 45°, 60°, and 80° under five different conditions 
of spectrometer filling. 

The principle of operation of the spectrometer permits 
it to cover only a portion of the neutron energy spec- 
trum. Consequently it was necessary to change the 
spectrometer operating conditions in order to examine 
the entire energy range. Five runs were taken, two to 
check reproducibility since backgrounds were high. Two 
types of filling were employed to supply proton recoils: 
Research Grade propane” and palladium-filtered hydro- 
gen. The first propane filling of 1.1 psi (gauge) covered 
the neutron energy region of 3-5 Mev. Two propane 
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Fic. 1. Neutron spectra from the Ne®(d,n) Na?! reaction at five 
angles of observation. These spectra have been corrected for the 
change of spectrometer efficiency with neutron energy, but not for 
accidental anticoincidences. 


fillings, one slightly below and one slightly above half- 
atmospheric pressure, extended the spectrum down to 2 
Mev. For these latter runs the highest energy groups 
were still recorded but with poor efficiency. Finally, hy- 
drogen was employed as filling in the energy region of 
0.7-2 Mev. Considerable overlap of the energy regions 
took place from run to run permitting confirmation of 
spectrum features. 

Neutron energy calibration in the case of two runs 
was provided by substituting deuterium gas in the tar- 
get chamber for the Ne”, lowering Ey to 1.7 Mev, and 
changing the angle of observation so that the individual 
peak positions permitted drawing a calibration curve 
spanning the region of interest. The peak energies were 
calculated from the kinematics of the D(d,n)He’ reac- 
tion."" For three runs covering lower energy portions 
of the spectrum the gas used for energy calibration 
was CO:, and peak positions were observed for the 
C"(dn)N®, C?(d,n)N™*, O'8(d,n)F", and O'8(d,n) F!"* 
reactions. Both bombarding energy and angle of ob- 
servation were changed to provide appropriate calibra- 
tion neutron energies. 

A summary of the fast neutron work shown in Fig. 1 
was obtained by averaging together at each angle the 
overlapping regions of spectra taken with different con- 
ditions. In order to perform the averaging, the indi- 
vidual spectra were divided into the same 50-kev inter- 
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vals, and the counts per interval were averaged after 
two corrections were made. These corrections were (1) 
for changes in neutron energy due to shifts in the deu 
teron bombarding energy at target center from run to 
run, and (2) for the rapid variation of spectrometer effi- 
ciency with stopping power and protons/cm* of the 
filling. 

In order to make the correction for shifts in the 
deuteron bombarding energy for the purpose of averag- 
ing, E,=4.8740.02 Mev of the first run was chosen as 
a basis to which subsequent bombarding energies were 
referred. These differed by as much as 100 kev from 4.87 
Mev because of change foil thickness, target length, 
target pressure, and machine energy. To a very good 
approximation, the addition of a fixed increment to all 
neutron energies in a spectrum is independent of E,; 
in other words, the spectrum can be shifted as a whole 
by an increment appropriate to the angle of observation 
and AF,. At a given angle spectra from different runs 
were shifted to correspond to the same E,, and then 
counts per 50-kev interval were averaged with weights 
given by statistical error. The assumption was made 
that for the relatively small shifts in By peak heights 
in a spectrum would not change significantly. Before 
averaging the counts per interval by runs the second 
correction, that for variation of spectrometer efficiency 
with stopping power and hydrogen composition of the 
filling, was made according to formula (2) of reference 8. 

The general features of the spectra measured at each 
angle but under differing conditions agreed well, but 
some energy intervals existed around neutron energies 
of 3 Mev and below 1.8 Mev, where the corrected 
counts did not agree even after an allowance was made 
for statistical and systematic errors. Backgrounds were 
a substantial fraction of the counting rate with neon in 
the gas cell. The nonreproducibility was attributed 
to accidental anticoincidences discussed below or im- 
purity introduced into the hydrogen used for foil cool- 
ing when backgrounds were taken, or the accumula- 
tion of occluded gas on the foil or beam stop. Rela- 
tively small changes in background could appear as 
large changes in the net counts. Another possibility 


of error introduced in background subtraction would 


TaBLe I. Energy levels and level parameters of Na?!. 


Group 
ot 
Fig. 1 QO (Mev) Mev J on we 
I 0.22+0.03 
II —0.08+0.03 
Ill 55+0.05 
IV 20+0.04 
V —2.58+0.06 
VI ~3.39+0.06 


0.33+0.03" 
1.77+0.05 
2.42+0.04 
2.80+0.06 
3.61+0.06 


0.011 


| 
NNe 


0.21 


*Includes consideration of work at F 
spectra. 
From reference 1. 
© Value in parentheses expected ur 
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appear as a result of slight differences in Ey when bom- 
barding the principal source of background and when 
bombarding the neon gas. 

The averaging of corrected counts per 50-kev interval 
for Fig. 1 was carried out by weighing the contribution 
according to the statistical uncertainty. This technique 
was chosen as being perhaps the most objective and 
simplest of application. The nonreproducibility referred 
to in the preceding paragraph was permitted to influence 
the assigned errors as discussed below. The averaging 
according to statistical weight for a given region of 
overlap favors the run taken with greatest spectrometer 
gas filling stopping power, hence, efficiency. For a given 
spectrum, the lowest energy of neutrons included in 
the averaging was determined by the recoil range of a 
forward-scattered proton to be about 7 cm. Such a range 
corresponds to the merging of the peak created by the 
collimation of nearly forward recoils with the spectrum 
of large-angle recoils which are also accepted by the 
collimation scheme.” For lower energy neutrons formula 
(2) of reference 8 is expected to be invalid. 

The error bars shown in Fig. 1 in selected 50-kev 
intervals are the larger of the usual internal or external 
error. Since it was convenient to analyze individual 
runs in intervals slightly larger than 50 kev, a given run 
did not contribute to all adjacent intervals. For some 
intervals only one contribution was present; in such a 
case only the interval statistical uncertainty is shown. 
The few very large error bars in Fig. 1 arise from this 
latter situation when the sole contribution was from a 
run at low efficiency. 

While the general features of the angular distribution 
of neutrons corresponding to Na®! states can be inferred 
from Fig. 1, the data shown have not been corrected 
for loss in spectrometer efficiency as a result of acci- 
dental anticoincidences. The loss in efficiency affects 
all portions of the spectrum at a given angle equally, 
but the loss « hanges with over-all count rate and, hence, 
angle of observation. The loss is highest at small angles 
due to the very high flux of group 1V. At the time these 
data were taken the importance of accidental anticoin- 
cidences in affecting the spectrometer efficiency was not 
realized, since previous tests with monoenergetic neu- 
trons did not reveal a marked count rate dependence. 
Later tests with complex spectra did indicate the neces- 
sity of such a correction. The correction is easily made 
by inserting pulser signals into the central counter pre- 
amplifier under run conditions. The loss in efficiency 
could probably be minimized by use of an amplifier 
having fast recovery characteristics” with the spectrom- 
eter outer volume counters. 

Table I lists the Q values of the observed levels from 
the Ne*(d,n) Na*! reaction and the corresponding excita- 
tion energies of Na*! as derived from Fig. 1, except where 
noted. Individual Q values for each level were calculated 


from the corresponding peak energy at each angle where 


the peak was discernible. 


2. Fairstein, Rev. Sci. Instr. 27, 475 (1956). 
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Fic. 2. Spectra from the Ne®’(d,1)Na*! reaction at E4= 


The estimated errors in Q values and excitation en- 
ergies listed in Table I arose through (1) uncertainty 
in Ea, (2) the subdivision of counts into 50-kev intervals, 
3) uncertainty in locating the peak corresponding to 


a particular level, and (4) errors in calibration. Upper 
limits of these uncertainties were estimated to be, re- 
spectively, (1) +20 kev, (2) +25 kev, (3) between 
+25 and +50 kev, (+) +50 kev. 

Since the groups labeled I and II were not clearly 
resolved, an attempt was made to resolve them better 
by lowering the generator energy to 3 Mev in order to 
increase the relative separation to peak energy. The 
results at two angles are shown in Fig. 2. The target 
thickness was left too great for best resolution, an esti- 
mated value of almost 200 kev, but two peaks are 
clearly discernible in the right side of Fig. 2. The 3-Mev 
data were repeated at 0°, 20°, and 45°, and the excita- 
tion energy for the first excited state from these meas- 
urements has been included in the value quoted in 
Table I. 

In order to search for unknown levels between the 
state at 3.61-Mev excitation and those known from the 
elastic scattering of protons! by Ne” but to take ad- 
vantage of a calibrated spectrometer filling, the gener- 
ator energy was raised to 5.8 Mev. The results are shown 
in Fig. 3, with arrows pointing to calculated positions 
of the levels known from proton elastic scattering. The 
peak and edge at 0° and 20° are considered to corre- 
spond to the known virtual levels of Na*! at 4.18- and 
4.31-Mev excitation. The mismatch with the calculated 
position may be due either to the necessity of extrapo- 
lating the calibration curve or to the fact that the gener- 
ating voltmeter becomes increasingly inaccurate as the 
generator voltage is increased. In any case, no new levels 
in the excitation energy region between 3.61 and 4.18 
Mev appear corresponding to peaks in the 5.8 Mev 
data. The continuous spectrum in Fig. 3 is possibly 
due to three-body breakup from the Ne(d,pn)Ne™® 
reaction. 
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Fic. 3. Search for levels in Na™ having excitation energies above 
3.6 Mev. The arrows indicate calculated positions of levels known 
from previous work. 


III. DISCUSSION OF THE ENERGY 
LEVELS OF Na* 


The neutron groups which leave Na” in its ground 
state are not clearly resolved from those which leave 
the nucleus in its first excited state. The good agreement 
in Table I with the published Q value for the reaction 
must be considered fortuitous. 

The 0.33-Mev level corresponding to group II in 
Fig. 1 was previously observed by Swann and Mande- 
ville’ as a single peak in a neutron spectrum correspond- 
ing to a lower neutron energy than expected from the 
ground-state Q value of this reaction. This Q value was 
known from the end point of the Na”! positron spectrum 
and the nuclear mass of Ne#. Swann and Mandeville 
correctly surmised that they were observing a transi- 
tion to an excited state of Na*'. When the present work 
was first reported, this level was listed at 0.4-Mev exci- 
tation, and since at 0.37+0.05 Mev." 

The small peak in the 0° spectrum of Fig. 1 marked 
with a question mark would probably be ignored except 
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that in an angular distribution taken at E,=4.5 Mev, 
to be discussed shortly, a small peak again appeared at 
0°. The excitation energy of this level, were it in Na”, 
would be approximately 1.3 Mev, but it possibly is 
associated with the residual 2% Ne” in the target gas. 
A level at this excitation is not listed because it only 
appears in 0° data and has no known counterpart in 
Ne levels.* 

Much of the repetition of runs discussed above was 
in an effort to observe again, and obtain an angular dis- 
tribution of neutrons from, the 1.47-Mev level previously 
reported.!® No evidence for this level can be claimed from 
Fig. 1. Two possibilities exist for the present failure to 
observed the 1.47-Mev level: Either the J value is 
high, inhibiting its excitation by deuteron stripping 
and is more easily observed by neutron threshold meas- 
urements; or else, since the previous workers were 
using a natural neon target, they observed a thresh- 
old in Ne™(d,n)Na”. 

The 1.77-Mev level in the present work is considered 
to be the counterpart of the Ne®! 1.75-Mev level. During 
the course of the experiment the possibility was con- 
sidered that this group was due to oxygen contamina- 
tion of the neon gas. Neutrons from the O!®(d,n)F" 
reaction have similar energies, and except for the ob- 
scured 0° point the neutrons from the 1.77-Mev level 
could have a similar /,=2 angular distribution.” The 
energy of the neutrons from the 177-Mev level tends 
to vary more slowly with angle than would be the case 
from O'*(d,n)F'’, and mass spectrographic analysis of 
the neon failed to reveal the presence of appreciable 
oxygen contamination. The gamma-ray work to be dis- 
cussed below appears to confirm the presence of this 
level. 

The 2.4-Mev level listed in Table I has been previ- 
ously observed by neutron threshold measurements'® 
and listed at an excitation in Na*! of 2.43 Mev. The ex- 
tremely strong forward yield of neutrons which leave 
Na”! in this level is a striking feature of the 0° spectrum. 

The 2.80-Mev level has not been previously observed 
but is considered to be the counterpart of the Ne?! 
2.87-Mev state.’ This Na* state is virtual for proton 
emission. 

The 3.61-Mev level is the one corresponding to the 
1.17-Mev Ne” (p,7) Na” resonance and has been studied 


through its gamma emission as discussed below. 


IV. ANGULAR DISTRIBUTIONS AND REDUCED 
WIDTHS FROM STRIPPING THEORY 


Two levels in Na*! have proved amenable to analysis 
by stripping theory : values of /, the angular momentum 
of the proton captured by Ne of two and zero, re- 
spectively, can be assigned to the 0.33- and 2.4-Mev 
levels. These assignments require that both levels have 

i 
even parity, with J=} or 3 for the 0.33-Mev level, and 
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Fic. 4. Angular distributions of neutrons which leave Na 
in its first excited state (Group II of Fig. 1). The error bars in the 
left and right diagrams are drawn from consideration of un- 
certainty in two efficiency corrections. Error bars in the center 
graph are standard deviation in the number of counts.. The ordi- 
nate scale uncertainty of the center graph is estimated to be +10°%, 
although error in relative differential cross sections is less. 


J=} for the 2.4-Mev level. Both shell and collective 
models strongly favor the } assignment for the 0.33-Mev 
level. 

The current interest in reduced widths of levels from 
stripping angular distributions'’ emphasizes the neces- 
sity of measurement of absolute differential cross sec- 
tions. To some extent the fast neutron spectrometer can 
be used to measure absolute differential cross sections 
through knowledge of the solid angle of acceptance of 
the collimated recoils, the n-p total cross section, and 
the range-energy relation for the filling gas. However, 
the accuracy of the measurement suffers in that the solid 
angle for acceptance of collimated recoils depends sensi- 
tively on the effective diameter of the central counter, 
which in turn varies slowly with outer volume gas multi- 
plication. A preferable method of measurement of an 
unknown differential cross section is to calibrate the 
spectrometer efficiency under a given set of operating 
conditions using neutrons from a reaction of known 
cross section having nearly the same energy. Counting 
rates from the two reactions can be compared and differ- 
ences in spectrometer efficiency from small differences 
in energy corrected by formula (2) of reference 8. By 
far the most convenient calibration reaction is the 
LD (d,n)He?® reaction." 

Two difficulties are encountered in attempting to as- 
sign differential cross sections from the data of Fig. 1. 
The first is the aforementioned lack of direct informa- 
tion on loss of efficiency due to accidental anticoinci- 
dences. The second was that in order to match neutron 
energies from the calibrating reaction with those cor- 
responding to group IV of Fig. 1, the high Q of the 
1) (d,x)He* reaction required that it be observed at lower 
Ey. Calibrating spectra had to be observed at large 
angles of observation where counting rates were low 
and uncertainty in energy was very sensitive to uncer- 
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tainty in angle measurement. The error in count rate 
at given £,, is considered to exceed 10%. The ratio of 
differential cross sections of the D(d,z)He® reaction 
calculated from the spectrometer geometry to listed 
values by a factor of 0.74. 

In order to estimate the systematic error introduced 
by the loss in efficiency through accidental anticoinci- 
dences, another run was performed well after the time 
the data of Fig. 1 were taken. However, the value of 
FE, for that run was inadvertently set at 4.50+-0.05 Mev 
rather than 4.87 Mev, a fact discovered after the run 
and ascribable to an erroneous reading by the generating 
voltmeter. Several independent pieces of evidence sup- 
port the conclusion of the lower bombarding energy de- 
spite the fact that the evidence is not direct. In particu- 
lar, the relative separation of the peaks of the 0.33- and 
2.4-Mev levels is a sensitive test of bombarding energy. 

The three graphs of Fig. 4 represent the 0.33-Mev 
level angular distributions at three bombarding ener- 
gies. The error bars for the left-hand graph, that for 
E,=4.87 Mev, are appreciably larger than from count- 
ing statistics alone and have been drawn after evalua- 
tion of the limits of uncertainty of the systematic errors 
discussed just above. Despite the large uncertainties, 
the shape of the angular distribution is clearly /,=2. 
The central graph of Fig. 4 is for the Ez=4.5-Mev 
data, and the error bars are purely from counting sta- 
tistics. The fit is very good to the /,=2 theoretical 
angular distribution calculated from the tables of 
Lubitz” using an ro>=5.0 f. Calibrations and correction 
for accidental anticoincidences were performed care- 
fully; the error in the absolute ordinate scale is esti- 
mated at about 10°. The right-hand graph of Fig. 4 
is introduced mainly to show that the cross section is 
somewhat smaller at Eg=2.7 Mev; neutrons at forward 
angles seem more accentuated relative to the peak. The 
same remarks about error bars apply as for the left- 
hand graph. 

The angular distribution for neutrons leaving Na! 
in its 2.4-Mev level is shown in Fig. 5. Again the error 
bars represent the estimated uncertainty in systematic 
errors, since these are expected to be much larger than 
those from counting statistics. A run intended to repro- 
duce conditions as nearly as possible was taken subse- 
quent to that for the Fig. 1 data also to estimate 
accidental anticoincidence losses in the original data. 
The stripping angular distribution is clearly well fitted 
by /,=0 requiring this state to be J =} with even parity. 
The extremely large cross section at 0° is notable. 

Values of 6, the dimensionless reduced width, were 
calculated from formula (II.29) of reference 18 for 
both the 0.33- and 2.4-Mev levels, and these values 
are listed in Table I. The reduced width y? for the 2.4- 
Mev level is estimated at 0.56 Mev. Since the angular 
distribution for the 2.4-Mev level is fairly well fit by 


the theoretical curve, @ was calculated without use of 
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Fic. 5. Angular distribution of neutrons which leave Na* in 
its 2.4-Mev level (Group IV of Fig. 9). Error bars are estimated 
from uncertainties in systematic errors. 


the revision discussed in reference 18 for nearly un- 
bound levels. 

The 9° neutron group of the 1.77-Mev level is ob- 
scured by the edge of the 2.4-Mev level peak, so that an 
attempt to assign an /, value would be unreliable. The 
differential cross sections at 20° and 45° are approxi- 
mately 2 mb/sr. The large 0° cross section for the 2.4- 
Mev level and its unambiguous assignment suggest 
that if this level de-excites through a cascade involving 
the 1.77-Mev level a (d,ny) angular correlation meas- 
urement would be feasible and could successfully supply 
information on the latter. 
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V. GAMMA RAYS FOLLOWING PROTON 
CAPTURE IN THE Ne”(p,y)Na®! 
1.17-MEV RESONANCE 


In the second phase of this study of Na”! levels, pro- 
tons were substituted for deuterons in the bombardment 
of the Ne® gas targets. Na*! is excited in its 3.61-Mev 
level when Ne” captures protons in the E,=1.17-Mev 
Ne™(p,y)Na* resonance.® In order to learn something 
of the character of the 3.61-Mev level since it was not 
amenable to analysis by stripping theory, and in order 
to observe possible cascades through the reported 1.47- 
Mev level, the 1.17-Mev resonance was relocated. The 
capture radiation was observed in a single 3X3 Nal 
crystal, and Fig. 6 shows the variation of counting rates 
with the field of the Van de Graaff generator analyzing 
magnet, as measured by the proton nuclear magnetic 
resonance frequency. Three discriminators measured 
counting rates of gamma rays above, respectively, 1, 
2, and 3 Mev. 


Figure 7 shows the characteristic gamma-ray spec- 
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Fic. 7. Single 3X3 Nal crystal spect of gamma rays 
following capture of 1.17-Mev protons by Ne™. 


trum observed at the 1.17-Mev resonance; after cali- 
brating with standard sources, the highest energy peak 
corresponds well to E,=3.6 Mev. Background was sub- 
tracted by substituting hydrogen for the neon in the 
gas cell; the peaks which are labeled H, G, E, D, C, B, 
and A correspond, respectively, to gamma-ray energies 
of 0.7, 1.0, 1.4(5), 1.8(4) Mev, and the one- and two- 
escape peaks associated with the 3.61-Mev peak. How- 
ever, the peaks F and E appear separately only after the 
subtraction of a large background, and at least one is 
due to Ne*(p,y)Na™, as was verified on a different 
occasion by substituting natural for enriched neon in the 
target chamber. The peak £ is favored as belonging to 
an Na” transition between the 1.77- and 0.33-Mev 
levels. The small peak labeled 3.20++0.05 Mev in Fig. 7 
is the result of subtracting a monoenergetic 3.6-Mev 
spectrum” from the observed spectrum. A 3.20+0.05 
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Mev gamma ray would correspond to a decay from the 
3.61-Mev level to the first excited state of Na”. 

An angular distribution of the gamma rays corre- 
sponding to the highest energy peak of Fig. 7 was ob- 
tained by rotating the same crystal around the beam 
axis. The experimental points of the angular distribu- 
tion are shown in Fig. 8, with a least-squares fit to the 
points shown by the curve. In order to preserve the 
enriched neon, approximate background counting rates 
were taken by changing the proton energy to be off- 
resonance ; this appeared justified in view of the small- 
ness of background at the highest energy peak position. 

The curve through the experimental angular distri- 
bution of Fig. 7 was fitted using the formulas and tables 
of Sharp, Kennedy, Sears, and Hoyle.*! The best fit 
was obtained by giving the 3.61-Mev level a 3+ assign- 
ment, but the possibility of a 3+ assignment also existed. 

Attempts to observe single-crystal spectra by exciting 
Na*! through higher Ne”’+ p resonances led only to spec- 
tra identifiable as coming from de-excitation gamma 
rays of the Ne*(p,p’)Ne** and Ne” (p,p’) Ne”*reactions. 

Following the above work a search was made for 
gamma-ray .transitions in cascade from the 3.61-Mev 
level using the recently 
technique.” 
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Fic. 8. Angular distribution of gamma rays corresponding 
to peak A of Fig. 7. 


The Hoogenboom technique involves the use of two 
scintillation crystal spectrometers whose over-all gains 
are carefully matched to be equal for equal gamma-ray 
energies. The two scintillation crystals are usually ar- 
ranged on opposite sides of the target chamber. A signal 
from one of the two crystals is rec orded, but only when 
the sum of the signals from both matched detectors 
adds up to the pulse height corresponding to the full 
energy of the direct capturing level-to-ground-state 
transition. For this purpose, a linear adder circuit sums 
the signals from the two crystals and sends the sum 
signal into a single-channel analyzer used to gate the 
multichannel analyzer recording the one-crystal output. 
The great advantage of the technique is that gamma rays 
must correspond to cascades or direct transition from 
only one capturing level, and furthermore, only peaks 
corresponding to the full energy of the cascade gamma 
rays will be recorded. One- or two-escape peaks or 
Compton edges are almost completely eliminated. 


"1 W. T. Sharp, J. M. Kennedy, B. J. Sears, and M. G. Hoyle, 
\tomic Energy Canada Limited Report AECL-97 or CRT-556, 
rev. 1954 (unpublished). 
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Fic. 9. Spectrum of gamma rays observed using the Hoogen 
boom technique. Sum channel set to correspond to group A of 
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A typical Hoogenboom spectrum following proton 
capture by the 3.67-Mev level in Na*! is shown in Fig. 9: 
A 0.51-Mev peak, three small peaks, and a vastly 
larger peak corresponding to the direct ground-state 
transition appear. This spectrum reproduced very well 
on two separate occasions; the energies of the three 
small peaks are respectively 0.34, 1.42, and 1.83 Mev. 
The estimated uncertainties are +0.04 Mev, largely 


SUM CHANNEL AT ~3.2 MEV 


1.8020.03 


0.3320.02 
1.4020.03 





SUM CHANNEL AT~2.2MEV 
0.34020.015 


1.8320.03 





COUNTS PER CHANNEL 








exxk ’ 
18) 1.0 
MEV 





Fic. 10. Spectra of gamma rays observed using the Hoogenboom 
technique but setting the sum channel at energies other than 
shown in Fig. 9. 
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Fic. 11. Energy-level 
scheme of Na*! from present 
work. Gamma-ray transi 
tions are labeled by letters 
corresponding to peaks in 
Fig. 7. Dashed lines indicate 
transitions based purely on 
energy differences with no 
further supporting evidence. 
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due to error in calibration. Since the photomultiplier 
tubes exhibited gain drift with source strength, making 
the use of standard sources difficult, calibration curves 
were mostly obtained from the 0.51- and 3.61-Mev 
points. 

At first glance it would appear that the 1.42-Mev 
gamma ray might correspond: to the 1.47-Mev level 
previously reported'® but not observed now in the (d,) 
investigation. That the 1.82-Mev gamma-ray peak has 
very nearly the same area as the 1.42-Mev peak in 
Fig. 9 suggested that it is in coincidence with the 1.42- 
Mev gamma ray according to the requirements of the 
Hoogenboom technique. However, the sum of the two 
energies does not add up to 3.61 Mev, and the extreme 
smallness of the two peaks compared to the direct 
ground-state transition is striking when compared to 
spectra shown in Hoogenboom’s article. If, however, 
the 0.34-Mev gamma-ray energy is added to the other 
two, the sum is very nearly 3.61 Mev. Such a result 
that 
gamma rays are captured by one crystal when one is 
captured by the other. A 
negate the identification of the 1.42-Mev gamma ray 
with the 1.47-Mev level. 

In all probability the 1.42- and 1.82-Mev gamma rays 
are captured in opposite crystals. Simultaneously one 
crystal captures either a 0.34-Mev photon or one of 
many low-energy gamma rays in an accidental coinci- 
dence such that the summed energies fall within the 
relatively wide single-channel analyzer window. To help 
check this interpretation, the sum channel after the 
linear adder was set for 1.82+0.34 Mev to see if just 
for 1.42+0.34 Mev 
for the same reason. In both cases the two peaks ap- 
peared, one being the 0.34-Mev peak ; and when the sum 
channel was set at a figure not a sum, the peaks were 
attenuated. They did not disappear completely, since 


a triple coin iden e is involved: Two 


suggests 


three-gamma cascade would 


two peaks would appear, and set 


Compton-effect electron energies in one crystal could 
now be added to a full-energy peak in the other and 
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satisfy a sum requirement set below the full excitation 
energy of the capture level. The results of this last 
investigation are shown in Fig. 10. 

In order to dismiss the possibility that what was being 
observed was the de-excitation of Ne” following a pos- 
sible 8* decay to its 1.74-Mev level along with simul- 
taneous observation of annihilation quanta, note must 
be taken of a previous experiment” where no gamma 
rays were found of energy greater than 0.51 Mev follow- 
ing the positron decay of Na*'. Furthermore, the ob- 
served energies in the present experiment do not quite 
agree with those expected for Ne” de-excitation, and 
no explanation could be given then for the Hoogenboom 
spectrum. 

The interpretation of the gamma-ray decay scheme to 
bring it into consistency with the level scheme from the 
(d,n) work is that alternatively to a strong direct ground- 
state transition, the 3.61-Mev level de-excites through 
the 1.77-Mev level, and this latter through the 0.33- 
Mev level. 

A level scheme for Na*! showing the observed levels 
and present interpretations of the gamma-ray cascades 
is shown in Fig. 11. An attempt has been made to label 
some of the transitions to be consistent with the peaks of 


Fig. 7. 
VI. COMPARISON WITH COLLECTIVE MODEL 


The successful description of the structure of F'’ and 
Al?>—Mg® by means of a collective model strongly sug- 
gests that a similar model might well describe the 
structure of sodium isotopes. However, an inspection 
of the Nilsson diagrams shows that the description 
of an odd-A nucleus with an odd group consisting of 11 
nucleons (Na?!) will be considerably more complex than 
that for 13 odd nucleons (Al**°— Mg or for 9 (F* 
because of rotation-particle coupling (RPC).*° This 


) 








12. Predicted reduced widths for tl 
according to the collective 
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iG. 13. Positive-parity states in Na?! 

interaction couples together states of a given J origi- 
nating from bands of A, and AK» if Ay—A,.=+1 and 
strongly perturbs the simple rotational scheme. For 13 
nucleons, the lowest bands have A=}, K=3, K 
that RPC does not take place; for 9 nucleons the lowest 
bands have A=} and A=} so that only one RPC 
matrix element is effective. However, for 11 nucleons 
the bands are A=}, K=}, K=}, so that two RPC 
matrix elements contribute. The number of parameters 
involved is such that the description is not completely 
determined. Despite these difficulties, certain properties 
of Na*! and reactions involving Na”! 
with 


1 so 


which are in accord 
the general predictions of the model can be 
described. 

(a) Among the static properties of Na*', both its 
ground-state spin, 3, and the positive quadrupole mo- 
ment of its mirror nucleus*® Ne*! are in accord with a 
description of its ground state as nearly pure A=}, 
J =} with positive deformation »~ 4. 

(b) A calculation of single-particle widths can be 
made for the various states of a rotational nucleus. 
The calculation leads to the general expression for the 


reduced width for stripping’: 
1]> (J JK Q| I,K), 


J;K;) and (J;,K,) are the initial and final 


nuclear angular momentum and projection along the 


where 


symmetry axis, respectively, where (/Q) is the same 
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for the added nucleon, & is the reduced width for the 
state, and 6° is the single-particle reduced width. 
Specifically, for Ne*(d,z), after setting 6o°= 1, 


@=[2/(2J +1) ]| Cy; 


® is plotted for several states in Fig. 12. The orbit 
numbers are those of Nilsson.*! Several features are to 
be noted. The g 3 state of Na”! is expec ted to be pure 
K =}. The measured @=0.21 for Ne**(d,n) to that state 
then corresponds to 7 between 3 and 4. The ground and 
first excited states of Na* are expected to have large 
components of A=3, j respectively. 
Although the measured #?=0.011 is small compared to 
the predicted values, the model does predict a much 
larger cross section for Ne’(d,n) to the 3* state than to 
the $* state, in agreement with experiment. 

These same stripping data could also be described in 
terms of the shell model. The large cross sections to the 
»* state would correspond to the fact that the 2s; state 
is essentially unfilled. The cross section to the s+ state 
would be somewhat reduced because the ld; shell is 
partially filled. Finally, the ground state would not be 
a single-particle state and would have a very small 


cross section. 


and 7 


(c) Although the large number of available param- 
eters precludes the possibility of a detailed fit, reason- 
able fits to the level scheme were made of which a 
typical one is illustrated in Fig. 13. The procedure 
1) select a distortion which was chosen 
to be the same for all bands, (2) calculate the RPC 
matrix element and decoupling parameter, (3) fit the 
A 4 intrinsic state to be the observed 7 * state, and 
(4) select moments of inertia for the other bands and 
positions for their intrinsic states to generate the ob- 
served spac ing of the a+ 


followed was to 


state above the ground state 
and to reproduce the general positions of the other 
states as well as possible. For all fits attempted, it was 
found necessary to constrain the intrinsic state positions 
to the excitations noted by the cross-hatched areas of 
of Fig. 13. In addition, the distortion parameters were 
held to the range n= 3-6, and moments of inertia were 
held to be of an order consistent with the position of 
the first excited states of Ne? and Mg*. It should be 
noted that the order of states just above the }* state 
is very sensitive to the exact parameters chosen, and 
so is not well represented by a “typical” fit. 
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The capture cross section of gold has been measured with kinematically collimated neutrons from the 
Li’ (p,m) Be? and T(p,n)He’ reactions. The cross sections at 30.2 kev and 63.9 kev were found to be 0.767 


+0.060 and 0.456+0.040 barn, respectively. 


INTRODUCTION 


HE capture cross section of gold in the low kev 
region of neutron energy has been measured by a 
number of experiments.'~® Gold has a convenient half- 
life for activation, has only one stable isotope, and may 
be obtained in very pure metallic foils. Thus gold pre- 
sents an almost ideal case for the study of capture cross 
sections. The experimentally measured cross sections 
of gold between 20 and 150 kev, however, show varia- 
tions of the order of a factor of two. Because of these 
unexplained variations, an additional measurement was 
considered worthwhile. 


EXPERIMENTAL TECHNIQUE 


The Oak Ridge National Laboratory 5-Mv Van de 
Graaff generator was used as a source of protons of 
energy just above the threshold of the Li’(p,n) and 
T(p,n) reactions. A proton beam of 1 wamp with a 
diameter of about } in. was used to bombard targets of 
LiF or ZrT. The targets were thick enough to reduce 
the proton energy below the threshold of the respec live 
reactions. 

For the case of the Li’ pan 
proton energy was adjusted to be 1.73 kev above thresh- 
old. Neutron yield measurements indicated that this 
energy could be held to within 0.3 kev for periods ex- 
Under these conditions the LiF 
target gave a neutron beam within a cone of about 12° 
half-angle with an average energy of 30.2 kev. The neu- 
tron intensity was approximately 2.0X 10° neutrons/ sec. 
The ZrT target gave a neutron beam with about the 
same cone half-angle, and an average energy of 63.9 
kev with a proton energy of 4+ kev above threshold. 
The neutron intensity from the ZrT target was about 
one-third that from the LiF target. The energy spectrum 


reaction the average 


( eeding two hours. 


* Operated by Union Carbide Nuclear Company for the U. S. 
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of the neutrons emitted from the LiF and ZrT targets 
was roughly triangular with widths at half-maximum of 
approximately 15 and 40 kev, respectively.2 

With the neutron intensity from the above targets, 
it was possible to obtain sufficient activation in a 
;-in.-diam disk of gold of 0.020-in. thickness with a one- 
or two-hr irradiation. The disk was placed 3 in. from 
the target and a background monitor sample was placed 
in the same plane with a displacement of 1.5 in. A large 
sheet of 0.020-in. cadmium was placed a few inches 
behind the sample to prevent thermalized neutrons from 
being scattered back into the sample. The background 
sample received a negligible amount of activation in 
all cases. 

The neutron detector used was the 1.5-m graphite 
sphere described by R. L. Macklin.’ With this sphere 
completely surrounding the neutron source, the neutron 
intensity could be measured with an accuracy of 3%. 
During the activations the sphere was placed 175 cm 
from the target and used as a neutron monitor. The 
relative efficiency of the sphere at the latter position 
could be measured by placing the sphere around the 
neutron-producing target and then displacing it by the 
required distance. The neutron beam impinged within 
a 40-cm-diam circle on the surface of the sphere during 
the activations. The response of the sphere was found 
to be insensitive to small changes in neutron energy or 
cone angle. 

The induced Au" activity in the sample (410 kev 
y-ray photopeak) was measured by means of a 3 in. 
by 3 in. NaI(TI) well-type crystal and a 20-channel 
analyzer. In order to avoid corrections for self-absorption 
of the y rays in the gold, the sample was dissolved in 
aqua regia, transferred to a Pyrex counting tube, and 
the volume made 10 ml before being placed in the crystal 
well. The calibration of the system was achieved by 
adding Au'®* solution of known activity to an unacti- 
vated sample solution of standard gold concentration 
and volume. The Au’ solution was calibrated by 42 8-7 
coincidence counting. 


RESULTS 


Two activations were carried out at both 30.2 and 
63.9 kev. Both pairs of results were in good agreement. 
Corrections were made for multiple scattering,’ reso- 
7R. L. Macklin, Nuclear Instr. 1, 335 
SH. W. Schmitt, Oak Ridge 
ORNL-2883 (unpublished) 
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nance self-protection, and radioactive decay in the 
sample, as well as the dead time in the neutron monitor- 
ing system. None of the corrections exceeded a few 
percent. The resulting capture cross sections were 
0.767+0.060 b at 30.2 kev and 0.456+0.040 b at 63.9 
kev. The error quoted is the root-mean-square error 
of the various statistical errors plus the estimated 
errors in calibrations, corrections, and sample thickness 
measurements. 

In order to check for a systematic error in the neutron 
monitoring system, a 0.005-in. indium foil was placed 
directly behind one of the gold foils during one of the 
30.2-kev activations. This indium foil was used as a 
secondary neutron monitor by measuring the induced 
54-min-activity. The weighted average experimental 
value of the capture cross section of the 54-min isomer 
of indium at 25 kev was derived from two direct meas- 
urements®® and a total capture cross-section measure- 
ment! which was corrected for the 13-second isomer.® 
This capture cross section of the 54-min isomer was 
corrected to 30.2 kev using the energy variation? of the 
cross section of indium, resulting in a value of 0.678 
+0.047 barn. The indium monitor yielded a capture 
cross section for gold at 30.2 kev of 0.72+0.09 b which, 
within experimental error, was in agreement with the 
graphite sphere monitor. 


CONCLUSIONS 


The results of this experiment yield a capture cross 
section for gold which lies between the values found by 
shell transmission measurements! and Sb-Be source 
activations.*> Table I gives the previously published 
Au capture cross sections at pertinent neutron energies. 
The quoted errors in these measurements are such that 
it isextremely unlikely that the variations are statistical. 

The possibility that the Sb-Be activation measure- 
ments should have been corrected for multiple scattering 
was considered, but it was found that this would have 
been a small effect in at least one of the two cases.’ Also 


®R. L. Henkel and H. H. Barschall, Phys. Rev. 80, 145 (1950). 


CROSS SECTION OF Aa 


TABLE I. Published o,,, measurements on Au. 


a, (barns) r'ype of measurement 
0.585+0.06 
1.120+0.11 
0:890-+0.19 
0.800% 

0.970 

0.515+-0.05 
0.332+-0.03 
0.767+0.06 
0.456+0.04 


Shell transmission! 
Sb-Be activation® 
Sbh-Be activation® 
Van de Graaff activation® 
Van de Graaff activation‘ 
y-ray tank? 

ray tank? 
Present experiment 
Present experiment 


s-section data wl re ilized to absolute 


tive cr V 
s at 200 and 300 kev hnsrud, M. G. Silbert, and H. 
es 116, 927 (1959 


the possibility that there could be an unusual grouping 
of resonances in gold at Sb-Be neutron energy was con- 
sidered but there was no such effect indicated by the 
capture y-ray tank measurements, and the probability 
of such an occurrence would be only a few tenths of a 
percent. 

There are recent indications” that capture y rays 
from gold favor high-energy transitions. This could 
have made the absolute value of the capture y-ray tank 
measurements somewhat low, but there is no known 
reason why the shell transmission measurement should 
also be low. 

Even though the measurements reported herein were 
undertaken specifically to ascertain which of the earlier 
measurements was correct, the results contribute little 
to the resolution of that question. 


ACKNOWLEDGMENTS 


The suggestion by R. L. Macklin of the use of the 
graphite sphere for this experiment was appreciated. 
The authors would like to thank P. H. Stelson for his 
assistance in the preliminary phases of the experiment 
and D. G. Jacobs for the use of the well-type Nal 
crystal. 


op. C 
120, 556 


Diven, J. Terrell, ar 


1960). 


d A. Hemmendinger, Phys. Rev. 





VOLUME 


NUMBER 3 


Isomer Ratio for the Sn"‘(y,p) Reaction* 


Joun P. HUMMEL 


Department of Chemistry 


and Chemical Engineering and Department of Physics, University 


(Received March 29, 1961) 


he relative yields of In‘? and In!” 


counting a sample of SnQ, 


™ from the Sn"8(y,p) reaction have been measured by gamma ray 
enriched in Sn"8 that had 


been irradiated with 24-Mev bremsstrahlung. The 


measured ground to isomer yield ratio was 0.65+0.15, and is consistent with predictions made on the basis 


~ both the Wilki 
the isomer ratios for 


the work of Yuta and Morinaga 


nson direct mechanism and the compound-nucleus mechanism. However, the values of 
the series of even-even tin isotopes 


(Sn'!8, Sn! Sn! and Sn", the latter three from 


are not at all consistent with the predictions of the compound-nucleus 


—— inism but can be rationalized on the basis of the Wilkinson model, lending support for that > 


for « phot oproton re actions. 


I. INTRODUCTION 


HE unexpectedly large yields for photoproton 
reactions in medium mass and heavy nuclei have 
been taken that reactions are pre- 
dominantly direct processes and do not involve com- 
ead leus formation to any appreciable extent.! 
Additional evidence for the importance of direct proc- 
from energy and angular distribution 
measurements on the emitted protons.*:? Wilkinson® has 
discussed the direct (y,p) reactions in terms of his 
single-particle model for the nuclear photoeffect and has 
been quite successful in explaining many of the features 
reactions, particularly the magnitudes and 
e of their yields. Although the 
number of detailed comparisons has been quite limited, 
Wilkinson’s appears to account for the 
observed proton energy and angular distributions. 
of the features of his model is that the 
photoproton reactions are associated with specific single- 


as evidence these 


6 


esses has come 


of these 
mass number dependen 


model also 


One direct 
particle proton transitions in the gamma-ray absorption 
process. The nucleon holes that result from these transi- 
tions define the distribution in angular momentum of 
the product nuclei. For product nuclei that have 
meric states, the relative cross sections for the produc- 
tion of the 
mined to a large 
momentum distribution resulting 
partic le transitions. Thus, the 
relative for the 
pairs (so-called isomer ratios) may be a useful experi- 
mental aj -— ach to test the predictions of the Wilkinson 
model for p hotoproton reactions. 

This paper reports the results of a measurement of 
the isomer ratio for the S y,p)In''7—""™ reaction. A 
measurement by Hirzel and Waffler' pre- 
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viously indicated that this reaction is probably not a 
compound nucleus reaction because the observed yield 
for 17.2-Mev gamma is about a factor of fifty 
greater than that expected from evaporation theory.® 
Calculations by Wilkinson indicate that single-particle 
resonance direct processes can account for the observed 
yield. Since he tabulated the important single- 
particle transitions that are involved in direct proton 
emission from isotopes of tin, this makes 
case to study the isomer ratio. 

During the course of this work, the results of some 
similar studies by Yuta and Morinaga’ were published. 
They measured the and the 
for the (y,p) reactions on the heavier even-even tin 
isotopes, Sn’*", Sn’, and Sn'*. They indicated that the 
resulting total yields and isomer ratios for 25-Mev 
bremsstrahlung were consistent with the predictions of 
the Wilkinson model. Reference will be le to their 
results in the discussion of the Sn'!5(y,p) data. 


rays 


has 


a convenient 


total yields isomer ratios 


Il. EXPERIMENTAL 


The experiment involved determining the relative 
number of In'" and In"*" nuclei produced by irradiating 
a 64-mg sample of SnO» enriched i ‘for 90 min with 
24-Mev “eather from the University of Illinois 
betatron. The number of product nuclei was determined 
by gamma-ray counting the sample with a 1}-in. diam- 
eter by 1}-in. long NaI(TI) scintillation crystal coupled 
to a 100-channel pulse-height Preliminary 
experiments had shown that the use of a natural tin 


non 


analyzer 


target resulted in a complex mixture of indium radio- 
activities which was virtually 
satisfactorily. With the u 
the product activities of 
by direct counting of the 


impossible to analyze 
* target,” 
determined 
il without the 
separation to 
isolate an indium fraction. Because of the small amount 
of target material 


se of an enriched Sn 
could be 
target materi: 


interest 


necessity of an intervening chemical 


available, i was not considered 

Morinag Juclear Ph 16, 119 (1960). 

sample was supplied by the Stable Isotopes Division 

Ridge Nation: aborator operated b Union 

[ cor wosition ot the tin 

116-0.4%, 117-0.8%, 
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10 The Sn'!8 

= 
Nuclear Ce 

was 112-0.05°7, 114-0.04 
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Fic. 1. Gamma-ray spectrum of the Sn'!® sample 
after irradiation with 24-Mev bremsstrahlung. 


feasible to determine a yield curve for this reaction. 
Also, no attempt was made to measure the absolute 
yield since this has been done previously by Hirzel and 
Waffler.' 

The counting of the sample commenced immediately 
after the irradiation ended and continued over a twelve 
hour period in order to follow the decay of the various 
photopeaks. A typical gamma-ray spectrum is shown in 
Fig. 1. One notes that the main features are photopeaks 
at 161, 311, 565, and 725 kev. The origins of the various 
photopeaks can be seen by referring to the In'!7~!7™ 
decay scheme shown in Fig. 2. (This decay scheme is a 
modification of the decay scheme proposed by 
McGinnis."! The modifications are taken from the work 
by J. H. Wolfe.”) The decay of In"’™ nuclei gives rise 
to the 311-kev peak and also contributes to the 161-kev 
peak. The decay of ground-state nuclei results in counts 
in the 161-, 565-, and 725-kev peaks. (The 725-kev 
photopeak is due to the coincidence summing of 161- 
and 565-kev photons in the ground-state decay.) The 
decay curves for the 161-, 565-, and 725-kev peaks were 
complex and could be resolved into 1.9-hr and 43-min 
components. The 311-kev peak decayed with a 1.9-hr 
half-life. These decay properties are consistent with the 
decay scheme and indicate that the observed photo- 
peaks are indeed due to In" and In'™™, 

The relative number of ground state and isomer 
nuclei present at the end of the irradiation can be deter- 
mined from the counting data in several different ways. 
For example, the number of 161-kev transitions in any 
two counts can be used along with decay and growth 
equations. Or, the 565-kev data can be treated in a 
similar manner. Or, the numbers of 161-kev (or 565 
kev) and 311-kev transitions in any one count could be 
used. All of the approaches gave results consistent with 
each other, again indicating the absence of interfering 
activities. In the calculation of the relative numbers of 
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int? DECAY SCHEME 


Fic. 2. Decay scheme of In" 


ground state and isomer nuclei from the number of 
counts in the various photopeaks, corrections were made 
for the crystal efficiency,’*"* absorption in the crystal 
the abundances of the gamma rays in the 
decay sthemes, and for the effects of the coincidence 
summing of 161- and 565-kev photons in the ground- 
state dec ay.! : 


housing,'* 


The relative rates of production of the ground state 
and isomer in the (y,p) reac tion can be determined from 
the relative numbers of ground-state and isomer nuclei 
present at the end of the irradiation. In this calculation 
a correction must be made for the ground-state nuclei 
that grew in from decay of isomer nuclei during the 
irradiation in order to determine the direct nuclear 
reaction vit Id to the ground state. This correction 
involves the straightforward application of standard 
decay and growth relations. 


III. RESULTS AND DISCUSSION 


The measured ratio of the direct rate of production 
of the ground state to the rate of production of the 
isomer is 0.65+0.15 for 24-Mev bremsstrahlung. The 
quoted uncertainty includes a contribution that arises 
from the uncertainty in the branching ratios in the 
decay scheme for In'!™" 
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4... T. Dillman, Ph.D. thesis, University of Illinois, Urbana, 
Illinois, 1958 (unpublished). 
16 N. H. Lazar and E. D. Klema, Phys. Rev. 98, 710 (1955). 





JOHN P. 


According to the Wilkinson theory for photonuclear 
reactions,* the absorption of a photon by a nucleus is 
associated with a single-particle transition in which a 
nucleon is elevated from a closed shell to a higher single- 
particle state where it either interacts with the rest of 
the nucleus to form an ordinary compound nucleus or 
is directly emitted from the nucleus without sharing its 
energy with other nucleons. (The relative probability 
of the latter process, direct emission, depends on the 
barrier penetrability of the emitted nucleon.) In the case 
of a target nucleus of fairly high atomic number, the 
compound nuclei that are formed would be expected to 
decay mostly by neutron emission. Thus, the emission 
of photoprotons from tin would be mostly due to direct 
emission after absorption by a single-particle proton 
transition. 

Wilkinson has calculated the expected yield of protons 
due to direct emission processes for 23-Mev bremsstrah- 
lung incident on tin nuclei and has tabulated the results 
in terms of the single-particle transitions involved. This 
information is given in Table I where the important 
proton transitions are listed along with their values and 
proton yields. (The value of a transition is defined as 
the percentage of all absorption processes in proton 
shells that takes place by that transition. The proton 
yield is the percentage of all absorption processes in 
proton shells that leads to direct proton emission via the 
stated transition.) The nucleon hole distribution follow- 
ing direct proton emission can be obtained from the 
data in Table I and is given in Table II. Most of the 
resulting configurations represent states with little or no 
excitation energy. The transitions that give rise to go/2 
holes are direct transitions to the ground state of the 
product (In'’). Those giving rise to p; holes are direct 
transitions to the isomeric In'"*™, The other 
transitions leave the product nuclei in higher excited 
states that will de-excite to either the ground state or the 
isomer by one or, at most, two gamma transitions. The 
branching of these higher energy states to the isomer 
and ground state was estimated by considering the 
possible gamma-ray transitions and applying selection 
rules to obtain the relative intensities of competing 


state, 


Taste I. Proton transitions in the nuclear photoeffect 


in tin (from Wilkinson, reference 8). 


Value (%) 


2 to 1gz2 26.1 
to 2ds/2 0. 
to 2dss 1. 

7/2 to 2d; 2 

» to 2dsy2 
to 2d3/2 
to 3s; > 

vg to 2d 
to 3s > 

2 to 1hy; 2 
to hoe 
to 2fr2 


Total 


Transition Proton yield (“) 
0.41 
0.00 
0.16 
0.22 
0.81 
0.16 
0.31 
0.44 
0.16 
0.28 
0.00 
0.09 
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transitions.'® These considerations indicated that 14% 
of the fy holes, 4% of the p; holes, and 100% of the f7/2 
holes result in eventual production of the ground state. 
Thus, the hole distribution given in Table IT would lead 
to a value of 0.31 for the predicted ground to isomer 
yield ratio. This value is less than that observed experi- 
mentally (0.65+0.15). 

However, the calculation of the proton yields for the 
various transitions given in Table I depends quite 
sensitively on the energies that are assumed for the 
positions of the various single-particle states. This is 
particularly true for those states that give rise to protons 
of low kinetic energy and high values of orbital angular 
momentum because then one has a very rapid depend- 
ence of the barrier penetrability on the proton’s kinetic 
energy.'? One notes that an increase in the number of 
fzj2 holes by a factor of about four would give agree- 
ment between the predicted and experimental ground 
to isomer ratios. Since the f7/2 states are deepest in the 
well and give rise to protons having fairly high orbital 
angular momentum, they could easily be affected to this 
extent. Thus, small changes in the parameters used in 
the calculations could easily change the nucleon hole 
distribution enough to give agreement. One concludes 


TaBLeE II. Nucleon hole distribution following direct photo- 
proton emission from tin derived from Table I. The states are 
arranged according to increasing excitation energy. 


I goo 2pire 


ground state) (isomer) 


12.2% 19.7% 


from this discussion that unless 
various nucleon states are known quite accurately, the 
calculated isomer ratio would have a rather large un- 
certainty associated with it. This means that the 
measurement of a single isomer ratio may not be a very 
restrictive test of the reaction mechanism. 

Although the measurement of a single isomer ratio 
may not tell us much about the reaction mechanism, the 
determination of a series of related isomer ratios may be 
of some help. The results of the measurements by Yuta 
and Morinaga® of the isomer ratios for the (y,p) re- 
actions in Sn, Sn'”, and Sn along with the Sn'!*(y,p) 
result from this work are given in Table III. (In all the 
cases listed in Table III, the ground state of the product 
is thought to be a gg/2 state, and the isomer is believed 
to be a p; state.) One notes that the relative yield of the 
ground state (the higher spin state) decreases markedly 
with an increase in the target mass number. This large 
change in the isomer ratio over this series of target 
nuclei is consistent with what one would expect on the 


the positions of the 


16M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley & Sons, Inc., New York, 
1955), Chaps. 4 and 12. 

17H. Feshbach, M. M. Shapiro, and V. F. Weisskopf, Atomic 
Energy Commission Report N YO-3077, 1953 (unpublished). 





ISOMER RATIO FOR 
basis of the Wilkinson model. One notes that the 
thresholds for these reactions increase with mass 
number'*; they are also given in Table III. Increasing 
the reaction threshold has the effect of decreasing the 
kinetic energies of the emerging protons. This would 
result in decreased barrier penetrabilities for all protons, 
but the effect would be much greater for those having 
large orbital angular momenta.'? This would decrease 
the relative importance of the transitions that lead to 
the ground state, thus decreasing the ground to isomer 
ratio. It is difficult to make accurate numerical predic- 
tions of the effect because of the sensitivity of the 
calculations to the detailed positions of the various 
single-particle states, but an effect of the magnitude 
seen in Table III is reasonable. 

Although the yield measurements for these reactions 
indicate that they probably are not compound nucleus 
reactions, it is of interest to see what one expects for the 
isomer ratios for a compound nucleus mechanism. 
Huizenga and Vandenbosch’ have recently discussed 
the theoretical aspects of the calculation of isomer 
ratios for compound nucleus processes, so the details 
will not be repeated here. Of direct application here are 
their calculations for several (y,) reactions leading to 
isomeric pairs. In these calculations the spin distribution 
is computed for each step of the process These steps are 


18 The thresholds were calculated from the mass data given in 
A. H. Wapstra, Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1958), Vol. 38, Part 1, p. 1. 

9 J. R. Huizenga and R. Vandenbosch, Phys. Rev. 120, 1305 
(1960). 

2” R. Vandenbosch and J. R. Huizenga, Phys. Rev. 120, 1313 

1960). 
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TABLE IIT. Ground state to isomer yield ratios and thresholds 
for the (y,p) reactions on Sn!!8.(this work) and Sn™, Sn', and 
Sn™4 (Yuta and Morinaga). 


Ground state 
to isomer 
yield ratio 


Threshold 
Reaction (Mev) 
Sn'!8(+,p)In!7 
Sn! (y,p)In"9 
Sn!22(-+,p)In!2! 
Sn!4 (+4, p)In'!3 


0.65 +0.15 9.9 
0.32 +0.10 10.9 
0.17 +0.06 11.3 
0.075+0.04 12.0 


the primary gamma-ray absorption to give the com- 
pound nucleus, the evaporation of the proton, and the 
gamma-ray cascade that eventually leads to either the 
ground state or the isomeric state ef the product. 
Following the methods of Huizenga and Vandenbosch, 
one predicts a value of 0.72 for the ground-to-isomer 
yield ratio in the Sn"*(y,p) reaction. This is in agree- 
ment with the experimental value. However, the com- 
pound nucleus calculations give only a small variation 
of the isomer ratio over the series of target nuclei listed 
in Table III, predicting, for example, a ratio of 0.66 for 
the Sn*(y,p) reaction, a value that is much larger than 
the observed ratio. 

Thus, the isomer ratio for the Sn"!*(y,p) reaction does 
not by itself give much information about the reaction 
mechanism except that it is probably not inconsistent 
with the predictions of the Wilkinson model. However, 
the behavior of the isomer ratios for the series of the 
heavy even-even tin isotopes does lend some support 
to the proposed model by Wilkinson for direct photo- 
proton reactions. 
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Promethium-143 has been oriented in a crystal of neodymium ethylsulfate. The angular distribution of 


the 740-kev 
5, of the 740-kev 5 


y ray was found to be W (6) =1— (0.065+0.006) P2(cos@) at 0.02°K. Values for the mixing ratio, 
ray of Nd’ were obtained as a function of the magnetic moment of the ground state of 


Pm". The spin of the excited state of Nd’ was assigned as 9/2—. An absolute lower limit of |u| >1.0 was 
set on the magnetic moment of Pm". The mixing ratio of the y ray of Nd" was found to lie in the range 


0.23 <6(£2/M1) <0.35. 


INTRODUCTION 
EVERAL authors have described the decay of Pm"™, 
The most detailed work was done by Ofer.’ This 
investigation included y-ray spectra, y-ray—x-ray co- 
incidence spectra, and internal-conversion coefficients. 
Ofer observed only one y ray, which had an energy of 
740 kev, and he determined that 45% of electron 
capture went to the excited level and 55% directly to 

the spin-7/2— ground state of Nd'®. 

Recent experiments have shown that promethium 
nuclei can be oriented in the ethylsulfate lattice,” and 
we have carried out low-temperature nuclear orienta- 
tion experiments to study the decay of Pm'®, 


EXPERIMENTAL 


Praseodymium oxide, Pr2O3, was bombarded with 
35-Mev helium ions to produce an (a,2m) reaction. 
This energy was chosen to minimize the amount of 
Pm'™ produced. The Pm** was separated from the Pr** 
on a cation-exchange column by the method described 
by Thompson et al.’ The PmC]; solution was evaporated 
to dryness and taken up in a neodymium ethylsulfate 
solution. A crystal of Nd(C.H;SO,);-9H.O weighing 
about 5 g was grown, incorporating Pm** into the 
Nd** lattice sites. 

The crystal was mounted in a demagnetization cryo- 
stat with the c axis horizontal. The counter was mounted 
on a table which rolled along tracks in the floor. After 
demagnetization, the counter was moved into position 
and the table locked in place. Counting was done at 
demagnetization temperatures and then, for normaliza- 
tion, at the helium bath temperature. A 3-in. by 3-in. 
cylindrical NaI(Tl) crystal and a 100-channel pulse- 
height analyzer were used. The magnetic temperature 
of the neodymium ethylsulfate crystal was measured 
with coils and an ac mutual-inductance bridge. 


RESULTS 


The angular distribution of the 740-kev y ray was 
found to obey the equation |W (4@)=1—(0.060+0.006) 
the auspices of the U. S. Atomic 

1959 
). Rassmusen, Lawrence 
, 1960 (unpublished). 
Choppin, and G. T. 


r, Phys. Rev. 113, 895 
hooley, D. A. Shirl y, and J. 
Laboratory Report UCI 
Thompson, B. G. Harvey 

Am. Chem. Soc. 76, 6229 


X P2(cos@) at 0.02°K (Fig. 1), where @ is the angle 
between the direction of propagation and the crystal- 
line c axis. The ratio of cold to warm counting rate at 
6=0 deg as a function of reciprocal temperature is 
shown in Fig. 2 and Table I. The absolute temperature 
calculated from the magnetic temperature by 
using the data of Meyer‘ with an appropriate correction 
for the demagnetization factor of the crystal. 


Was 


DISCUSSION 


The interpretation of nuclear orientation experi 
ments is greatly facilitated by paramagnetic resonance 
data on atomic energy levels and hyperfine structure. 
In the absence of such work for promethium, we have 
resorted to interpolation of crystal-field parameters 
from neighboring rare-earth elements. 

The energy levels of the tripositive Pm'* in neodym- 
ium ethylsulfate may be calculated by using the 
Hamiltonian: 
= gi BH S:+AS1,4+4,5:+4,S, 

+ PUI 2-31 I+1) J+cS(S124S: 
The last term represents dipole-dipole interactions with 


the two nearest-neighbor Nd** ions,®> and the other 
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Fic. 1. Dependence of 1—[{7(0.020°K)//(1.2°K) ] for the 740 
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NUCLEAR ORIENTATION OF 


TABLE I. Temperature dependence of the anisotropy. 
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0.008 
0.004 
0.003 
0.017 
0.019 
0.028 
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0.031 
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0.071 
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terms have their usual significance. The term in P can 
be shown to be negligible in this case for purposes of 
nuclear alignment.® A value of 0.0039 cm! was used 
for c, and a value of 0.014 cm 
W=A2+A,2. 

Tripositive promethium is a non-Kramers ion with 
the configuration 4/*. By Hund’s rule, the ground term 
of the free ion is °/4, and calculations indicate that in 
the ethylsulfate lattice the lowest level is a doublet 
composed of admixtures of the states |J,=+4) and 
J ,=+2).§ The magnetic hyperfine-structure constant, 
A, was calculated to be (0.019+0.002)(u/7) cm™ by 
use of crystal-field theory.® 

Experimentally, Ofer found the 740-kev y ray to be 
predominantly M1,' but the experimental uncertainty 
precludes an accurate determination of how much /:2 
admixture may be present. The A-conversion coefficient 
reported is (6.5+1)X10-*%. The theoretical value inter- 


' was used for A, where 
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hic. 2. Observed variation with 1/T of 1—[/(0 deg, T 
1(0 deg, 1°K)} for the 740-kev y ray of Pm"’, 


* J. F. Schooley, Ph.D. thesis, University of California, Berkeley, 


California, Lawrence Radiation Laboratory Report UCRL-9296, 
1960 (unpublished). 





na!43 
Fic. 3. Proposed level for several nuclei with 4 = 143. Numbers 


on arrows denote log ft values. Only indirect evidence is available 
for the excited state of Pm" (see text and reference 11). 


polated from the tables of Sliv and Band? is 5.510% 
for an M1 transition and 3.4X10~* from an £2 transi- 
tion. Thus the spin and parity of the excited state of 
Nd'* may be 3-, 3-, or }-. 

The spins of Pm" and of the excited state may be 
inferred from the following evidence: James and Bing- 
ham have found M4 isomerism in 81-neutron Sm'*,’ 
which strongly suggests that the ground state of Sm' 
is d; like its isotones, Nd"!. Ce!?, Ba! 7 Xel35, and 
Te’. The log ft~5 for positron decay of Sm'* to Pm" 
appears to indicate allowed decay and precludes a spin 
change of greater than one. Ofer gives an estimate of 
log ft=8.8 for the decay of Pm" to the §- ground state 
of Nd'*, and log ft=8.5 for decay to the excited state, 
indicating first-forbidden decay. 

No nuclear y rays have been observed in the decay 
of Pr’, and Starfelt and Cederlund set an upper limit 
of 10°°©% on y rays in the inner bremsstrahlung spec- 
trum (/:,<600 kev).’ A similar limit may be set on the 
740-kev y ray in this decay,” and a lower limit of 
log ft>10.5 may thus be obtained for beta branching 
to the 740-kev state of Nd’. This beta decay thus 
probably involves a spin change of at least 2. The most 
likely ground-state assignment of the odd proton in 
Pr’ is $+. Then only spin and parity 3- seem 
admissable for the excited state of Nd', involving the 
odd neutron in an /tg/2 orbit. 

Way e/ al. have suggested that there is a low-lying 
$+ level in Pm'*." This would account very well for 


7L. A. Sliv and TIT. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Report 57ICC Kl], issued by 
Physics Department, University of Illinois, Urbana, Illinois 
unpublished) ] 
*R. A. James and C. D. Bingham, Phys. Rev. 117, 810 (1960), 
+N. Starfelt and J. Cederlund, Phys. Rev. 105, 241 (1957). 
R. W. Grant, Lawrence Radiation Laboratory, Berkeley, 
California (private communication) 
Vuclear Data Sheets, NRC 58-11-74 (1958) National Academy 
National Research Council (U. S. Government 
Printing Office, Washington, D. C 


of Sciences, 
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2 

Fic. 4. Functional relationship between the magnetic moment 
of Pm'™ and the E2/M1 mixing ratio of the 740-kev y ray of 
Nd5, as determined by this experiment. Width of line includes 
experimental error. 


the fast beta decay from Sm", with subsequent y-ray 
de-excitation to a $+ ground state. These two states 
are close in energy in other odd promethium isotopes." 
The only level scheme that is compatible with all the 
data is shown in Fig. 3, and the analysis of our results 
will be based on this scheme. We feel some degree of 
reservation in this interpretation, since the theoretical 
work of Kisslinger and Sorensen predicts that the 
ground state of Pm’ is $+, with the 3+ level an 
excited state.” 

On shell-model grounds it seems unlikely that the 
740-kev state in 83-neutron Nd'® would be other than 
$-, corresponding to the /y/2 orbital. We cannot be 
quite so confident of our beta-decay ft-value arguments 


2L. F. Kisslinger and R. Sorensen, Kgl. Danske Videnskab 
Selskab, Mat.-fys. Skrifter (to be published). 


RASMUSSEN, 


AND SHIRLEY 

that the ground state of Pm" is 3+ and not 3+. The 
log ft of 8.5 for decay of Pm'® to the excited state is 
high enough that A/= 2, yes character is not precluded. 

The analysis to follow is based on the assumption 
that the Pm'* spin is $+. If the spin were to be meas- 
ured as 3, the necessary reinterpretation of our data 
would still give a relationship between 6 and uy similar 
to that of Fig. 4. 

The anisotropy of the radiation as a function of 
temperature was fitted to the theoretical function 
W (@)=1+ B.(T)U2F 2P2(cos6), where F: is the usual 
function of gamma multipolarities and initial and final 
spins for the gamma transition. The term U2 depends 
on the unobserved preceding beta radiation and is a 
measure of the degree of realignment caused by the 
beta radiation. This notation is explained in the review 
article by Blin-Stoyle and Grace." 

At this point the interpretation of this work becomes 
somewhat tentative, because the anisotropy of the 740- 
kev y ray depends on the mixing ratio, 6(/2/M1), and 
on the magnetic moment of the ground state of Pm™. 
In Fig. 4 is shown the functional relationship between 
6 and |) as derived from the anisotropy data. Clearly, 
lower limits of 6>0.23 and |u| >1.0 may be set from 
this work alone. According to the conversion-coefficient 
data, this transition is essentially pure M1, with the 
limits of error just including this multipolarity. The 
results presented here necessitate an £2 admixture of 
at least 5%. Indeed a pure M1 transition would require 
the anisotropy to have a sign opposite to that observed. 
Assuming that the magnetic moment of Pm" lies be- 
tween the Schmidt and Dirac limits of 1.72 and 3.11, 
respectively, we find 0.23<6(#£2,M1)<0.35. Thus the 
transition is (8+3)% quadrupole. 


13R. J. Blin-Stoyle and M. A. Grace, Handbuch der Physik, 


edited by S. Vol. 42, 


p. 555. 


Fliigge (Springer-Verlag, Berlin, 1957), 
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Contrary to previous reports, we have detected a particles emitted from the 9.07-Mev state of F!* formed 
by the reaction O'*(p,a)N. The a-particle reduced width indicates that the isotopic spin of this state is 
T =} with an admixture of about 15% of T=}. The spin of the state is determined to be } from the a-particle 


angular distribution, while odd parity seems to be favored. 


HE reactions O'8(p,y)F and O'8(p,a)N" are both 

resonant at a series of bombarding energies up 
to 3 Mev.'? The absence of a (p,a) resonance at the 
energy 1.169 Mev where the (p,7) reaction is resonant, 
has been interpreted! as evidence for the T= $ character 
of the 9.07-Mev state of F"*. Considering the level 
density at this energy, it is surprising that the level 
should be purely T= $ and not mixed with a T=} com- 
ponent by the Coulomb forces. We therefore searched 
for and found a particles from this resonance with the 
results given in Table I. 

This reaction was studied with the 2-Mev Van de 
Graaff generator of the Ecole Normale Supérieure. 
Targets were 20-ug/cm? self-supporting Al,O; foils 
prepared’ by anodic oxidation of aluminum in an elec- 
trolyte containing 90% of O'*. Alpha particles were 
detected with p-v junctions prepared in n-type 75-ohm 
cm silicon.* The solid angle subtended at the target by 
the detector was 1.4X10~ steradian. The resonant 
excitation curve was traced by varying the voltage 
applied directly to the target by means of a +5-kev 
calibrated supply, in steps of 250 ev. The beam energy 
furnished by the accelerator itself was constant to better 
than 250 ev during a 20-minute run. By studying the 
reaction Al**(p,y) at 993 kev (T'< 140 ev), the energy 
profile of the incident beam was found to be closely 
Gaussian with a half-width of 1 kev. The same resonance 
of Al’7(p,y) established the absolute energy scale, com- 
bined with the threshold of the Li’(p,2) reaction 
(1881 kev). The thickness of the target, which corre- 
sponds to a total stopping power of 10.8 10—'° ev cm? 
per atom of O'§ at resonance, was measured to be 2.75 
kev. By comparison with the excitation curve of 
Al’"(pyy) at 993 kev we determined the width of this 
resonance of O'S( pa) to be ['< 500 ev. We measured 
simultaneously the y-ray yield to verify that the same 
resonance is involved for the y rays and a particles. The 


a-particle angular distribution was measured from 40° 
to 170° at 15° intervals, and the results normalized to 
a monitor p-n junction detecting the a particles at 170°. 

It was very difficult to measure this angular distribu- 
tion since the resonance is superposed on the large tails 
of neighboring resonances. For forward angles the reso- 
nance contributed 50% of the observed counting rate, 
and near 90° only 20°). However, the least-square 
analysis of the data gave a coefficient of Ps equal to 
0.57+0.13. 

A simple explanation of the narrow width of the 
resonance can result from high-orbital angular momenta 
for proton and a particle. The observed angular dis- 
tribution is consistent with a spin of 3 and parity odd 
or even within the experimental errors. Odd parity is 
preferred since it leads to a reasonable proton reduced 
width. This choice is further supported by the prefer- 
ential y-ray de-excitation' to the 2.78-Mev (9/2+; 
7/2+), the 1.35-Mev (5/27), and the 0.198-Mev (5/2t) 
excited states of F', The angular distribution of the 
y rays! leads to the choice of 9/2+ for the 2.78-Mev 
level of F'’, consistent with the collective model inter- 
pretation of this level scheme.°® 

By comparison with the systematics of a-particle 
reduced widths in light nuclei which range from 10° to 
10-*, we see that the present value of 4X 10~ indicates 
some hindrance of the a-particle transition. Probably, 
therefore, the state is mainly 7= 3 but with an ampli- 
tude of at most 15% of T=}. 
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TABLE I. The parameters of the resonance in the reaction O'8(p,«)N' measured in this experiment. 


Energy at 


resonance Tres Omaxl" op? 6,* 


6+1.5 <4x10 


ev-barn 


1165.2+1.0 kev < 500 ev <i0-** 


1 
2 
1 
2 


® Fraction of Wigner limit evaluated for 
Theoretical angular distribution 

1 J. W. Butler and H. D. Holmgren, Phys. Rev. 116, 1485 (1959). 

2H. A. Hill and S. M. Blair, Phys. Rev. 104, 198 (1956). 

3 The procedure will be published by G. Amsel and D. Samuel. 


Spin scheme 


rhe presence of the Ps(cos#) term in the 


Angular distribution” 


(43) 1+ (8/7) P2(cosé) + (6/7) P4(cosé) 
(34) 1+ (25/21) P2(cos@) + (81/77) Ps (cos) + (25/33) Ps(cosé) 


f_wave proton; g-wave proton leads to a reduced width exceeding this limi 


measured distribution leads to the choice of 7/2 for the level spin. 


4G. Amsel, P. Baruch, and O. Smulkowski, Nuclear Instr. 8, 92 (1960); IRE Trans. on Nuclear Sci. NS-8, 21 (1961). 


5G. Rakavy, Nuclear Phys. 4, 375 (1957). 
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Isotopic-Spin Selection Rule Violation in the B'°(d,«)Be® Reaction* 
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\ll previous tests of the isotopic-spin selection rule in (d,a) 
reactions were ol 
each case the initial and final nuclear states had spin and parity 


0O~. The B"(d,a)Be* reaction provides a test of the isotopic-spin 


yscured by statistical weight factors because in 


selection rule free from this restriction. The energy levels of Be’ 
near the lowest 7=1 level were studied with the Li*(He*,p) Be’ 
and Be®(He'’,a)Be® well as with the B!°(d,a)Be$ 


reactions as 


reaction. Energy levels in Be* were found at 16.623+0.010 Mev, 
The widths are 
<15 kev, respectively. The first 
of these levels is the lowest J =1 state, whereas the second is T=0 
ar Energy levels at 16.08 Mev and a 
J =2 level at 17.7 Mev, reported by other laboratories, were not 


16.921+0.010 Mev, and 17.637+0.006 Mev. 
95+20 kev, 85420 kev, and 


id the third probably T=1 


INTRODUCTION 


HE assumption of the charge independence of 
nuclear forces leads' to isotopic-spin selection 
rules in nuclear reactions. 
rules have been 
reactions with 


Violations of these selection 
number of (d,a) 
the intensity of the forbidden group 
varying from 5% to 10% of the intensity of an adjacent, 
allowed group. Recently, and Alford® 
pointed out that, in all reactions, the 
violation is more severe than the simple forbidden-to- 
allowed intensity ratio indicates. They noticed that 
all of these forbidden transitions proceed from a 
J*=(0* target nucleus to a J'=0* (T=1) level in the 
residual nucleus. Therefore, statistical weight factors 


observed?-> in a 


Hashimoto 


these (d,a) 


based on angular momentum and parity alone may 
reduce the transition rate by a factor of 5 or 6. The 
isotopic-spin selection rule thus appears to reduce the 
intensity of the forbidden group by only a factor of 2 
or 3. This is a rather serious breakdown of the selection 
rule. 

Direct observation of such a large violation would be 
interesting, since other experiments (for example, the 
photodisintegration of C™) do not suggest such large 
isotopic-spin impurities in the compound nucleus. The 
present work was performed to study an isotopic-spin 
selection rule violation in a (d,a) reaction which was 
not obscured by statistical weight factors on angular 
momentum and parity. The B'°(d,a)Be* reaction was 


chosen, since the ground state of B” is 3*, and the 


t program of the Office of Naval 
snergy Commission. 

for Nuclear Science, Massa 

Cambridge, Massachusetts. 
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observed. The ratio of the differential cross sections for formation 
of the 16.62- and 16.92-Mev levels was measured over a range of 
angles and bombarding energies. The ratio is about 1.4 and is 
roughly constant for both the Li*(He*,p)Be* and B'(d,a)Be® 
reactions. This implies complete violation of the selection rule 
because the latter reaction should not go to the T=1 level. 
Arguments are given which indicate that the 7=0 impurities in 
the 16.62-Mev T=1 level are probably quite small. Consequently, 
the failure of the selection rule probably results from the complete 
intermixing of T=0 and T=1 states in the C® compound nucleus 
near 28-Mev excitation. Groups from the C"(He’,p) N™ reaction 
were seen corresponding to levels in N“ at 5.691+0.008, 5.834+ 
0.008, 6.203+0.008, and 6.440+0.008 Mev. 


lowest T7=1 level in Be® is 2+, unlike the usual 0* to 
O* case. 

Knowledge of the level structure of Be’ was needed 
to identify the lowest T7=1 level and nearby T=0 
levels that might be observed with the B!°(d,a)Be‘ 
reaction. Slattery, Chapman, and Bonner® studied the 
Li’(d,n)Be* reaction. They reported levels in this 
region at 16.07 and 16.67 Mev with widths of 310 and 
190 kev, respectively. A group of neutrons that would 
correspond to a level at about 16.9 Mev was ascribed 
to an oxygen contaminant in the target. Levels at 17.60 
and 18.19 Mev were also seen. After the present data 
had been taken and a preliminary report given,’ 
Dietrich and Cranberg® used time-of-flight techniques 
to study the Li’(d,)Be*® reaction. They report levels 
at 16.64, 16.9, 17.64, and 18.15 Mev. Goward and 
Wilkins’ have studied alpha-particle emission from C™ 
following £1 gamma-ray absorption. They found a 
prominent group corresponding to a level in Be® at 
16.9 Mev and two smaller groups on either side. The 
latter suggested energy levels at 16.5 and 17.7 Mev. 
The 16.5-Mev level was assigned a spin /=0 or 2 and 
isotopic spin T=0 or 1. The 16.9-Mev level was as- 
signed J=2 and T=1. The level at 17.7 Mev was 
assigned T=1 and was regarded as distinct from the 
well known J=1 level at 17.64 Mev. 

Since there is some disagreement among the results 
of previous investigations of Be* level structure, the 
Li®(He’,p)Be® and Be*(He’,a)Be* reactions were used 
in the present work to observe the levels. In these 
reactions the isotopic-spin selection rule should have 
no effect on the relative intensities of 7=0 and T=1 
levels. 


6 J. C. Slattery, R. A. Chapman, and T. W. Bonner, Phys. Rev. 
108, 809 (1957). 

7 J. R. Erskine and C. P. Browne, Bull. Am. Phys. Soc. 5, 230 
(1960). 

§F. S. Dietrich and L. Cran 
493 (1960). 

*F. K. Goward and J. J. Wilkins, Pro 
A228, 376 (1955). 
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EXPERIMENTAL PROCEDURE 


The nuclear reaction data were taken with the Notre 
Dame broad-range magnetic spectrograph used in 
conjunction with the 4-Mev electrostatic accelerator. 
This experimental apparatus has described 
elsewhere.” 


been 


All the targets were made by evaporating the ele- 
mental material onto thin Formvar films. The most 
successful boron evaporations were made using a 
carbon boat. The boron targets had a stopping of about 
15 kev for the alpha particles which lead to the T=1 
level in the B'°(d,a) Be’ reaction. The Formvar backings 
of these targets were about 4 kev thick to 4-Mev 
deuterons. The lithium targets consisted of a lithium 
layer, about 25 kev thick to 3.5-Mev He’ ions, evapo- 
rated from a tantalum boat onto a very thin, single 
film of Formvar. The Formvar film was as thin as could 
be picked up from the water surface with a 7°g- by ;g-in. 
target frame. Only these very thin backings were able 
to withstand the He*® beam and even with them it was 
necessary to spread the beam out over a wider area 
of the target. The beryllium targets were made in the 
same way as the lithium targets and were of about the 
same thickness, but Formvar backings of normal 
thickness could be used. 

The assignment of observed particle groups to a 
given reaction was based on the constancy of the calcu- 
lated Q value for various bombarding energies and 
observation angles. 

Eight exposures were taken with the B'’(d,@)Be‘ 
reaction, covering the range of excitation energies in 
Be® from 15.5 to 19.0 Mev. The bombarding energies 
ranged from 3.80 to 4.25 Mev and the observation angle 
from 35° to 110°. Lower bombarding energies and larger 
observation angles could not because the 
resulting alpha-particle tracks in the nuclear emulsion 
were too short for convenient counting. The minimum 


be used, 


observation angle was 35° because at smaller angles 
deuterons scattered from the hydrogen in the target 
struck the plate in the same region as the alpha particles. 
These scattered deuterons produced large numbers of 
tracks on the emulsion which were so similar in length 
to the alpha-particle tracks that they could not be 
distinguished. 

Seven successful exposures were made 
Li®(He*,p)Be® reaction. These covered 
excitation in Be* from 14.5 to 18.0 Mev. 
ing energies ranged from 3.50 to 4.25 
observation angle from 20° to 120°. 


with the 
the region of 
The bombard- 
Mev and the 


Two exposures were taken with the Be*(He’,a)Be* 
reaction at observation angles of 15° to 70° and a 
bombarding energy of 3.75 Mev. Excitation energies 
from 16.5 to 18.0 Mev were covered by the exposures. 

A search was made with the Li’(d,p)Li* reaction for 
an energy level in Li’ between the ground state and the 


“ C, P. Browne, J. A. Galey, J. R. Erskine, and K. L. Warsh, 
Phys. Rev. 120, 905 (1960). 
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known level at 0.975 Mev. If such a level did exist 
there would be an analogous 7=1 level in Be’. Know]- 
edge of the isotopic spins of the Be® levels is required 
to interpret results from the B'’(d,@)Be* reaction. Three 
exposures of 700, 500, and 1000 ywcoul were made at 
°, 70°, and 110° observation angle, respectively, with 
5-Mev bombarding energy. 

Absolute differential cross sections of the B'°(d,a)Be® 
and Li®(He*,p)Be® reactions leading to the lowest T= 1 
and a nearby T=0 level in Be> were measured by 
comparing the intensity of the group in question with 
the intensity of groups from the B'(d,p)B" or Li®- 
(He’*,p)Be*® reactions. The absolute differential cross 
sections for the latter reactions have been measured." 
In many groups reactions were 
superimposed on the wide groups from the Be® levels. 
The total number of tracks in a group was then calcu- 


lated by the following method. Exposures in which the 


5 


2 
J 

2 
] 


cases, from other 


group was not obscured were used to find the level 
width. The observed distribution of tracks on the plate 
could be fitted with a Breit-Wigner single-level formula 
and the width, I’, determined. This formula was 
integrated to give the total number of tracks, JN, in 
terms of I and ¢,, where a, is the number of tracks per 
counting strip at the maximum. The result 
N=7n0,I/2. For groups that were partially obscured o, 
was found by fitting the unobscured portion, I was 


was 


calculated in units of number of counting strips, for 
the appropriate position on the plate, and .V then 
found from the above expression. 

The bombarding energies used in the Q-value calcu- 
lations were obtained from the trajectory radius and 
magnetic field in the beam analyzer. This method was 
checked by the more accurate procedure of determining 
the bombarding energy from the measured energy of 
particles which had been elastically scattered out of the 
incident beam. The latter method was not used for all 
exposures since it is less convenient and since larger 
uncertainties in the Q-value measurements were pro- 
duced by other factors. 

The output energies of the particle groups corre- 
sponding to the wide Be levels were obtained in the 
following way. First, the position on the nuclear track 
plate of the center of the observed group was obtained. 
Then a correction was added so that the energy cali- 
bration which had been made with narrow peaks from 
a polonium source could be used with these wide groups. 
This correction shifted the reference point from the 
center of the group to the 4-height point of the high- 
energy edge of a narrow group at the given position. 
Next, a second correction was added to compensate for 
the shift in the particle group produced by the use of a 
beam spot which measured 15 mm in the energy- 
sensitive direction, rather than the } mm of the polonium 


uS. A. Cox and R. M. Williamson, Phys. Rev. 105, 1802 
(1956); J. B. Marion and G. Weber, ibid. 103, 1410 (1956). 
12]. P. Schiffer, T. W. Bonner, R. H. Davis, and F. W. Prosser, 


Jr., Phys. Rev. 104, 1066 (1956). 
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source used for calibration. Next, the energy corre- 
sponding to this corrected position was obtained from 
the spectrograph calibration. Finally, a correction for 
the target thickness was made by adding one half of the 
target stopping. 

The effect of the target thickness on the width of the 
groups was removed by assuming that the natural level 
width and the target thickness combined quadratically. 
This approximation introduced smaller uncertainties 
than those already present from other effects. 

The thickness of the targets was determined by 
studying the widths and positions of groups of particles 
from various reactions and from elastic scattering. 

All Q values reported in this work are based on a 
polonium alpha-particle energy of 5.3056 Mev. This 
is the calibration standard suggested at the recent 
McMaster Conference on Nuclidic Masses." 


EXPERIMENTAL RESULTS 
B' (d,«)Be* Reaction 


Figure 1 shows portions of the plots for three 
B'°(d,a) Be® exposures which show groups corresponding 





NUMBER OF ALPHAS PER 2 x 1Omm STRIP 





EXCITATION ENERGY INBe® (Mev) 


Fic. 1. Portions of the plots of three B'°(d,a)Be* exposures 
showing groups corresponding to the 16.623- and 16.921-Mev 
levels in Be*. A triton group from the B"(d,t)B® reaction also 
appears. The usual abscissa scale of distance along the plate has 
been converted to excitation energy in Be* to compare the three 
plots. This scale, of course, does not apply to the triton group. 
The bombarding energy was 4.0 Mev. The 16.623-Mev level is the 
lowest T=1 level in Be*, and its formation in this reaction should 
be forbidden. 


3C. P. Browne, J. A. Galey, J. R. Erskine, and K. L. Warsh, 
Proceedings of the International Conference on Nuclidic Masses, 
Hamilton, Canada (University of Toronto Press, Toronto, 
Canada, 1960). 
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to Be® levels at 16.92- and 16.62-Mev excitation. One 
of these levels is the lowest T=1 level and should be 
forbidden in this reaction. These three plots are for 
runs taken at 4.0-Mev bombarding energy and at 
angles of 35°, 50°, and 70°, respectively. 

All of the exposures showed a continuous background 
of alpha particles from the three-body breakup of the 
C” compound nucleus. A group from the B'°(d,/)B* 
reaction is seen on the plots. The triton tracks were 
indistinguishable from the alpha tracks, and the 
identification of the group was based on its motion 
with change of observation angle. On several exposures 
groups were seen which probably arose from the 17.64- 
and 18.15-Mev levels of Be*. The intensity of these 
groups relative to background was, however, low, and as 
the present report is primarily concerned with the 
lowest T=1 state, the analysis of the groups leading 
to higher levels will be reported later along with 
additional work that is in progress. No level in Be® at 
16.08 Mev The large alpha-particle 
background present in this reaction could, however, 
obscure a group leading to such a level, particularly 
if the level was wide. 

The data used to obtain Q values and widths for the 
two wide Be* levels are listed in Table I. The constancy 
of the Vv values for different bombarding energies and 
observation angles that the alpha-particle 
groups are properly identified with this reaction. If a 
ground-state Q value of 17.819 Mev is assumed," the 
average Q values listed give excitation energies of 
16.623+0.010 Mev and 16.919+0.010 Mev. 

The weighted average is listed for the width of each 
level. In forming this average greater weight was given 
to the measurements with the small widths, since target 
thickness effects and poor statistics tend to increase 
the observed width of a level. 


Was observed. 


shows 


Li®(He’,p)Be® Reaction 


Figure 2 shows a plot of the exposure for the 
Li®(He’,p)Be* reaction made at 3.5-Mev bombarding 
energy and 40° observation It covers | 
excitation from 15.75 to 17.80 Mev. Three Be’® levels 
are visible: the narrow level at 17.64 Mev and the two 
wide levels at 16.92 and 16.62 Mev. All the other groups 
on the plate correspond to energy levels in N“ and F 
and come from reactions on the carbon and oxygen in 
the target. The rising background of protons on the 
left side of the figure is produced by the three-body 
breakup of the B* compound nucleus into two protons 
and a Li’ nucleus. This reaction has a threshold corre- 
sponding to an excitation in Be* of 17.25 Mev. A 
background from the Li*(He’*,p)2He* reaction underlies 
the whole plot. 

All the exposures were carefully examined for groups 
corresponding to energy levels in Be* at 16.08 Mev 


I 
2 
a 


angle. 


4 F, Ajzenberg-Selove and T. Lauritse: 
(1959). 
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TABLE I. Q values and level widths for the 16.62-Mev 


Bombarding 
energy (Mev) 


Observation 


angle (deg) Q (Mev) 


35 4.005 

50 4.005 

70 4.005 

35 4.205 

35 3.865 

50 3.865 
Weighted mean 


and another level near the known 17.64-Mev level. The 
16.08-Mev level would have observed if its 
intensity were more than one-tenth the intensity of 
the 16.62-Mev level and if it had the same width. For 
a narrower level the limit would be correspondingly 
lower. A group leading to another level near the known 
17.64-Mev level may have been obscured by the rising 
background caused by the Li®(He*,2p)Li’ three-particle 
reaction. Such a level, however, would have been seen 
if it were one-fifth the intensity of the 17.64-Mev Be* 
level and if it had the same width. 

The positions and widths of the Be* levels observed 
with the Li®(He’,p)Be* reaction are given in Table II. 
The gaps in this table represent the obscuring of Be’ 


been 


levels by groups from reactions with the carbon and 


oxygen in the target. The width of the 17.64-Mev level 


is less than the energy spread of the particle groups 


IxiOmm STRIP 
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; L (Hep! 


NUMBER OF PROTONS PER 


BACK GROUND 


RU 


and 16.92-Mev levels from the B! 


16.62-Mev level 


1.194+0.020 
1.195+-0.020 
1.203+0.020 
1.191+0.020 
1.198+0.020 
1.196+0.020 
1.196+0.010 
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(d,v) Be® reaction. 


16.92-Mev level 

Mev) I’ (kev) 
66+ 20 
110+30 
98+30 
118+30 
81420 
82+20 
§5+20 


I (kev) ?v 


0.902+-0.020 
0.881=+-0.020 
0.897 +0.020 
0.904+0.020 
0.907 +0.020 
0.910+0.020 
0.900+0.010 


81+20 
113+30 
122+30 
130+30 
81+20 
121+30 
95+20 


caused by instrumental and target effects, and hence 
could not be measured. The rather large uncertainty 
in Q value for this narrow level arises from uncertainty 
of the target stopping and the fact that the target was 
in the transmission position for the runs showing this 
group. If a ground-state QV value of 16.786 Mev is 
assumed,’ the average Q value listed gives exci- 
tation energies of 16.623+0.010, 16.929+-0.010, and 
17.640+0.010 Mev. 


Be’ (He’,«)Be® Reaction 


70° with 
hig. 3. 


taken at 
shown in 


A plot of the exposure the 
Be’(He*,a)Be*® reaction is Groups 
which correspond to energy levels in Be* at 16.62, 16.92, 
and 17.64 Mev are clearly visible. In addition, a group 
from the C"(He’,a)C" reaction appears. All groups are 
labeled with the symbol for the product nucleus. 
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Li(He,p) Be 

BOMBARDING ENERGY 3.480 Mev 

OBSERVATION ANGLE 40° 


MAGNETIC FIELO 5.190 Gauss 
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EXCITATION IN Be 


Plot of a Li®( He’, ¢) Be’ exposure which shows groups corresponding to energy levels in Be* 


Fic 


The ereetitoe are produced by the C®(He3,p)N" and O'®(He3,p) I" reactions. 


nucleus. 


165 1675 


( Mev) 


at 16.623, 16.921, and 17.637 Mev. 
All groups are labeled with the symbol of the residual 
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rasie II. Q values and widths for the Be’ levels observed with the Li*(He?,») Be® reaction. 


Bombarding 16.62-Mev level 


energy (Mev) Q value (Mev) 


Observation 
angle deg 


40 
60 
80 
100 
60 
60 
90 33 0.161+0.020 

, 0.163+0.010 


0.158+0.020 


aon 


0.170+0.020 


The Q values and widths of energy levels observed 
with the Be®(He’*,a)Be*® reaction are given in Table 
III. If a ground-state Q value of 18.911 Mev is used," 
the excitation levels are 16.625, 
16.912, and 17.634 Mev. As only two runs were made 
with this reaction, these results are considered pre- 
liminary. Further work on this reaction is in progress. 


energies of these 


Level Widths, Positions, and Intensities 


A summary of Be* level structure between 14.5- and 
18.0-Mev excitation, observed with the three reactions, 
appears in Table IV. A weighted mean of the excitation 
energies and widths measured with the three reactions 
is listed for each level. 

rhe principal sources of uncertainty in the position 
measurements of Be* levels are the large natural 
widths of the levels and the small cross sections in the 
B"*(d,a)Be® and Li®(He*,p)Be® reactions. The large 
natural width spreads the particle group along the 
over an times the usual 
proportionately. To enhance the 


plate size and 


reduc es its 


area many 


height 
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BOMBARDING ENERGY 3.74Mev 
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EXCITATION ENERGY IN Be’ (Mev) 
fa Be®(He*.a) Be*® 
pondir levels in Be® at 
Mev. The group labeled ( 

The curves drawn throug 


Breit-Wigner single 


exposure showing groups corre 
16.623, 16.921, and 17.637 

comes from the C®(He?,a)C" reaction. 
h the two wide groups were derived from 


* ? rry ] 
evel 10 lula 


to enere 


r (kev) 


114+30 


91+20 


&3+20 
95+ 20 


16.92-Mev level 
Q value (Mev) r (kev 


17.64-Mev level 
Q value (Mev) 


—0.853+0.015 
0.851+0.015 
not sought 

weak 
0.855+0.015 
0.857+0.015 
obscured 


0.854+0.010 


—0.143+0.020 
—0.143+0.020 


123+30 
77+20 


—0.137+0.020 
—0.149+0.020 


104+ 30 
85+20 


—0.143+0.010 85+20 


intensity, a number of changes were made which 
usually resulted in loss of resolution and accuracy. The 
beam spot size on the target was increased from 3} mm 
in the vertical direction to 1} mm to permit greater 
beam currents. Thick targets were used to gain sufficient 
yield. In spite of these procedures, statistical fluctua- 
tions in the number of tracks per counting strip made 
the uncertainty in locating the position of the group 
on the plate a prominent source of error. 

The uncertainty in Q values and excitation energies 
of the wide Be levels is estimated to be 10 kev. The 
uncertainty in the width measurements is estimated as 
20 kev. These estimates were checked by studying the 
positions of known reaction groups which appeared on 
the plates from the B'(d,/)B’, O'*(d,a)N", O''(He’,p)- 
F's, and C(He*,p)N"™ reactions. 

The ratio of the differential cross the 
reaction leading to the 16.62-Mev level to the differ- 
ential cross section of the reaction leading to the 16.92- 
Mev level is listed in Table V for the B'*(d,a)Be', 
Li®(He’,p) Be*, and Be*(He’,a) Be* reactions. The various 
bombarding energies and observation angles used are 
given in the table. The errors listed in the table are 
estimates obtained from the uncertainty in measuring 
the peak heights, that is, in obtaining the quantity o, 
used to find the total number of tracks in the group as 
discussed above. The ratio of differential cross sections 


Set tion of 


is a significant quantity for measuring the operation of 
the isotopic-spin selection rule and its use is discussed 
below. 

The absolute differential cross sections measured for 
the B'°(d,a)Be® reaction leading to the 16.62- and 
16.92-Mev Be’ levels are listed in Table VI. Figure 4 
shows the differential cross-section measurements made 
with the Li®(He’,p)Be* reaction. In the Be*(He’,a)Be* 
reaction at 15° observation angle, the differential cross 
section leading to the 16.92-Mev level is estimated to 
be of the order of 50 mb/sr. This figure is based on the 
fact that the 16.92-Mev group had an intensity an 
order of magnitude greater than the same group from 
the Li®(He’,p)Be*® reaction. The target thickness and 
exposures were roughly 
reactions. 

Since knowledge of the spins of both the 16.62- and 
16.92-Mev Be® level is of considerable importance in 
the understanding of the selection rule violation, a 


equivalent in these two 
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TABLE ITI. Q values and widths for the Be* 


16.62-Mev level 
Q value (Mev) I (kev) 


Observation Bombarding 


angle (deg) energy (Mev) 
95+30 
123+30 
105+30 


.292+0.018 
.279+0.018 
.286+0.015 


15 3. 
70 3. 
Average 


33 
33 


2 
? 
2 


R | 


lev 
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els observed with the Be®(He*,a) Be’ reaction. 


16.92-Mev level 
Q value (Mev) TI (kev) 


17.64-Mev level 
Vv value (Mev r 


1.998+0.015 
2.000+0.015 
1.999+0.012 


1.278+0.015 
88+2 1.276+0.015 
88+2: 1 


201 = 0.010 


TABLE IV. Summary of excitation energies and widths of Be® levels lying between 14.5 and 18.0 Mev observed in the present work.* 


16.62-Mev level 
excitation width 


Reaction (Mev) (kev) 


B"(d.a) Be’ 
Li®( He’, p) BeS 
Be®( He? a) Be® 
Weighted mean 


16.623+0.010 
16.623+0.010 
16.625+0.015 
16.623+0.010 


95+20 
95+20 
105+30 
95+20 


Notes: 1 


of the three 


No level was seen near 
text ford 


16.08 Mev with either the B" 


react s. See iscussion 


3. The ground-state O values used 


measurement of the spin of the T7=0 level of this pair 
is desirable. An attempt was made to use the speed of 
electromagnetic transitions to the 16.62- and 16.92-Mev 
levels as an indicator of the spin of these levels. Be‘ 
was produced in the spin-3 excited state at 19.22 Mev 
by bombarding Li’ with protons. Electromagnetic 
transitions to the 16.62- and 16.92-Mev levels were 
sought by attempting to detect, with the spectrograph, 
the alpha particles from the decay of these two levels. 
“tail” from the prolific Li’(p,2a) 
reaction, however, obscured all of the alpha particles 
of interest. An upper limit of 1/300 of the intensity of 
the Li’(p,2@) group was measured for the intensity of 
the alpha particles coming from the breakup of the 
16.62- and 16.92-Mev Be’ levels. 


The low-energy 


Pas_e V. Ratio of the differential cross section for formation of 
16.62-Mev Be® level, to the differential for 
formation of the 16.92-Mev ievel 


the cross section 


Observation 
angle l 


cit 


Ratio of differential 


cross sections 


Bombar« ling 
Mev 


energy 


BY 
4.00 
4.00 
4.00 


d,«) Be* 
1.26 +0.34 
1.80 +0.70 
1.45 +0.64 
0.76 +0.47 
1.11 +0.56 
1.46 +0.45 
1.40 +0.46 
1.44 +0.36 


0.056+0.01 
0.16 +0.03 


1,a) Be® or Li* 


16.92-Mev level 
excitation width 
Mev) (kev) 


17.64-Mev level 
excitation width 

Mev) (kev) 
16.919 +0.010 
16.929+-0.010 
16.912+0.012 
16.921+0.010 


&5+20 
85+20 
88+25 


85+20 


<20 
<20 
<15 


<i 


weak group 
17.640+0.010 
17.634+0.010 
17.637+0.006 


He}, p) Be® reaction 


for the three reactic 


2. No second level was seen nea 


ir 17.7 Mev with any 
1 are 17.819, 16.786, and 18.91 


1 Mev, respectively 


Ms LISte 


Li’ (d,p)Li* Reaction 


No new level observed between the 
ground state and the known level at 0.975-Mev exci- 
tation. A narrow level in this region of excitation would 
have been seen if it were 1/160 the intensity of the 
ground state. The presence of a level several hundred 
kev wide is not possible in Li* at this excitation, since a 


energy was 


level here would be energetically stable against heavy- 
particle emission. 


C'*(He’,p)N" Reaction 


On all the exposures taken with the Li®(He’,p)Be‘ 
reaction, groups were observed from the C”(He'*,p)N"™ 
and O!'*(He*,p)F's The Q values of N" 
energy and 6.5-Mev excitation 
measured in these exposures are listed in Table VII. 
If a ground-state Q value of 4.778+0.0015 Mev is 
assumed for the C(He’,p)N"™ reaction,” the excitation 
energies for these levels are 5.691, 5.834, 6.203, and 
6.440 Mev. These values are in excellent agreement with 
previous work" and for the latter two are considerably 
more precise. The limit of error for the Q-value measure- 


reactions. 


levels between 5.6- 


ments is estimated to be +8 kev. No energy level was 


rasLeE VI. Differential cross sections for the B!°(d,a)Be§ 
reaction leading to energy levels at 16.62 and 16.92 Mev. Bom- 
barding energy 4.0 Mev. 
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0.90+0.28 
0.50+0.17 
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0.34+0.13 
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Fic. 4. Absolute differential cross sections of the Li*(He*,p) Be® 
reaction leading to the 16.623- and 16.921-Mev levels in Be*. The 
cross sections are shown as a function of angle for bombarding 
energies of 3.50 and 4.25 Mev. 
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observed on any of the exposures at 5.98-Mev_ exci- 
tation. The level at 5.685-Mev excitation, however, 
was observed on many exposures, in disagreement with 
a recent report'® in which this level was not observed 
with this reaction. 
DISCUSSION 
Be* Energy Level Structure 


The data listed in Table IV are in considerable 
disagreement with earlier work on the excitation 
energies and widths of Be*® energy levels. The level at 
16.07 Mev reported by Slattery, Chapman, and 
Bonner,® using the Li’(d,n)Be*® reaction, is not seen. 
Bonner has suggested"? that the wide bump which was 
thought to correspond to this energy level may be 
caused by the onset of a change in reaction mechanism 
at a certain bombarding energy rather than by a level 
in Be*. The energy level at 16.67 Mev reported in this 
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same study is probably the 16.623-Mev level observed 
in the present work. The T=1 assignment, however, 
becomes uncertain in view of the existence of another 
level, at only 300 kev higher excitation, which is 
firmly established by the present data. The group of 
neutrons ascribed to oxygen in the target may have 
concealed the 16.921-Mev level. The recent study of the 
Li’(d,n)Be*® reaction by Dietrich and Cranberg* 
confirms the existence of the 16.92-Mev level. They 
also fail to observe the levels at 16.07 and 17.7 Mev 
reported by earlier workers. In addition, their data 
establish the 16.62-Mev level as the lowest T= 1 state. 
The detailed arguments for this last statement will be 
discussed below. 

The work of Goward and Wilkins?’ on the C(y,a)Be® 
reaction shows a level at 16.9-Mev excitation in Be’ 
and suggests energy levels at 16.5 and 17.7 Mev with 
intensities leading to them of about one quarter that 
for the 16.9-Mev level. The levels at 16.5 and 16.9 
may correspond to the levels observed at 16.623 and 
16.921 Mev in the present work. The level at 17.7 Mev 
is regarded by Goward and Wilkins as distinct from 
the level at 17.65 Mev which is well known from the 
Li’(p,y) Be’ reaction. The 17.7-Mev level has not been 
observed with any of the three reactions used in the 
present work. 

The energy level diagram for Be* deduced from all 
available data is shown in Fig. 5. The low-lying levels 
of the neighboring isobars are also shown to aid in the 
following discussion. 


Spin and Parity 


Information about the spin and parity of the 16.62- 
and 16.72-Mev levels can be deduced from the decay 
modes. The widths of nearly 100 kev indicate decay 
by particle emission, and only alpha-particle emission 
is energetically possible. Decay into two identical, spin 
zero particles can occur only from states of even spin 
and even parity. 

The 16.62-Mev level, which is the lowest 7=1 state, 
must be 2+ by analogy with the Li* ground state. An 
upper limit for the spin of the other (T=0) state is 
suggested by penetrability calculation. The probability 
for formation of a J=2 state relative to the probability 


TABLE VII. Q values observed for the C®(He*,p) N™ reaction 


5.68-Mev level 
¢) Mev Yv 


2 


—().911+0.010 


—0.915+0.010 


SO Ui de Whe 


Average -§).913+0.008 


5.83-Mev level 
Mev) 


— 1.052+0.010 
— 1.053+0.010 
— 1,056+0.010 
— 1.061+0.010 


— 1.056+0.008 


6.23-Mev level 6.44-Mev level 
Q (Mev) Q (Mev) 
— 1.426+0.010 
— 1.423+0.010 
— 1.422+0.010 
— 1.424+0.010 
— 1.425+0.010 
— 1.433+0.010 
— 1.423+0.010 
— 1.425+0.008 


1.663+0.010 
1.661 +0.010 


1.662+0.008 


* T. E. Young, G. C. Phillips, R. R. Spencer, and D. A. A. S. N. Rao, Phys. Rev. 116, 962 (1959). 
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Bonner (private communication). 
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mass-8 isobars. The excitation 
energy, width, spin, parity, and 
isotopic spin for the Be® levels are 
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level diagrams. Parentheses indi- 
cate that the assignment is 
uncertain. 











for formation of a J=0 or J/=4 state in the Li®(He',p)- 
Be® and B'(d,a)Be® reactions was calculated by the 
method of Hauser and Feshbach!'* which assumes levels 
of many spins and parities available in the compound 
nucleus. When a spin of 4 is assumed for the 7=0 level 
the calculated yield ratio differs by more than an order 
of magnitude from that observed. A spin of 0 or 2 
gives a result that is not in disagreement with the data. 
This suggests that the spin and parity of the T=0 
levels is OF or 2*: 


Excitation of the 16.62- and 16.92-Mev Levels in 
Be* through Direct Interaction Mechanisms 


Important information for the understanding of the 
isotopic-spin selection rule violation in the B'(d,a)Be* 
reaction is obtained from pickup and stripping reactions 
leading to the 16.62- and 16-92-Mev levels in Be’. The 
data given in Table V for the Be*(He’,a)Be® reaction 
show that the yield to the 16.92-Mev level is about 10 
times the yield to the 16.62-Mev level. The opposite 
behavior is shown by the Li’ (d,”)Be* reaction. Dietrich 
and Cranberg*® found that in the Li’(d,n)Be* reaction 
the 16.62-Mev level shows an /=1 stripping pattern, 
whereas the yield to the 16.92-Mev level is isotopic 
with an intensity about 1/25 the maximum intensity 
of the 16.62-Mev level. These large differences in 
behavior of the yields to the 16.62- and 16.92-Mev levels 
show that these eigenstates of Be’ originate from rather 
different configurations and that these states are not 
strongly intermixed by the Coulomb or other 
interactions. 

Another piece of information given by the direct 
interaction experiments is that the 16.92-Mev level 
is probably not the 2+ T=0 level predicted by the 
intermediate-coupling shell model calculations — of 


18 W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 


ie" 
(Mev) 
19,22 
9.1 
18.9 
18.15 
1764 


16.92! 
16.626 











Kurath’ which is supposed to lie slightly below the 
lowest T=1 level in Be’. This predicted level arises 
from the *P®") state in L-S coupling. A study of the 
fractional parentage coefficients for extreme L-S 
coupling shows that Li’ and a proton should readily 
couple to form all P®'! states. The isotropic angular 
distribution for the 16.92-Mev level observed by 
Dietrich and Cranberg in the stripping Li’ (d,7)Be* 
reaction that the 16.92-Mev level is not 
related at all to the Li’+/ configuration and probably 
does not arise from the P™'! state. These arguments 
support a suggestion made by Kurath” that the 16.92- 
Mev level is a 0* T=0 level analogous to the 7.65-Mev 
level in C”? which apparently arises from an excited 
configuration. 


suggests 


Isotopic-Spin Selection Rule Violation 


The aim of this experiment was to measure the extent 
of the isotopic-spin selection rule violation by comparing 
the yield to a T=1 level with the yield to a nearby 
T=0 level in both the B"(d,a)Be® and Li'(He*,p)Be* 
reactions. Operation of the selection rule should reduce 
the yield of the first reaction to the T7=1 level but 
should not affect the second reaction. Before the levels 
at 16.62- and 16.92-Mev excitation in Be* can be used 
for this purpose, it must be established that one has 
7=1 and the other T=0. 

Direct evidence for the position of the lowest T=1 
level in Be’ should come from the C"(y,a) Be’ reaction.’ 
This reaction should feed the lowest T= 1 level prefer- 
entially. The level seen most strongly is reported as 
being at 16.9 Mev. This seems to conflict with the 
present identification of the 16.62-Mev level as the 
lowest T=1 state and the 16.92-Mev level as T=0. 


The explanation of this discrepancy may lie in mis- 


1D. Kurath, Phys. Rev. 101, 216 (1956). 
*” 7). Kurath (private communication). 
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identification of groups because of uncertainties in the 
range-energy relationships, low resolution, and difficulty 
in obtaining good statistics in the (y,v) work. It is 
possible that the strong group seen actually leads to 
the 16.62-Mev level. Better evidence comes from a 
combination of the 8-decay end-point energies of LiS 
and Be’ with the known mass differences. These data 
near 16.8 Mev. 

\ possibility which must be considered is that both 
the 16.62- and 16.92-Mev levels are T=O levels and 
that the lowest T 
lo answer this objection we note that four different 
reactions have been used to study this region and that 
no other levels have been observed. Perhaps a better 
argument is that the observed absolute cross section 
and angular distribution of the 16.62-Mev level in the 
Li’ (d,7)Be* reaction’ is just what is expected from the 
behavior of the analogous reaction Li‘(d,p)Li* ground 
state. It seems certain that the 16.62-Mev level is the 
lowest 7=1 level. Clearly, some violation of the 
selection rule occurs as this level is excited with the 
B'°(d,a) Be* reaction. 


locate the lowest T= 1 level 


1 level has not yet been observed. 


Before a comparison of yields toa T=1 and T=0 
level can be made, it must further be established that 
both the 16.62- and 16.92-Mev levels are not T=1. 
] he ( orresponden € be tween energy leve ls in the mass-S 
isobars supports this hypothesis. These energy levels 
\s every T7=1 state in Be* must 
have an analog in Li’ and B°*, the 16.62-Mev level would 
be expected to correspond to the Li* ground state and 
the 16.92-\Mev level to the Li first excited state at 975 
if bot] 1. This is unlikely, since 
the spa ing of the Be* pair Is only about 4 the spac ing 


; s 
are shown in Fig. 5 


kev if both Be* levels were T 
between the ground state and first excited states in 
Li’, as well as in B*. In the unlikely event that an 

level in Li* near 300-kev excitation had been 
missed by other workers, this region of excitation was 
carefully reexamined with the Li’ d,p Li> reaction. As 


energy 


was seen which would be 
analogous to the 16.92-Mev level in Be’®. 


stated ab ve, no new leve 


if the energy 
badly distorted 


This spacing argument is not conclusive 
level positions in Li’, Be’, and B® are 
for some reason. That this is not happening is suggested 
by the following argument: It is fairly certain that the 
2.26-Mev, 3* state in Li® and the 19.22-Mev, 3* 


The « orrespondenc e in 


State 


in Be® are analogous levels. 
} 


reduced widths between these states and other factors 
support this identification. Now, the 2.26-Mev spacing 
between the ground state and the 3* excited state in Li® 
agrees fairly well with the 2.60-Mev energy difference 
between the 3° in Be* and the position of the 
lowest T=1 
that there will be similar agreement in spacing between 
the Li‘ excited states and the Be* 
analogs of the 16.92-Mev level 


his agreement gives one confidence 


ground and first 


these levels and that 


Burcham, Progress in Nuclear Physics (Pergamon Press, 


tk, 1955), Vol. 4, p. 191 
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in Be’ is not the analog of the first excited state of 
Li> and hence does not have 7=1. 

Another argument against identifying the 16.92-Mev 
Be® level as analogous to the Li® first excited state is 
based on intermediate-coupling shell model calcu- 
lations,'® which predict that the first excited state in 
Li is J=1. But, as stated above, the 16.92-Mev Be’ 
level can only have an even spin. Therefore the first 
excited state in LiS identified with the 
16.92-Mev Be® level (its analog is undoubtedly the 
17.64-Mev Be® level). Thus it appears that the 16.92- 
Mev level has 7=0. These arguments leave little doubt 
that the 16.62-Mev level is a 7=1 level and that the 
16.92-Mev level isa 7 

The data showing the ratio of the differential cross 
section for formation of the 7=1, 16.62-Mev level, to 
the differential cross section for formation of the T7=0, 
16.92-Mev level given in Table V. It is to be 
noted that the ratio is nearly the same for both the 
B'"'(d,a)Be* and the Li®( He Pp Be 
expect, on the contrary, that the isotopic-spin selection 
rule should cause the ratio for the (d,a) reaction to be 
very much smaller than that for the (He*,p) reaction. 
The fact that the ratios are nearly the same in both 
reactions indicates an almost complete violation of the 
selection rule. 


cannot be 


; . 
0 leve 


were 


reactions. One would 


Source of the Isotopic-Spin Selection 
Rule Violation 


observed selection rule iolation 


The 
originate from isotopi 
or final states, or in the compound nucleus. Thes 


large can 


spin impurities in the initial 
impurities are produced by the Coulomb interaction 
mixing states of different isotopic spin. It will be 
shown below that the expe rimental evidence points to 
the compound nucleus as the 
in this reaction. Large isotopic spin 
compound nucleus have been predicted by experiments 
on other (d,qa) when due regard is paid to the 
effects of angular momentum and parity conservation. 
The initial state in the B'’(d,a)Be* 

to have only small isotopi spin impuritie s of the order 
Much larger impurities, 
however, in the Large 7 

impurities in the Be* 16.62-Mev 7 1 level can b 
introduced by the Coulomb interaction if there is a 


source of the violation 


impurities in the 
reat tions, 
reaction is known 


of one part per thousand. 
may 


final state 


exist 


neighboring state with the same spin and parity. At 
first sight, it appears that the 16.92-Mev T=0 level 
may be introducing large impurities into the 16.62-Mev 
state. However, this possibility is excluded by the very 
different behavior of the \ ields to the 
Be’ (He’,a) Be® Li’ (d,n)Be* reactions. The 


closest state which may have the 


r two levels in the 
and next 
same total angular 
momentum and parity as the 16.62-Mev level is the 
T=0 state at 19.9-Mev excitation. 


will introduce an impurity of at most a few percent in 


However, this state 


2W.M. MacDonald, Phys. Rev. 101, 271 (1956 





ISOTOPIC-SPIN SELECTION 
intensity if a very generous Coulomb interaction of 500 
kev is assumed. A much larger impurity than this is 
needed to understand the strong selection rule violation 
as coming from final state impurities. 

Another possible explanation of the large selection 
rule violation is that the 16.62-Mev level has the 
properties of a “threshold” level as proposed by Baz.” 
According to this theory, non-charge-invariant “thresh- 
old” states may occur near two-particle thresholds 
because of the existence of a static potential between a 
nucleon and the nucleus. If the 16.62-Mev Be® level 
had this non-charge-invariant property, the near-equal 
yield of this 7=1 level compared to the adjacent T=0 
level in both the B'(d,a) Be* and Li®(He’,p) Be’ reactions 
could be readily explained. This possibility does not 
appear as a likely explanation of the selection rule 
violation. If the 16.62-Mev level were a_ threshold 
state, we would expect an abnormally large reduced 
width in the Li’(d,n)Be® stripping reaction leading to 
this level. However, the reduced width for this level 
does not show an anomalous size, but forms a consistent 
picture with the other reduced widths of the T=1 
levels in the mass-8 isobars. 

An extraction of the reduced widths from the data of 
Dietrich and Cranberg was made using the Butler-Born 
approximation stripping theory as given by Mac- 
farlane and French.*4 Using a Butler radius of 4.2 f and 
a bombarding energy of 7.25 Mev, the values of the 
absolute reduced width, @, for the 16.62- and 17.64-Mev 
levels are 0.023 and 0.014, respectively. An /=1 stripping 
pattern has been assumed for the 17.64-Mev level. For 
the analogous reaction Li’(d,p)Li’, Macfarlane and 
French list @ as 0.053 and 0.028 for the ground state 
and first excited state. If charge independence were 
strictly obeyed, the reduced widths in the Li’(d,n)Be* 
reaction should be } the reduced widths in the Li(d,p) Li’ 
reaction. Experimentally, the reduced widths in the 
Li’(d,n)Be® reaction are about } the corresponding 
reduced widths in the Li’(d,p)Li> reaction. This agree- 
ment seems surprisingly good since the accuracy of the 
simple Butler formula in extracting the reduced widths 
is questionable. However, a more reliable test is to 
compare the ratio of the reduced widths of the two 
states between the (d,z) and (d,p) reactions. In this 
way, the uncertainties introduced by the Born approxi- 
mation and the neglect of Coulomb effects should be 
minimized. The ratio of reduced widths in the Li’(d,p)- 

3 A. I. Baz, Advances in Physics, edited by N. F. Mott (Taylor 
and Francis, Ltd., London, 1959), Vol. 8, p. 349, and Proceedings 
of the International Conference on Nuclear Structure, Kingston, 
edited by D. A. Bromley and E. W. Vogt (University of Toronto 
Press, Toronto, Canada, 1960), p. 341 


*4M.H. Macfarlane and J. B. French, Revs. Modern Phys. 
32, 567 (1960). 
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Li’ reaction of the first excited state to the ground state 
is 0.53. In the Li’ (d,n)Be® reaction, the corresponding 
ratio between the 17.64-Mev state and the 16.64-Mev 
state is 0.59. If the 16.62-Mev Be® level were a true 
“threshold” state, the proton reduced width for this 
state would be abnormally large. This effect would 
change the reduced widths’ ratio for the Li’(d,)Be’ 
reaction below the value of 0.53 measured in the 
Li’ (d,p)Li’ reaction. This behavior is not observed. Of 
course, the 17.64-Mev Be® level could also be a ‘‘thresh- 
old” state to the extent which would cancel the effect 
on the reduced width ratio. This possibility, however, 
seems a bit fortuitous. Therefore it seems that the 
16.62-Mev level. does not show an expected property 
of a “threshold” state. 

Although the above argument depends on the con- 
sistency of the Butler-Born approximation in extracting 
reduced widths, the argument does seem to be fairly 
good evidence that isotopic spin is a good quantum 
number for the 16.62-Mev 7=1 level in Be*. Conse- 
quently, the source of the strong selection rule violation 
is probably not isotopic spin impurity in the final state, 
but rather impurities in the compound nucleus. 

In summary, we have found that the yields to the 
16.62-Mev T=1 and 16.92-Mev T=0 levels in Be® 
are nearly equal in both the B'(d,a)Be* and Li(He’,p)- 
Be® reactions. Isotopic spin considerations, however, 
should forbid the formation of T=1 levels with the 
B(d,v) Be® reaction. Arguments have been given which 
suggest that initial or final state isotopic spin impurities 
do not account for this behavior. Therefore, the com- 
pound nucleus is suspected as the source of the complete 
failure of the isotopic spin selection rule. 

The present work supports the suggestion that the 
isotopic-spin selection rule has little effect in (d,q) 
reactions and that the apparent effect previously 
observed in many reactions was rather caused by 
statistical weight factors for the special case of Ot 
initial and final states. In other charged particle 
reactions such as (d,d’) or (a,a’) where the selection 
rule has been shown to work, the reactions probably 
do not proceed primarily through the compound 
nucleus but rather by means of a direct interaction. In 
such a reaction Coulomb forces do not have time to act 


and the isotopic spin is conserved. 
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The scattering matrix for compound nucleus processes is studied in the R-matrix formalism, using a series 
expansion which is due to Thomas. It is shown that this series generally converges when (a) the average 
total resonance width is less than the average resonance spacing, (b) the number of important channels is not 
too large, and (c) the width amplitudes have random signs. The treatment also suggests strongly that the 
series does not converge in the continuum region. In the region of convergence the exact relationship between 
the channel transmission factor T, and the ratio of partial width to level spacing is found, in the absence of 
direct scattering reactions, to be T-=2x(I'-)/D—xXI,.)*/D*. The quadratic term is shown to be important 
in the vicinity of optical-model maxima. Correction terms to the Hauser-Feshbach relations for average 
reaction Cross sections arising from the higher order terms of the series are obtained and are found to depend 
on the statistical properties of both resonance widths and resonance spacings. The effect on average neutron 
inelastic, compound elastic, and capture cross sections is discussed and an example of a calculation is 


presented 


I. INTRODUCTION 


HE development of improved experimental tech- 

niques, as well as the needs of technological 
applications, have resulted recently is precise measure- 
ments of neutron reaction cross sections averaged over 
resonances for neutron energies up to several Mev.' 
Given correct theoretical interpretation, such data can 
yield information of interest in the study of a number 
of topics of nuclear structure. Thus the analysis of 
average cross sections for radiative capture, charged- 
particle emission, or multiple-neutron emission yields 
information on the statistical properties of highly 
excited nuclear states. Average elastic and inelastic 
scattering cross sections can be used to determine 
optical model parameters and to identify low-lying 
states of the target nucleus. The examination of average 
fission cross sections may be expected to yield knowledge 
about the fission process. 

The formal theory of resonance reactions has been 
highly developed in several different ways. A summary 
of these theoretical structures has been given by Lane 
and Thomas.” In order to calculate average cross sec- 
tions it is more convenient to adopt the R-matrix 
formalism of Wigner and Ejisenbud* because in the 
otherwise simpler Kapur-Peierls formalism‘ the strong 


* This work was performed under the auspices of the U. S 
Atomic Energy Commission. 

1Summaries of recent data may be found in Neutron Cross 
Sections, compiled by D. J. Hughes, B. A. Magurno, and M. K 
Brussel, Brookhaven National Laboratory Report BNL-325 
Superintendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1960), 2nd ed., Suppl. No. 1; and in “Tabu 
lated Neutron Cross Sections,” compiled by R. J. Howerton, 
University of California Lawrence Radiation Laboratory Report 
UCRL-5226, Rev. 1959 (unpublished), Part I. 

2A. M. Lane and R. G. Thomas, Revs. Modern Phys. 30, 257 
1958). See also G. Breit, Encyclopedia of Physics, edited by 
S. Fliigge (Springer-Verlag, Berlin, 1959), Vol. 41/1. 

3E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). 

‘Pp. L. Kapur and R. Peierls, Proc. Roy. Soc. (London) A166, 
277 (1938). For a discussion of the extreme low-energy s-wave 
neutron scattering cross section employing the Kapur-Peierls 
formalism, see G. E. Brown and C. T. DeDominicis, Proc. Phys 
Soc. (London) A72, 70 (1958 


energy dependence of the resonance parameters com- 
plicates the evaluation of energy averages.® In the 
R-matrix formalism, however, one is faced with the 
well-known difficulty of inversion of the R matrix. This 
problem was solved by Thomas by means of a power 
series expansion of the inverse matrix.® In this study 
we follow the method of Thomas and enlarge upon his 
results in two ways. We study more closely the con- 
vergence of Thomas’ series which had previously been 
inferred by examination of the not yet typical second 
term. Then we find the contribution to the cross sec- 
tions of the higher order terms which had previously 
been neglected. Since the formal reaction theory does 
not provide values for its own parameters, we also make 
the connection with the optical model of Feshbach, 
Porter, and Weisskopf’ by obtaining expressions for the 
model cross sections. 

Definitions are established and basic relations are 
reviewed in Sec. II. Section III deals with the optical 
model cross sections, and Sec. IV with other reaction 
cross sections. The results are discussed and applica- 
tions are given in Sec. V. The convergence of Thomas’ 
series is discussed in the Appendix. 


II. DEFINITIONS 


We shall employ the symbol ¢ (loosely called a 
“channel’’) to denote the collection of all quantum 
numbers besides energy needed to specify the internal 
and relative states of a scatterer and a projectile in the 
absence of the scattering interaction. Thus ¢ implies 
the internal states of scatterer and projectile, their 
relative spin orientations and orbital angular momen- 
tum, and, of course, the total angular momentum and 
parity of the system. The rules for selecting and com- 


5 Still another formulation relating resonance parameters 
directly to nucleon-nucleon interactions has been given by H 
Feshbach, Ann. Phys. 5, 357 (1958). 

®R. G. Thomas, Phys. Rev. 97, 224 (1955 
to the problem see T. Teichman, ibid. 77, 506 (1950 


For other approaches 


7H. Feshbach, C. E 


Porter, and V. F. Weisskopf, Phys. Rev 
96, 448 (1954). 
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THEORY OF AVERAGE 
bining channels to obtain observable combinations of 
states are well known and are not repeated here. De- 
noting the normalized wave functions for incoming and 
outgoing waves in channel c in the absence of a scatter- 
ing interaction by J, and 0,, respectively, the scattering 
wave function for incoming waves in channel ¢ only is 
asymptotically given by 


¥= 6. Le Vee, (1 


Cross sections can be expressed in terms of the 
elements of the scattering matrix U.- in a well-known 
way. Since we are interested in average cross sections 
we shall place a bar over all fluctuating quantities to 
indicate an average over an energy interval to be 
described more precisely later. Calling 27%, the wave- 
length of relative motion in channel ¢ and g, its statis- 
tical factor,?> we have for the average total, elastic, 
nonelastic, and partial reaction cross sections in units 
of rr."g-: 

¢,(tot)=2(1—ReU...), 


é.(el)= { 1-U’.. ee 


(2a) 
(2b) 
(2c) 
(2d) 


(A}w=A, 
&-(nonel) = 1—{ | Uce|*Jav, 
6c,c°= { | 6g = 


Here “elastic”? means same entrance and exit channels 
and not merely preservation of the internal state of the 
scatterer. In addition the following cross sections in 
the same units were defined by Feshbach, Porter, and 


, 
C¥ec. 


Weisskopf to facilitate the application of the optical 
model which is a theory of U,..’ 


(absorption) =7.=1—|U,.|? 


, 


o-(shape el) =6,(tot)—o-(abs) = |1—U 2, 


a-(fluctuation) = ¢.(el)—o.(shape el) 
={ UO e0 Mew [Occ . (2g) 


According to the R-matrix theory the scattering 
matrix is given by 


U cer =U ce? Feet $F .01 + 2U ce} (3) 


where, according to Wigner,* 


Weer = 34D BrcBre'(Exy— E— 31D BreBuerr)'. (4) 
Au i 


Here LU’... is the part of the scattering matrix respon- 
sible for nonfluctuating or direct interactions. It will be 
assumed to include the contributions from all resonances 
lying outside the averaging interval, so that the sum 
over resonance indices \ in Eq. (4) will be carried over 
only those resonances whose resonance energies £) lie 
within the interval being averaged over. The partial 
and total widths of the resonance \ are given by 


ry.= Dies 
r= ; Ty. 


* E. P. Wigner, Phys. Rev. 70, 606 (1946). 
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We shall require the averaging interval to be large 
compared to the spacing of resonance levels E, and 
large compared to any of the total widths I’, in the 
interval. But we want the interval to be small enough 
that J, and ©, and hence the channel phase shifts ¢,, 
the level shift factors S,., and the penetrabilities P, 
remain essentially constant in the interval. Then we 
may assume that the channel boundary conditions of 
the R-matrix theory have been adjusted in each interval 
so that all the shift functions vanish in the interval, 
and hence we have for all resonances within the interval 


Ey,=6,,E». (6) 


According to an argument of Porter and Thomas, one 
expects in an interval such as that described above 
that the g,. for a given c are randomly distributed in A 
and that the distribution is normal with zero mean.” 
This has, first of all, the consequence that the g,-. have 
random signs. Secondly, the only parameter required 
to describe the gy. is their variance which by Eq. (5) 
equals the average partial width (I,.). The brackets 
( ) will be used throughout to indicate an average 
over all resonances in the averaging interval. The 
partial widths themselves are distributed according to 
the Porter-Thomas distribution law for #,=T,-/(T.), 

Pp.p.(x)dx= (2rx)—*e-!*dx. (7) 
The validity of this distribution law has been well 
established by analyses of neutron resonance scattering 
data." 

The distribution law for total widths depends on the 
number of channels making substantial contributions. 
As the number of channels increases, the distribution 
becomes narrower, and for very many channels ” it may 
be approximated by a Gaussian with its mean at (Ty) 
and a dispersion of v2(I,)/(m)}. 

Basing his arguments on assumptions similar to those 
of Porter and Thomas, Wigner has suggested a dis- 
tribution law for the resonance level spacings.” Calling 
D the average spacing of resonances of the same spin and 


® The channel functions ¢,, S., P. are defined in reference 2 and 
have been evaluated for neutrons by J. E. Monahan, L. C. 
Biedenharn, and J. P. Schiffer, Argonne National Laboratory 
Report ANL-5846 (1958) (unpublished). If the stated conditions 
for the length of the averaging interval are inconsistent, one may 
still expect to obtain useful results by replacing the R matrix 
with Wigner’s statistical R matrix [E. P. Wigner, Ann. Math. 
53, 36 (1951) ].and moving the difference to R® which contributes 
to U°. The author is indebted to Dr. J. E. Lynn for reminding him 
of the importance of retaining U° in the formalism. 

10 C. E. Porter and R. G. Thomas, Phys. Rev. 104, 483 (1956). 

Reference 10 and J. L. Rosen, J. S. Desjardins, J. Rainwater, 
and W. W. Havens, Phys. Rev. 118, 687 (1960) and Bull. Am. 
Phys. Soc. 5, 32 (1960) and 5, 295 (1960). 

2E. P. Wigner, Proceedings of the Conference on Neutron 
Physics by Time-of-Flight, Gatlinburg Tennessee, 1956 [Oak 
Ridge National Laboratory Report ORNL-2309, 1957 (unpub- 
lished) ], p. 59; and Proceedings of the International Conference 
on Neutron Interactions with the Nucleus, Columbia University, 
1957 [Columbia University Report CU-175, 1957 (unpublished) J, 
p. 49; and Fourth Canadian Mathematical Congress Proceedings, 
1957 (unpublished), p. 174. 
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parity, yx=(£\4:—£,)D" is distributed according to 


y 
Pw(y)dy=— — exp(—}ry’)dy. (8) 
> D 


The statistical foundations of this Wigner distribution 
law have been further discussed by Porter and by Rosen- 
zweig and others," and Eq. (8) has been shown to be 
consistent with existing neutron resonance data.'*—!6 

Following Thomas,® we shall employ the following 
expansion of the matrix U as given in Eq. (4). 


U=DA+E AXAt 


" Lou 


A\XA,XA, 


\~u, ur 


devas, 
where the matrices A, are given by” 


E,—E—}iT)). (10) 


= 8. 
Ay =31(2re8) 


In the following sections, the consequences of the expan- 
sion (9) are examined in the light of the statistical laws 
of Eqs. (7) and (8). 


Ill. OPTICAL-MODEL CROSS SECTIONS 


The optical model determines the values of U,..7 To 
establish a connection with it, it is therefore necessary 
to average the diagonal element of Eq. (3). Since U,.° 
and @ vary appreciably in the 
averaging interval, the problem is to average U... We 
average by integrating over energy the contribution 
from all resonances in the interval and dividing by the 
length of the interval. Since the interval is assumed to 


are assumed not to 


3S. Blumberg and C. E. Porter, Phys. Rev. 110, 786 (1958). 
C. E. Porter and N. Rosenzweig, Ann. Acad. Sci. Fennicae 
Ser. A. VI, No. 44 (1960); M. L. Mehta, Nuclear Phys. 18, 395 
1960). See also nee 15 

4 J. I. Gurevich and M. I. Pevsner, Nuclear Phys. 2, 575 (1957 
J. A. Harvey and D. J. Hughes, Phys. Rev. 109, 471 (1958). See 
also reference 11 

6 P. A. Moldauer, Bull. Am 
Moldauer (to be published 

16 All of the mentioned 
sumption of the 

? 


) 


retere 


Phys. Soc. 4, 319 (1959) and P. A. 
statistical results are based on the as- 
randomness of the reduced width amplitudes 
* which are proportional to the overlap integrals of 
nucleus and « nel wave functions at the channel 
The consequences of this assumed randomness of the 
l-state wave functions have been confirmed only in the 
rem mance region where resonance levels are well sepa- 
1. It should not be surprising if, in the region of overlapping 
resonance levels, correlations eared due to interactions of the 
resonance states via the channels and if these correlations should 
a breakdown in any of the statistical laws, including the 
random sign assumption 
17 The fact that the level shift factors do vary over the averaging 
interval introduces in each of the terms of Eq. (9) a correction 
iAS.P for each of the channels c’ arising from the 
over channels. By A.S.- we mean the change in shift 
1 the center of the interval to the energy in question. 
near variation of S.- across the interval and using the 
lues of the derivative of S.- given in the work cited in 
one can estimate the maximum numerical value of 
: be less than the size of the averaging interval measured 
in Mev. But this value can always be made very small compared 
to the value of P., for all channels making significant contribu 
tions to Eq. (9). Furthermore, these correction factors can only 
nprove the convergence of the series at the edges of the interval 
as compared to the center (see Appendix). 


the « ompound 


radius. 


cause 


ma oO 
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be very large compared to all widths we may extend 
the range of integration from — ~ to + ~. If the expan- 
sion (9) converges uniformly in the interval we may 
average it term by term. Doing this, we note from 
Eq. (10) that each term consists of a product of analytic 
functions each with a single pole in the lower half plane 
and going to infinity as £~'. Consequently the average 
of all terms except the first vanishes and we have 


(U.c}av= Dn An = —3a(Px-)/D. (11) 


The convergence requirement for the validity of this 
relation may be relaxed somewhat by invoking the 
random signs of the g,-. With this assumption all terms 
in Eq. (9) which are linear in any gy’ 
another before integration and the condition becomes 
that part of Eq. (9) containing terms quadratic in the 
gx- Shall converge uniformly in the interval. Conditions 
for this convergence are found in the Appendix. It is 
shown there that Eq. (11) may be expected to hold, 
provided the average total width is less than the average 
level spacing for resonances of the angular momentum 
parity in question and provided that the number of 
channels contributing significantly to the decay of such 
resonances does not become too large. 

Under these conditions we obtain then from Eqs. 
(3) and (11): 


canc el one 


(12) 
where 


Ty-= 2aT>,/D. (13) 


From this we obtain, using Eq. (2e), the absorption 
cross section or transmission coefficient, 


(14) 


This well-known expression'’ has been used extensively 
in the region where (r7,-) is small and where therefore 
the quadratic term in (7,,) may be neglected. However, 
for low-angular-momentum neutron channels, and par- 
ticularly at optical model maxima, T, may approach its 
limiting value of unity at fairly low neutron energies. 
Then the quadratic term can no longer be neglected. 
In fact, under the assumption that U’ 
finds that approaches the value two as 7, ap- 
proaches unity. The effect of this quadratic term, with 
U’..=0, on the neutron strength functions 


(4rP.), 


vanishes, one 


(Ty, ) 


(15) 


» Pa D Tr 


at the optical model p and d wave maxima, is shown in 
Fig. 1. It is clear that as (7)-) exceeds the value of two 
it will tend to decrease 7., eventually even in the 
presence of a nonvanishing U’,.”. This physically un- 
satisfactory situation strongly suggests, as do the argu- 
ments in the Appendix, that the convergence condition 

‘8 This equation has recently been written and discussed in a 
form in which l’,,° is combined with @ by H. Feshbach, in Nuclear 


Spectroscopy, edited by F. Ajzenberg-Selove (Academic 
Inc., New York, 1960), Part B, p. 1041 


Press, 
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E (Mev) 


(V_ = 52 Mev) 
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Fic. 1. A comparison of the neutron strength function (y,2)/D 
with the ratio of neutron transmission coefficient T to the penetra 
bility P for p-wave neutrons at the p-wave optical model maximum 
and for d-wave neutrons at the d-wave optical model maximum 
I, is the neutron channel energy in Mev. Xo=AoR, where Ao is 
the neutron wave number in the well and R the potential well 
radius. The curves are based on the neutron optical model phase 
shifts of Campbell, Feshbach, Porter, and Weisskopf (see ref 
erence 32 


derived there for the validity of Eq. (11) and hence 
also of Eq. (14) does in fact correspond closely to the 
actual limit of validity of these expressions and that 
these expressions are not valid in the continuum region." 
Another cause for the breakdown of these expressions 
would be any correlations in the signs of the gy. (see 
footnote 16). Formally, it would of course be possible 
to retain the validity of Eqs. (11), (12), and (14) by 
transferring parts of U,, to U’,<’, in particular any cor- 
related parts, in such a way that the convergence 


ig leas Om ((GuxGux + KX Gan) co (Grrgi* XGrny2 


2mi WwW, 
y {— 
i=l (en titi) (€e+i7, 


where 


and W’,(€i1,€:2,°°’*€:,n4m) is the combined density func- 
tion for the n+-m—1 resonance energies /:,;~; relative 


to /a;, subject to the restrictions that \;#)j,1 for j#n 


'® By continuum we always mean here, of course, the continuum 
for resonances of the same spin and parity. 
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condition remains satisfied. The practical usefulness 
of such a procedure will depend on whether one has a 
model for this new l’,.° enabling one to calculate it and 
to average it if it should fluctuate. 

In addition to the absorption cross section we can 
now write down, subject to the same conditions, ex- 
pressions for the average total cross section in units 
of rX7g 


6-(tot) 2[1—Rel "— cos(2¢,)(1—3' ro) J, (16) 


and for the shape elastic cross section in units of rX2g-_: 


I~ U5e 


+2 Re(1—l 


o-(shape el) 


The same argument which led to Eq. (11) gives, in 
view of the random sign assumption, 


{UeeJav=O, c¥e (18) 


IV. REACTION CROSS SECTIONS 


To calculate the remaining cross sections in Eq. (2) 
we need expressions for the average value of |U!?. 
Employing again the expansion (9) we have 
{ u Dy ae ee ee 


‘ PAV hos 


(19) 


where the summations are carried from one to infinity 
and 


U.. nO =. 


— 


(Any® XK Ano” K+ * KAR” 
Zé) 


1m 


Mi Pint Aba oe RAD (20) 


correlations 
between widths and spacings, we perform the average 
by summing over residues in the upper half plane of 
each term in the expression (20), obtaining in this way 


Assuming no degenerate levels and no 


->+> Xn 


Ly \de de, »° 


intl TOG. n4 


and \;# \; for 7<n. The primes indicate omission of the 
ith term. The function H’,, can be expressed in terms of 
the symmetric pair density function 1 (e) which is the 
average over A of the number of resonances per unit 
energy interval at the energy /,+e. If the resonance 
energies /, were randomly distributed, we would have 
W(e)=D However, the Wigner repulsion effect 
embodied in Eq. (8) modifies this relation. The relation- 
ship between IV"(e) and the distribution P(e) of spacings 
between neighboring resonances has been previously 
discussed by the author, who obtained the density 
function Wyw(e) corresponding to the Wigner spacing 
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x/0 


L2 14 

Fic. 2. The pair density function W(x), giving the density of 
nuclear levels at an energy x from a given level. D is the average 
level spacing. The solid line corresponds to the density function 
arising from the Wigner spacing distribution. The histogram is the 
results of numerical diagonalization of one hundred 20X20 random 
matrices (see reference 15). The dashed line corresponds to the 
approximation of Eq. (22 


distribution law [Eq. (8)] by both analytic and 
numerical methods as shown in Fig. 2.'° While no closed 
analytic form for Ww/(e) is known, the approximation 
rT 2 
exp 

2 D 

W(e)=1/D, 


T 
In 
D 2 


can be seen in Fig. 2 to fit Ww(e) well.” 
With the help of W(e) we now write 


n€z.ns1°° °€ 


We;) TL [8AA0+W (es 


> 
5) 


x Tl DW(ej—é54) 


] 


II DW (€ic— €;.441). (2; 


This expression neglects the effect of 


D 

ei f e+il 
DI +** de We 

T f (etuTr 
where Ei(z) is the exponential 
low-order terms of {;uU!?} the 


*de We 


correlations be- 
iF 

55 exp 

) 


(- 
sare 
sg r 2 
0( ); 
D 7 


(1D 
v(T D 


integral 





@(X)RANODOM~- 


@(X)WIGNER —~ 


W(X)WIGNER 


W(X)RANOOM 
alls wa & 
1 








27x 
3. The functions (x) and W(x) plotted against 27x 
[see Eqs. (24) and (25 





X(x, xX) 








faweut 


0.1 





10 
27x 
and X(x,0 
26 ] 


? 


2mx 


Fic. 4. The functions X 


[see Eq 


tx plotted against 


tween level spacings though there is both experimental”! 
and theoretical” evidence for such correlations. Their 
effect would be to replace those density functions whose 
arguments are differences between resonance spacings, 
and which arise from the restrictions placed on W,, by 
more complicated functions. However, it is expected 
that the effects of such correlations will cancel out at 
least partially when the summation over 7 is performed 
in Eq. (21). Furthermore, such effects can show up in 
Eq. (19) starting only with terms of the fourth order 
in the widths. In performing the integral in Eq. (21) 
with the help of Eqs. (22) and (23), we encounter the 


following integrals: 
r\? xy r\ 
) In Ei -(1 + )in 
D/ 2K L py 2 
D 27 
-1]-(1- ) | 
x/ D 


— Ei 


tan 


integral. These two functions are plotted in Fig. 3. In addition there appears in the 


Dp f de W (e) 
™ x e+iI, 


+® dn W (n) DW (e—7n) 
(26) 


J 


x n +172 


This function may be estimated by setting DW(e—r)=1—[1—DW (e—n) ], where the first term just integrates 
to &(1,/D)®(T2/D) and the second term yields an integrand which vanishes except within a distance D of the 


* Calculations show that the integral of Eq. (21) is quite insensitive to the precise form of W (e). Even a density function constructed 


of a linear piece with slope of +/2 and a constant piece gives results differing very little from those of Eqs 


9 


P. Egelstaff, J. Nuclear Energy 7, 35 (1958). 
’. E. Porter (private communication 


29 


24) and (25) 
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line e=n. We approximate this part by integrating along the line e=n and multiplying the result by D. The results 
have been plotted in Fig. 4 for the cases where [)=I°, and where '.=0. Other functions of this type appear in the 
higher order terms of {| U}2},y. 

With these definitions we calculate the expression (21) subject to the requirement, due to the random sign 
assumption, that the g,, occur only quadratically. We have then for the off-diagonal elements 


2ri 1 wt JVM ye 
be I ee 
D iT) 2D ry 
deW (e) 


2ri 1 sa 
Cave taeerGyre + Gcrqyee"}— f i ) 
D iT’) —~o €T (T>--T 5) id 
) 


“ 


© SUE xe wae i 
=— ( Dict lp )o( )) . (28) 
4D? Py 2D ete 


Assuming the number of resonances averaged over to be very large, we may disregard the restriction on the average 
in Eq. (28). This restriction has also been dropped in the following expressions for n+-m=4. 


mT rPref Tre Vac (TAP Pade (Tatla\ Ptr srt, 
mn fg Peter gg Tl a En ge 
spee\ r, le Pry 2D +r, 2D D 2D 2D 
"ee PtP, P+Ty) | | 
+—(I, Pet Poet ve)X( )\). (29) 
D 2’ 2» /i 


r PD ae TyeT yer Tatty rm Ty Dye 
(= 20/ ))+ ( Pele FD eT ve FD el vee FD pel ve ] 
sp? \7 rr 2D sp\ Py 


Ty, 


Po+r, T.t+r) r,—T, P+?) r,-T, r+, 
EE A aes 
2D 2D 2D 2D 2D 2D 
The corresponding expressions for the diagonal elements are 
us Pie us r,+T, 
2D\T, D 2D 
e Myeas SVT he T NE Grae te a 
(Uc? } v= — ( a )- Ptr X( ; )). 
ay’ Py 2D 2D 2D 2D 
Se sye Pielke, So xtls PrP ye Preyer r+", 
eee) eg te A 
sp\r, i 7, 2D r, ¢ Mtr, \ Ww 
rT a2 r+r, Ptr, r \! 
+3 rl’, x( ; ) terms of order( Pi) ) (33) 
D Ty 2D 2D D 
fT Puke gata «hie rr, Kt. <8, TPs 
( z. 20( )+s rt, x/ ; )-x( : : ) 
SPN Ty, « - 2D DT, 2D 2D 2D 2D 
r,-f, r,+Tr, T . 
-0( )o( : ) } terms of order I) ,’ (34) 
2D 2D D 


Additional terms of the second order in T',,/D occur in all quantities {U'™},,. Of these the only ones which make 
appreciable contributions are those due to {U"},, and {U'},,. These terms are, respectively, for both diagonal 
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and off-diagonal elements, 
rT + Pre lye Tye FP r,+T, ) 


SD 2D 


ea . id r+r, 
( > , (36) 
16D" lr) é' ; - 2D 


27) -(36) into Eq. (19) we obtain an expansion of the average of \U ? in ascending powers 


By substituting Eqs. (2 
.-)» The convergence of this expansion is of course governed by the results of the Appendix. However, here 


of T 


so much interested in the mere fact of convergence as in sufficiently rapid convergence so that the first 


we are not 
few terms yield a good approximation. In general this can be established by inspection of successive terms.” 


When the argument of the functions ® or W or X is ([\+T,)/2D, we may take advantage of the slow variations 
the small fluctuations of sums of widths—even for small numbers of channels—to 
Co 


of the functions as well as 
approximate the values of these functions by their values for the average of the argument, ¢ 


r.+r, (T,) 
db ~ op 
2D D 
the following cross-section expressions we make use of Eq. (37). In addition we set 2D | equal to 
zero and do not specify the argument (I), D of #, W. 


We thus obtain for the reaction cross section in units of rA2g. [Eq. | 18), (27)—(30), 


2d) J, using Eqs. 


a( 


and 37 


; fluc tuation cross section whi » used to obtain both the elastic and nonelastic cross sections 


ts of rA.7g 
1— (ry, )P+ (71, 7 3X i 


=4({ U ww? J= (ta \ 


Tr-0 T : TreTr (TA 
ie 2s rigp—} Te ie o—i >" 
ra s $ 1 haw ‘ 1 hw 
Tr \Tr 


(Tre? 


1 hw 16 hat hoe 
x Tr r Tr 


are based on the notion of independence of formation 
and decay of the compound nucleus on the average.” 


The lead : 
1s ¢ . . These latter formulas are 
resemble in form the Hauser-Feshbach relations which hese latter fo 
Ht ar ig 


r S 


V. DISCUSSION AND APPLICATIONS 


ing resonance terms in Eqs. (38) and (39) 


3 One be thought to give difficulty 
the form 
6." (compound elastic 


- 
r.—r,)¥(P,—P,/2D), A¥pn, _ 


I’, — 0 as a direct conse- Our results are 


27D 
he f seep sags er Bade seen to differ from these relations in 

quence of the fact that the spacing distribution law is linear for os ~ } P 
: l 1 . we ° = . . ‘ 1@ ras ‘ < vW , ae ari » the 
small spacings. When averaged over the distribution of width three Ways. Fir t, they differ by 1 a app — ol h 

, of course, finite and becomes large only _r, instead of the transmission coefficients 7'.. This dis- 
fr r\ rrow distributio rom the diecuesi : Rae . ° . ‘ ; . s 
ae Very Seerew Can From the discussion in Sec. If we tinction has been discussed in Sec. III. Secondly, the 
that for large numbers n of channels (where one might fear . ; rosin E “ 40) 
urrow distribution) the dispersion of the distribution of f,—Ir,  !unction of average resonance parameters in Eqs. 


if the order of 2(1P,)n-4~2((T,))-n4 and is therefore expected to 


: , 
which diverges loga 


aitterences the resuit 


find 


al 
2 W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952 


increase with increasing numbers of channels 
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and (41) is replaced by an average of the function in the 
leading terms of Eqs. (38) and (39). This “width fluc- 
tuation effect” has been discussed by a number of 
authors.”® *? Thirdly, there are the correction terms due 
to the higher order terms in the expansion of U. We 
shall discuss the consequences of Eqs. (38) and (39) by 
comparison with Eqs. (40) and (41). 

In order to perform the required averages of the 
functions of + which occur in Eqs. (38) and (39) it is 
necessary to integrate these functions over each partial 
width, weighting the integral with the normalized 
Porter-Thomas distribution function [Eq. (7) ]. These 
multiple integrals can easily be brought into the form 
of the following single integral. 


L 


f di i= 
kn/{r)™ (m—1)! 


0 


XI] (2k:—1)!! [14+ 247, (r) i = (42) 


where (2k—1)!!=1X35X---(2k—1) and (—1)!!=1. 
This expression can also be generalized for other 
distribution functions of the x? class discussed by 
Porter and Thomas.'? For a channel with widths 
distributed according to a x? distribution with pv de- 
grees of freedom, one replaces the corresponding factor 
(2k,—1)!![1+27,)/(7)} *-* in the integrand by 
P(v/2+k [0 (v/2) F(v/2)-* [14 2K 7,)/ (7) r,s In 
the case of radiative capture channels it is generally 
satisfactory to replace all capture widths by a single 
nonfluctuating width.** In that case the above factor 
for the capture channel y may be replaced with 
exp[ —¢(ry), (7) ]. Some of these integrals have been 
given in numerical and graphical form®* and numerical 
machine codes for their evaluation exist.2°?7 Graphs of 
two types of averages which are of interest in inelastic 
neutron scattering are shown in Fig. 5. These are the 
two-channel case and the three-channel case, where 
the third channel is nonfluctuating. It is seen there that 
for two channels with equal average widths, one obtains 
a maximum fluctuation effect of 


\TAcTX 


T r< 
and hence 


(43) 


rh, \2 


for (7) (rxcr). This result can be understood qualita- 


25 A. M. Lane and J. E. Lynn, Proc. Phys. Soc. (London) A70, 
(1957). 

6 L. Dresner, Proceedings of the International Conference on 
Neutron Interactions with the Nucleus, Columbia University, 1957 
[Columbia University Report CU-175, 1957 (unpublished) ], p. 71 

27 P. A. Moldauer, Bull. Am. Phys. Soc. 3, 18 (1958) and 4, 
475 (1959), see also references 29 and 30. 

28 For exceptions, however, see R. T. 


Carpenter and L. M. 
Bollinger, Nuclear Phys. 21, 66 (1960). 
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Fic. 5. Effect of width fluctuations on neutron inelastic scatter 


ing cross sections for two- and three-channel cases. Channel width- 


to-spacing ratios are denoted by x, y, and : 


tively by considering the fact that according to the 
Porter-Thomas distribution law, widths smaller than 
the average are much more likely to occur than widths 
which are larger than the average width. Hence under 
the assumption that the widths for channels ¢ and c’ are 
uncorrelated, the resonance A, for 
which both 7), and 7). are larger than their averages is 
unlikely. NOW rycTre(Trc+tTaA-") | is always less than the 
smaller of 7,-, 7Ta-, and therefore almost all resonances 


occurrence of a 


can be expected to contribute less than (7,,) to the 
average. However, 7,2(t,-+7,-')! approaches 7). in 
value when 7)- is large and therefore there will be an 
appreciable number of resonances contributing a value 
greater than (7,.) to the second average. 

In comparison to the Hauser-Feshbach relations the 
width fluctuation effect always tends to decrease the 
cross section for different entrance and exit channels and 
tends to increase the cross section for the same entrance 
and exit channels. The fluctuation effect for the more 
complicated functions occurring in the higher order 
terms in Eqs. (38) and (39) can, of course, go either way. 

The effect of these higher order terms on é,,.. has been 
calculated for the cases where ¢ and c’ are the only open 
channels and where there is a third channel with non- 
fluctuating widths and (7, (rrx-). It needs to be 
emphasized, however, that these results are only indica- 
tive of the order of magnitude of the correction and the 
convergence that may be expected. In cases differing 
appreciably in channel structure from those discussed 
here, the results may be quite different. Figure 6 shows 
the percent correction to the leading resonance term 
in Eq. (38) due to the higher order terms, for six cases 
falling in the above categories. The corrections are 
separated according to whether they arise from terms of 
the first order in any of the (7,.) or from terms of the 
second order. While the first-order contributions are 
essentially complete, second-order contributions are only 
those arising from {UU}... and {UW}... The contribu- 
tions of second order from higher terms in the expansion 
may be significant for the larger values of (7) but are 
smaller than the calculated contributions. The following 
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Fic. 6. Percent correction to the neutron inelastic cross section 
due to the higher-order terms in the scattering matrix expansion. 
r.)=2e(T,./D. (r)=2. (r.). 
general observations can be made from Fig. 6 and 
estimates of the higher contributions: (1) The expansion 
converges rapidly only when total and channel widths 
are not too large. The method can apparently be used 
fairly safely for (r)<1.5 which is about half the value 
for which the expansion converges. (2) The correction 
terms are largest and positive when the widths of the 
participating channels are small compared to the total 
widths. (3) Magnitudes of the corrections in the range 
of rapid convergence go up to about 50%. They can 
therefore be comparable in importance to the fluctua- 

tion correction. 
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Fic. 7. Comparison of calculated with measured Zr%(n,n’y) 
excitation curves. The solid curves are calculated according to 
Eq. (38). The dashed curves were computed using transmission 
coethicients 
throughout 
see reference 33) and 


Optical model parameters of reference 32 were used 
The data points are by D. A. Lind and R. B. Day 
tx[do(n,n'y)/d2](90°). The 
decay scheme was inferred from the data. 


represent 


The corrections to the fluctuation cross section Eq. 
(39) are similar to the appropriate cases in Fig. 6 except 
that the second-order terms are somewhat smaller. 

The above results have been used for the analysis of 
measured neutron inelastic scattering cross sections? 
and for the estimation of such cross sections.” Here we 
present only the results of calculations for neutron 
inelastic scattering from Zr”, which is a particularly 
appropriate isotope.*! According to the calculations of 
Campbell, Feshbach, Porter, and Weisskopf®* their 
diffuse surface optical model gives a good account of 
both the total neutron cross section and the elastic 
scattering angular distribution for neutrons in the 
low Mev region scattered by Zr. The p-wave strength 
function according to that model is shown in Fig. 1. 
The s- and d-wave strength functions are very low. The 
f wave also has a giant resonance here but the f-wave 
neutron penetrability P; is down by at least a factor of 
ten from the p-wave penetrability P; for energies up to 
2 Mev. This, together with the level structure of this 
even isotope (see Fig. 7) causes almost all fast neutron 
scattering to proceed through compound states of odd 
parity which decay predominantly through p-wave 
emission to the various levels of Zr”. Furthermore, the 
p-wave strength function decreases with energy as more 
inelastic channels are opened, thus limiting the increase 
in total width. As a result, the equations derived above 
may be used with confidence up to the vicinity of 2 Mev. 
The results of such a calculation including neutron 
channels up to /=6 are compared in Fig. 7 with (n,n’) 
y-ray excitation data obtained by Lind and Day.* The 
dashed curves were obtained by using 7 
in the formulas. The higher order correction terms give 
relatively small contributions in this case. Omission of 
the width fluctuation effect would cause the curves to 
rise much more steeply and give substantially higher 
cross sections. In these calculations the same optical 


instead of (7,) 


model has been used to describe the excited states as 
was used for the ground state. This procedure generally 
appears to give satisfactory results. 


The width fluctuation effect on average neutron 


2 A. B. Smith, Bull. Am. Phys. Soc. 5, 19 (1960), A. B. Smith 
and P. A. Moldauer, ibid. 5, 409 (1960). Results of these and other 
calculations will be published in the near future 

# P. A. Moldauer, Proceedings of the Conference on the Physics 
of Breeding, Argonne National Laboratory Report ANL-6122, 
1959 (unpublished), p. 67; and S. Yiftah, D. Okrent, and P. A 
Moldauer, Fast Reactor Cross Section Pergamon Press, New 
York, 1960). 

31 Entirely analogous results were obtained for Zr™, 

3 E. J. Campbell, H. Feshbach, C. E. Porter, and V. F. Weiss 
kopf, Massachusetts Institute of Technology Laboratory for 
Nuclear Science Technical Report No. 73, 1960 (unpublished). 

#D. A. Lind and R. B. Day (to be published). The data points 
in Fig. 7 represent 47 times the differential cross section at 90 
The angular distribution of the gamma rays tends to be peaked 
in the forward-backward directions for the 2+ — 0+ transitions 
and at 90° for the 24 transition. To obtain the correct 
total cross section the points shown for the 0.93- and 1.84 Mev 
gamma rays should be increased just above threshold by up 
to 30% and by less at higher energies [R. B. Day (private 
communication) ] 


> 24 





THEORY OF AVERAGE 
capture cross sections has been discussed in the refer- 
ences of footnotes 25, 26, 27. It reduces the cross section 
by at most 32% when the neutron channel width is the 
same as the total radiation width and by less otherwise. 
The magnitude of the average neutron width affects 
the radiative capture cross section substantially only 
at energies where the neutron width is of the same order 
of magnitude as the total radiation width or less. Since 
[',/D is always quite small, the distinction between 
(r,-) and T, in that energy region is negligible. That 
distinction may, however, affect the capture cross sec- 
tion above an inelastic threshold through its effect on 
the average total width. It may therefore tend to 
produce a somewhat sharper decline of the capture cross 
section above such thresholds. Finally, the effect of the 
higher order terms on the capture cross section is small 
because of the small values of T',/D. 
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APPENDIX: CONVERGENCE OF THE 
THOMAS EXPANSION 


We shall discuss here convergence conditions for that 
part of the expansion in Eq. (9) containing the gy. only 
quadratically. This restriction means that the general 
term 


> AnKAnwxK++ + KAA (A.1) 


NAA 


can be rearranged so as to consist of a sum of products 
of diagonal elements of the A matrices [Eq. (10) ]. The 
magnitude of (A.1) is overestimated if we perform the 
implied sum over channels by evaluating each A,°* for 
the channel c(A) with the largest partial width P,.(,) and 
multiply the resulting product by an average correction 
factor to account for the terms arising from the presence 
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of the other channels. In this way one obtains for (A.1) 


(Ty Tye) ie > (@ryQro-** Gia (A.2) 


AimAG4+1 
where 
RT. d) 
E,—E-4r) 


Here (f/T,-)) may be looked upon as an average 
effective number of channels contributing to the total 
width of each resonance. Because of the large fluctua- 
tions in the channel widths, this effective channel 
number is always considerably smaller than the true 
number of channels, even when the average channel 
widths are of comparable magnitudes. Thus, for two 
channels of equal average partial widths, one obtains 
from the Porter Thomas distribution (1,/T\-a@))=3}+2/4 
~1.137. For large numbers of equal average width 
channels, one may estimate the effective number of 
channels to be of the order of one half the actual number 
of channels. This number is further reduced by any 
differences in the average partial widths. 

To perform.the sum over resonances in (A.2) we 
initially evaluate that expression at E=EF, (yu is any 
one of the A,) and treat all resonances other than p 
statistically, disregarding for these latter the restrictions 
on the sum over resonances. Again we thereby increase, 
if anything, the magnitude of the term. Substituting 
this expression immediately into Eq. (9), we have 


n—p+-1 
Wee(Eu)~ 20 (Pa/T rea)” LU ( ) 
n p p 


X[@,(E,) CX @(E,)]"-. 


\Hu 


(A.4) 


n—p+ 


The binomial coefficient (""}*") occurring here is just 
the number of ways in which @, can occur p times as a 
factor in expression (A.2) without the occurrence of any 
adjacent factors @,.*4 Rearranging (A.4) by summing 
over p and t=n—p+1, one obtains 


> (P/Tacw) X @\(E,)L1+(y/Tace) @,(E,) |}! 
t 


Au 


U.-c(E,)~ 


Here we have, by Eq. (A.3), 


Q@, (Ey) = —Tyew/T (A.6) 
Provided there is no unusual accumulation of resonances 
at E&,, the sum over other resonances can be treated 
statistically 
+s 

> @(F,) (f d(Fy— E,W (Ex Fy)@(Es)) 
Nu z r 

Tv 

— (Py. 
) 


D)®(T)/2D)),,  (A.7) 


(T)/T yea) , ® @(E,) 


(A.5) 
Au 

where we have made use of Eq. (24). A condition for 

the convergence of U,, at EZ, is now that the magnitude 

of the general term of the geometric series in Eq. (A.5) 

be less than unity. Substituting therefore (A.6) and 

(A.7) into (A.5) we obtain the condition 


4 To show this, call the desired number C," and write the recur- 
sion relation Cp"=C,” '+C,_i" *. Iterating this kR—1 times, one 


obtains 
k ; 
Cita SD k Copa ggt2ktm 
: m=o \M . aes i 


By extending the definition of C to Co"=1 and Cpeo"=0 for all n 
and choosing k=n—p+1, one obtains the above result. 
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(A.8) 


To remove the restrictions placed on the resonance 
structure at £,, we must consider the following possible 
cases: (1) A second resonance v has an £, unusually 
close to E,. (2) A resonance lying close to EZ, has an 
unusually large width [ycca). (3) Uce is evaluated at an 
off-resonance energy E. For cases 1 and 2 we must add 
to the factor (#/2)(Ty/ Taecay)(Pacay/ D®) the expressions 
l,-~)/T, or T, 2D, respectively. Case 3 is accounted 
for by setting [,-;,)/T,=0. 

As in Sec. IV we now take ® outside the averaging 
sign and we also replace ['\.;4)/ D by its maximum value 
lr, D. Then, supposing (T,/T,-)) to be less than 2, 
1—(TPy/ Prec) Puecuy/ Ty! will always be 
A.8) the convergence 


he expression 
ess than 1. We find then from 
condition 


+ 
t 
} 
I 


4 

D)®((T\)/2D)- : (A.9 
r,/T, 

that this is satisfied if 


(A.10) 


Consulting Fig. 3, one sees 
l,)/D<} for (Tx/Trewm) <2, 

which is a reasonable limit on the effective channel 
D~1. If the effective channel 
D may approach unity. Also if 


number up to (I) 
number its 1 then (T) 


(Py) (Pacay) is appreciably larger than unity, the limit 
on (I',)/D is increased by a corresponding factor. 

Of the three alternate conditions enumerated above, 
the third one does not affect our conclusions provided 
(T,/T yey) <2, while the second one affects condition 
(A.10) only slightly. Because of the level repulsion 
effect, the first alternate condition may be expected 
to be applicable only when (I',) approaches D. It there- 
fore gives a convergence limit of the same order of 
magnitude as (A.10). However as (I',)/D increases be- 
yond unity, the overlapping resonances at any energy 
give rise to rapidly increasing numbers of terms making 
large contributions to expression (A.1), causing the 
series to diverge. In fact for (['\)>D the expression 
(A.1) approaches ((I',)/D)” in order of magnitude. 

In view of the several approximations made in deriv- 
ing Eq. (A.5), it is reasonable to conclude that in 
general the series converges and the results of Sec. III 
are valid when the average total width is less than the 
average level spacing and the effective number of 
channels is less than about two. 

A second method proposed by Thomas,* employing 
the channel elimination method, leads to an expansion 
of the R matrix which may under certain conditions 
have a much larger range of validity than that indicated 
above. However, in performing the inversion of this 
R-matrix expansion which is still necessary to obtain 
an explicit scattering matrix, one is again left with an 
expansion whose convergence characteristics are very 
similar to those obtained here. 


ee 


M | i2 


3 N I 


MBER 3 


Decay of Tm'’*+ 


R. G. HELMER* 


aND S. B. Burson 
irgonne National Laboratory, 


Argonne, Illinot 


Received March 16, 1961) 


successive 
rbium oxide enriched in Er'”®’. The 
Materials Testing Reactor at Arco, 


these samples 


sTm!* was produced by 


thulium activities, 


nants. Pure thulium sources were 


column. Studies were con 
scintillation spectrometer 

presence of at least 17 gamma 

he beta-ray spectrum was studied 
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r program compiled by the authors 
of the Argonne Applied Mathe 


me proposed for Yb!” has states 


INTRODUCTION 
Previous Studies 


HE radioactive nuclide ¢4Tm'”, which decays to 
Yb!” by 3 emission, has been reported by 


Nethaway et al.! They obtained this isotope from the 
+ Work performed under the auspices of the U. S. Atomic 
Energy Comn 


* This material has been subn 


ission 


itted in partial fulfillment of the 


0.260(4° 
Mev. The 
The experimental data 
etation that 
the first two excited states are members of a A =0 rotational band 
based on the ground state. The states at 1.46 and 1.54 Mev are 
interpreted as members of a rotational band with A=2. The 
states at 1.60 and 1.73 Mev are tentatively interpreted as members 
of a rotational band with K =0 and negative parity. It is suggested 
that the state at 1.17 Mev has K=3 
beta spectrum it is concluded that the ground state of 
has /=K =2 and negative parity 


with energies, spins, and parities ot 0.0(0*), 0.079(2 

1.17(3), 1.46(2), 1.54(3), 1.60(1), 1.64(?), and. 1.73(3 
total decay energy is found to be 1.88 Mev 
are consistent with the 


previously proposed interpt 


From the analysis of the 
thulium 


decay of Er'” which was produced by two successive 
neutron captures in stable Er'”. The thulium activity 
was identified by its genetic relationship to the Er!” 
activity. The mass assignment was verified by time-of- 
flight isotopic separation. The half-life of thulium was 
requirements for the Ph.D. degree at the University 
Ann Arbor, Michigan 


1D. R. Nethaway, M. C. 
Rev. 103, 147 (1956 


of Michigan, 


Michel, and W. E. Nervik, Phys 
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measured to be 63.6+0.3 hr. Gamma rays of 0.076, 
0.18, 0.40, 1.09, 1.44, and 1.79 Mev were reported. 

Excited states in Yb!” are also populated by electron 
capture in Lu'™. The latter activity has been studied 
by several groups.?-* Wilson and Pool? have proposed 
a decay scheme with excited states at 0.079, 0.260, 
0.530, 1.172, 1.283, 1.375, 1.662, (1.699), and 2.072 
Mev. They have assigned spins, A values, and parities 
to all of these states except the one at 1.699 Mev. 

Vole added in proof. The work of C. J. Orth and B. 2 
Dropesky, “Decay of Er!” and Tm'”,” Phys. Rev. 122, 
1295 (1961), which appeared after this report was ac- 
cepted for publication, is in substantial agreement with 
our results. 


Source Production 


The source material used throughout this investi- 
gation was Er.O; enriched to 87% in Er!”. The ir- 
radiations were made primarily in the Materials Testing 
Reactor, Arco, Idaho, in a flux of approximately 2X 10" 
neutrons cm sec’!. A few irradiations were made in 
the Argonne CP-5 reactor in a flux of 3X10". 

The activities of interest in this study are related as 
follows. 


7.5 hr {50 hr 


(n,¥ 
> 


Tm!” ——> Tm!” 


B-\2 yr 


. 


Yb" 


3B \64 hr 


Yb!” 


In addition to the above activities, observable 
amounts of Tm!” (125 day), Er'®’ (9 day), Yb'® (35 
day), Yb'7> (4 day), Ho’ (1 day), and Sc* (85 day) 
were present. Because of these contaminants, in addi- 
tion to the Er!” and Er'”, chemical separations were 
made to produce pure thulium. For this purpose an 
ion-exchange column was used. The details of this 
procedure, as well as the methods of preparing the 
sources for the scintillation and beta-ray spectrometers 
are presented in Appendix I. 

The 2-yr activity in Tm'” is characterized by beta 
rays of 30 and 100 kev and a 0.067-Mev gamma ray. 
Their presence did not interfere with the measurements 


2R. G. Wilson and M. L. Pool, Phys. Rev. 118, 1067 (1960). 

3. J. W. Mihelich, B. Harmatz, and T. H. Handley, Phys. Rev. 
108, 989 (1957). 

‘Tu. G. Bobrov, K. La. Gromov, B. S$. Dzhelepov, and B. K 
Preobrazhenskii, Izvest. Akad: Nauk S.S.S.R., Ser. Fiz. 21, 940 
(1947) [translation : Bull. Acad. Sciences U.S.S.R. 21, 942 (1957)]; 
V. M. Kellman, R. Ia. Metskhvarishvili, B. K. Preobrazhenskii, 
V. A. Romanov, and V. V. Tuckhevich, Zhur. Eksptl. i Teoret. 
Fiz. U.S.S.R. 35, 1309 (1958) [translation: Soviet Phys.—JETP 
35, 914 (1959) ]; L. T. Dillman, R. W. Henry, N. B. Gove, and 
R. A. Becker, Phys. Rev. 113, 635 (1959). 
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made in this study. The only remaining corrections 
were for the 0.965- and 0.88-Mev beta rays and 0.084- 
Mev gamma ray associated with the decay of Tm!”. 


Apparatus 


In this investigation, three instruments were used: 
180° magnetic internal-conversion-electron spectro- 
graphs, a 180° magnetic beta-ray spectrometer, and a 
256-channel scintillation coincidence spectrometer. The 
scintillation spectrometer is used for both gamma- 
gamma and beta-gamma coincidence measurements. 
The gamma-ray detectors are 2}-in. cubic NalI(TI) 
crystals; an anthracene crystal ;’s in. thick by 1} in. 
in diameter is used as a beta-ray detector. For co- 
incidence experiments, a single-channel pulse-height 
analyzer and “‘fast-slow”’ coincidence circuit (27=40 
nsec) are used to gate the multichannel analyzer. 


EXPERIMENTAL RESULTS 


Studies of Internal-Conversion Electrons 


Internal-conversion-electron groups were observed 
that correspond to the A, Ly1, Lit1, M, and NV lines for 
a 0.0787-Mev transition and to the A and L lines for a 
0.181-Mev transition. All of these lines have been 
reported’ previously in the studies of Lu'™. In addition, 
a weak conversion line was observed which corresponds 
to the A-conversion group for a transition of about 
0.145 Mev. As will be seen, the existence of this tran- 
sition is verified by coincidence measurements. 

Visual estimates of the relative intensities of the 
lines indicate that these results support the previous 
assignments of /2 character for both the 0.079- and 
().181-Mev transitions.’ 


Scintillation Studies 
Singles Spectrum 


The gamma-ray spectrum is shown in Fig. 1. The 
light lines. show the energies and intensities of the 
individual components that are presumed to be present. 
It should be emphasized that this figure does not 
constitute an independent decomposition of the total 
singles spectrum. Rather, it represents more nearly a 
synthesis in which the relative intensities and approxi- 
mate energies of many of the constituents are taken 
directly from the coincidence experiments. For example, 
the relative intensities of the 0.91-, 1.19-, 1.28-, 1.37-, 
and 1.47-Mev transitions are imposed from the values 
derived from the spectrum in coincidence with the 
().181-Mev transition. The heavy line, which is to be 
compared with the experimental points, represents the 
sum of the individual gamma rays shown. The spectral 
shapes of single gamma rays were interpolated from 
those of V* (1.42 Mev), Na™ (1.28 and 0.511 Mev), 
Zn® (1.12 Mev), Cs" (0.662 Mev), and Ce! (0.142 
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Fic. 1. Gamma-ray spectrum of Tm'”. The dashed line in (a) represents the sum of the gamma rays whose energies are above 0.2 Mev. 
The heavy line, which is to be compared with the experimental points, represents the sum of the individual gamma rays shown. 


Mev). A summary of the relative photon intensities 
calculated from this spectrum is given in Table I.5 


Gamma-Gamma Coincidence Experiments 


A large number of coincidence measurements were 
made in order to determine the energies and intensities 
of the radiations present, as well as to determine their 
positions in the decay scheme. 

In order to ascertain the coincidence relationships 
between the radiations with energies above 1 Mev and 
those below 0.4 Mev, the region between 1.1 and 1.6 
Mev was scanned with the single-channel analyzer. A 
window approximately 35 kev wide was used and 13 


® During a recent conversation, P. Gregers Hansen of the 
Chemistry Division, 


) Atomic Energy Commission, Research 
Establishment Ris¢g, Roskilde, Denmark showed the authors a 
gamma--ay spectrum measured with a three-crystal pair spec 
trometer. This spectrum exhibited four well-resolved gamma rays 
that the authors interpreted as those corresponding to the four 
strongest photopeaks in this decomposition above 1.2 Mev (i.e 
the 1.38-, 1.46-, 1.52-, and 1.60-Mev transitions). 
noted in support of the foregoing analysis 


This fact is 


coincidence spectra were taken. Figure 2 is an example 
of this series. This spectrum, taken in coincidence with 
the pulses in the energy interval between 1.46 and 1.50 
Mev, was selected because the photopeak at 0.14 Mev, 
which was not apparent in the spectrum, 
demonstrates the existence of a gamma ray of this 
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Fic. 2. Gamma-ray spectrum in coincidence with pulses in the 
range from 1.46 to 1.50 Mev 
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energy. (The observation of AK-conversion electrons for 
this transition has been noted above.) The analysis of 
the 13 coincidence spectra is presented in Fig. 3. The 
intensities of the three low-energy transitions (0.079, 
0.14, and 0.181 Mev) are plotted as functions of the 
energy corresponding to the center of the single-channel 
window. The dashed lines indicate the energies and 
intensities of the individual radiations presumed to be 
present. The interpretation of these spectra is presented 
in the succeeding paragraphs. 

The relationships suggested by the abeve data were 
further studied by setting the single-channel window 
on each of the three low-energy photopeaks. The results a alt 
of these runs are presented in Fig. 4. As before, the SEE oo Grote! i= 
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TABLE I. Gamma-ray energies and relative intensities calculated 
from the decomposition of the scintillation spectrum. 
Transition energy 

(Mev) Relative photon intensities 
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+0.015 93 +15 Fic. 4. Gamma-ray spectra in coincidence with (a) the 0.181 
+0.025 44+ 1 Mev, (b) the 0.079-Mev, and (c) the 0.14-Mev transitions. In 
+0.02 8 +1 curves (a) and (c), the 1.09-Mev photopeak is interpreted as 
+0.03 being due to coincidences with back-scattered radiation from 
+0.01 gamma rays whose energies are from 0.4 to 0.5 Mev. The dotted 
1.00 +0.02 curve represents the radiations, which are in coincidence with the 
0.91 +0.01 0.079-Mev transitions via the 0.181-Mev transition. This curve 


0.51 +0.025 represents coincidences with the 0.181-Mev gamma ray. 
0.46 +0.025 


0.39 +0.03 
0.181-+0.004 
pe gg 7 412 In the spectrum of radiations in coincidence with the 
* ag ‘i 63 aah photopeak at 0.181 Mev, Fig. 4(a), the peak at 1.09 

Mev is interpreted as being due to coincidences with 
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backscattered radiation arising from gamma rays of 
0.35-0.50 Mev. (It will be shown later that these 
coincidences exist.) This interpretation is supported by 
the absence of a corresponding peak at 1.09 Mev in 
Fig. 3(a). With the exception of the 1.09-Mev photo- 
peak, the curves in Figs. 3(a) and 4(a) are practically 
identical. Therefore, it is concluded that the 0.181-Mev 
transition is in coincidence with gamma rays at 1.47, 
1.37, 1.28, 1.19, and 0.91 Mev. 

The gamma rays of 0.079 and 0.181 Mev are in 
cascade. (The experiments demonstrating this relation- 
ship are not described.) From their intensities as well 
as the studies? of Lu'”, it is apparent that the 0.079- 
Mev transition goes to the ground state, and the 0.181- 
Mev transition goes from the second excited state at 
0.260 Mev to the 0.079-Mev level. Therefore, the 


TABLE II. Gamma-gamma coincidences observed and relative 
gamr calculated from these data. 


g na-rav inter 


Relative photon 
intensities 


4 
18 
33 
14 

100.0 


13 
81 
31 
83 

100.0 

100.0 
100 
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Fic. 5. Gamma-ray spectrum in 
coincidence with the 1.09-Mev 
transition. 
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spectrum in coincidence with the 0.079-Mev photopeak, 
Fig. 4(b), also shows the radiations found in coincidence 
with the 0.181-Mev transition [Fig. 4(a)]. The re- 
sulting analysis of Fig. 4(b) indicates that the 0.079- 
Mev level is fed directly by transitions of 1.56, 1.52, 
1.45, 1.38, and 1.09 Mev. Again the data in Fig. 3(b) 
are consistent with this interpretation. 

When the single-channel window is set to bracket 
the region of the weak 0.14-Mev radiation, most of the 
pulses registered arise from the spectral background. 
In Fig. 4(c) the dotted curves correspond to radiations 
that are interpreted as resulting from coincidences with 
this spectral background. The peaks at 1.46, 1.38, and 
1.19 Mev are interpreted as representing gamma rays 
which are in coincidence with the 0.14-Mev transition. 
These conclusions are supported by the spectrum in 
Fig. 3(c). 

One observes the spectrum shown in Fig. 5 when the 
single-channel analyzer is set to bracket the 1.09-Mev 
photopeak. This indicates the 1.09-Mev transition is in 
coincidence with gamma rays at about 0.52, 0.48, 0.42, 
and 0.38 Mev as well as 0.079 Mev. The peaks at 0.181 
and 0.14 Mev are due to coincidences with higher 
energy transitions whose Compton distributions are 
counted in the single-channel window. The unresolved 
radiations below 0.35 Mev may be in coincidence with 
either the 1.09-Mev gamma ray or the underlying 
Compton distributions. When the single-channel win- 
dow is moved to the 0.91-Mev photopeak, the observed 
spectrum is similar to this one, except for a strong 
0.181-Mev peak. Therefore, it is concluded that the 
0.91-Mev transition is also in coincidence with the 
gamma rays of 0.52, 0.48, 0.42, and 0.38 Mev as well 
as those of 0.181 and 0.079 Mev. 

All of the coincidence data are summarized in Table 
II. Relative calculated from 
these coincidence spectra are also given. 


gamma-ray intensities 
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Beta-Gamma Coincidence Studies 


The energies of the beta rays in coincidence with the 
dominant gamma rays were measured by absorption 
in aluminum. From these data, end-point energies were 
determined for the beta rays in coincidence with the 
gamma rays of 0.079, 0.181, 0.91, 1.09, 1.38, 1.46, 1.52, 
and 1.60 Mev. The analysis of the data in the energy 
interval from 1.3 to 1.6 Mev required a decomposition 
of the coincidence spectra into individual components. 
The results of these coincidence measurements are 
summarized in Table III. 

From the relative gamma-ray transition intensities, 
together with the beta-gamma coincidence data, it 
follows that the beta-ray branches of (1.72+0.12) and 
(1.83+0.07) Mev, in coincidence with the 0.181- and 
0.079-Mev gamma rays, are in fact two different 
transitions. . 

The proposed decay scheme requires the 0.079-Mev 
gamma ray to be in coincidence with beta-ray branches 
of about 0.71, 0.42, and 0.28 Mev in addition to the 
one listed at 1.83 Mev. These were not observed because 
of the presence of stronger coincidences between the 
0.084-Mev gamma ray of Tm!” and a 0.88-Mev beta- 
ray component. 


Beta-Ray Spectrum 


The Fermi plot of the beta-ray spectrum of Tm!” is 
shown in Fig. 6. In the original data, more than 15 000 
counts were collected at each point below 1.3 Mev. 
This spectrum includes the long-lived Tm!” which has 
beta-ray branches of about 0.96 and 0.88 Mev. 

\s noted in the previous section, it was concluded 
from the analysis of beta-gamma coincidence data, 
together with the proposed decay scheme (Fig. 7), that 
there are two beta-ray transitions, differing in energy 
by 0.1815 Mev; the end-point of the higher energy 
branch is about 1.80 Mev. These two transitions go to 
the 0.260- and 0.079-Mev levels. The ground-state 
beta branch, if present, would then have an energy of 
about 1.88 Mev. The data in Fig. 6 are not sufficient 
to allow differentiation of these three components (1.e., 
conventional analysis is not possible). 


TABLE III. Summary of beta-gamma coincidence results 


Coincident beta-ray 
energies 


(Mev) 


Gamma-ray energy 
(Mev) 


0.30+0.04 
1.43+0.03 


.74+0.06 


1 
~~) 
~0.3 

0.079 1.8 


+(0).12 
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Fic. 6. Fermi plots of the beta-ray spectrum of Tm'?. The 
components shown in the middle diagram are associated with the 
decay of Tm! 


This spectrum was analyzed by use of a computer 
program (discussed in Appendix II) that has been 
developed for the analysis of beta-ray spectra. Portions 
of the data were fitted with the function 


> m; f(e;—©)*{ 1—a;) 


ta; (€ —€ Lot+9L, ]}, (2) 
where the parameters to be varied are the m,*, €;, and 
a;. (Here m; is the slope of the linearized Fermi plot 
for the jth component, €o is the end-point energy, and 
a is related to the fraction of the component that is 
unique first forbidden.) The parameters are varied in 
order to minimize the function y?= 0, [((V,—N,)/o, P, 
is the experimental counting rate, N; is the 
counting rate calculated from (2), and a, is the standard 
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Fic. 7. Proposed decay scheme 





for Tm'”. The relative transition 
intensities (1000 total decays) are 





shown in parentheses. All energies 
are in Mev. The beta-ray branches 
denoted by an asterisk were not 




















observed experimentally, but were 
inferred from the gamma-ray in- 
tensity data. 


























The data above 1 Mev were fitted on the assumptions 
of the presence of one, two, three, and four components 
J=1, 2, 3, and 4). The end-point energies were related 
by €o:—€92=0.1815 Mev for J=2, and €:— €92=0.0787 
Mev and €9:—¢€93=0.2602 Mev for J=3 and J=4, 
respectively. Thus, except for the case of J=4, there 
is only one independent energy parameter. The re- 
sulting values of €9;, a; and the relative intensities are 
given in fits Nos. 14 in Table IV. The value of x? is 
given in column 7. Column 8 gives the probabilities p 
that any one set of experimental data from a large 
group of such sets would give a better fit to the assumed 
function. 

In Table IV the uncertainties in the energies are 
those computed by the program, and include no 
systematic errors. The uncertainties in the relative 
intensities are calculated from the errors in the corre- 
sponding m7 only, and neglect the effect of the errors 
in €o; and ay. 

It is concluded from the data in Table IV that a 
beta transition to the ground state exists. This con- 
clusion is based on the decrease in p in going from the 
fit with two components to that with three. As shown, 
the addition of a fourth component in this region does 
not further decrease the value of p and, in fact, the best 
fit is with zero intensity for a fourth component. 

For the best fit, that with three components, the 
value a2=0.63 indicates that the second beta branch 
probably consists of a combination of an allowed shape 
and a unique-first-forbidden’ shape. The intensity of 
the allowed portion is (6+6)% of the total intensity. 
Therefore, this branch has predominantly unique-first- 
forbidden character. It should similarly be noted that 
the value a =a 
} 


1.0 means that these components 
ive unique-first-forbidden character. 


Below 1 Mev, the analysis of the Tm'” spectrum is 
hampered by the presence of the Tm'” spectrum con- 
sisting of two beta-ray components of about 0.96 and 
0.88 Mev. The energy difference €o4— €0s, as determined 
from the reported gamma-ray energy, is 0.0842 Mev. 
The spectrum of Tm!” has been studied by several 
groups.*-* Two of the more recent results®’ agree that 
the 0.88-Mev component constitutes about 24% of 
the total intensity and that its Fermi plot is linear. 
However, these reports®? do not agree as to the shape 
of the Fermi plot of the 0.96-Mev transition. Pohm 
et al.6 report that this component is linear (ag=0). The 
shape reported by Graham ef al.’ can not be expressed 
exactly in the form of Eq. (2); that is, it is not a linear 
combination of allowed and_ unique-first-forbidden 
shapes. 

Because of this uncertainty in the shape of the Fermi 
plot of the 0.96-Mev transition, it is not possible to 
analyze the remainder of the spectrum unambiguously. 
Two attempts were made to fit the spectrum between 
0.71 and 0.96 Mev. In the first case, the values of a, 
and a; were allowed to vary (e.g., see fit No. 5 in Table 
IV). The resulting parameters agree with the previous 
data®’ in that the 0.88-Mev component is linear (a;=0) 
and has an intensity of (23+10)%. On the other hand, 
the shape of the 0.96-Mev branch is nonlinear 
(a,=0.23), which is not in agreement with the results 
of Pohm et al.,® but is in accord with the nonlinearity 
observed by Graham ef al.? The second fit to the data 

6A. V. Pohm, W. E. Lewis, J. H. Talboy, and E. N. Jensen, 
Phys. Rev. 95, 1523 (1954) 

7R. L. Graham, J. L. Wolfson, and R. E 
30, 459 (1952) 

®See Nuclear Data 


National Research Council 
Washington, D. C.). 


Bell, Can. J. Phys 


Sheets, National Academy of Sciences, 
U. S. Government Printing Office, 
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TABLE IV. Summary of computer fits to the beta-ray spectrum of Tm!”. The decomposition shown in Fig. 6 corresponds 
to results in fits Nos. 3, 5, and 6. 


Parameters from fit 
Energy 
(Mev) a 


Number of 
components 


Fit Energy range 
number (Mev) 


1 1.00-1.87 1 
2 1.00-1.87 2 


Intensity 
(arbitrary ; r 


1.847+0.003 0.30 4.6+0.7 0.99995 


1.852+0.003 1.0 4.2 +0.1 
1.671+0.003 1.0 0.7 +0.1 


1.880+0.011 1.0 
1.802+0.011 0.63 
1.620+0.011 1.0 


1.880+0.011 1.0 2.1 +0.7 
1.802+0.011 0.63" 2.6 +0.5 
1.620+0.011 1.08 0.07 +0.2 
0.0 0.0 0.0 
1.880* 1.0 2.18 
1.802" 0.634 

1.620° 1.0 

0.962+0.004 0.23 

0.878+0.004 0.0 

0.710 0.08 


0.995 


1.00-1.87 2.1 +0.7 
2.6 +0.5 


0.07+0.2 


0.38 


0.46 S880" 1.04 
802" 0.63% 
620" 1.08 
962 0.238 
878" 0.08 
7108 0.0 
420" 0.0" 
340" 0.08 
2808 0.08 
240+ 0.08 
880" 

802" 

6208 
963+0.004 
878+0.004 
710 


S80" 1.08 

802" 0.63% 
1.620" 1.08 
0.963* 0.08 
0.878" 0.08 
0.710" 0.0 0.66+0.4 
0.4208 0.08 1.8 +0.4 
0.2808 0.0% 2.0 


0.46-0.98 1.08 
0.63% 
1.08 
0.08 
0.08 
0.08 


0.18—-0.46 


* These parameters were not allowed to vary. 


>» These intensities are expected to be too large because of the presence of electron scattering in the source at low 


in this region (see No. 7, Table IV) was made on the 
assumption that both components are linear (as=a5 
=(). The quality of the fits, as given by the values of 
p, gives no basis for a choice between these two cases, 


forbidden character. Therefore, the corresponding a; 
were all set equal to zero. Also, the end-point energies 
of all the branches were fixed at those values deter- 
mined from the gamma-ray energies together with the 


except that in the former case the relative intensities 
are in better agreement with the experimental results. 
However, this is not sufficient to discard the second fit, 
for the following reason. The total Fermi plot pub- 
lished by Graham et al.’ appears to be almost linear. 
Thus, a combination of two linear components might 
very well result in a good over-all fit to the experimental 
data but still contain a large error in the relative in- 
tensities. Therefore, the analysis of the spectrum below 
0.71 Mev was carried out for both of these cases. 

The beta-ray intensities, as derived from the gamma- 
ray intensities, suggest that all the components below 
0.8 Mev (see Fig. 7) have allowed or ordinary-first- 


proposed decay scheme. The resulting relative inten- 
sities are given in fits Nos. 5, 6, 7, and 8 in Table IV. 
The two sets of relative intensities for the components 
below 0.8 Mev, corresponding to as=0 and a,=0.23, 
agree within one standard deviation. However, the 
intensity of the 0.71-Mev component calculated with 
as=0.23 is in much closer agreement with the value 
calculated from the gamma-ray intensities. Therefore, 
the values from this decomposition (Nos. 3, 5, and 6) 
are shown in Table V and Fig. 6. 

The end-point energies, relative intensities, and log ft 
values are shown in Table V. It should be noted that 
the relative intensities from the analysis of the beta-ray 





G. HELMER 


TABLE V. Summary of beta-ray components. 


Relative intensity 
From beta 


spe ctrum 
percent 


From gamma 
intensities 


percent 


Energy 
(Mev 
88+0.02 
SO 

61 


0 24+ 8 
: 29+ 6 
1+ 3 
2 - 6 
5 


) 
) 


71 


1 
42 1 i 


28 13 


24 


spectrum are in excellent agreement with those com- 
puted from the gamma-ray intensities. 

The statistical evaluation of the fit to the complete 
spectrum is compatible with the data. For 68 experi- 
mental points, is 47.9. For 17 variable 
parameters this corresponds to p=0.36; that is, the 


the value x? 


probability of obtaining a better fit is only 36% 

The logft values of the three highest energy tran- 
have unique-first-forbidden 
This conclusion is supported 


sitions indicate that they all 
character (AJ=2, 
by the spectral shape, at least for the two higher energy 
The logft values of the lower energy 
transitions all lie in the range from 6 to 8, which 
normally corresponds to ordinary-first-forbidden tran- 
sitions (AJ=0 or 1, yes). 


yes). 


components 


DECAY SCHEME 
Construction of Level Scheme 


The proposed dec ay x heme is shown in Fig. 7. The 
existence of levels at 0.079 and 0.260 Mev is in agree- 
experimental data 
Coulomb excitation experiments’ suggest the presence 
of an excited state at 0.079 Mev in Yb!”*. As previously 


ment with a diverse group of 


9 


he internal-conversion-electron data indicate 
that the 0.079-Mev gamma ray has £2 character. Using 
this fact together with the relative gamma-ray intensity 
in the thulium activity, one finds that this transition is 
more intense than the sum of all the other transitions. 
Hence, it must go directly to the ground state. Also the 
beta-gamma coincidence measurements reported herein 
require that both the 0.079- and 0.181-Mev gamma 

levels near the ground state. 
Finally, these two levels in Yb'” are also populated in 


oted, 


transitions must go to 
the decay of Lu’. The gamma-gamma coincidences to 
be exper ted from the 0.079-0.181 Mev cascade were 
observed. (These spectra are not shown.) 

The levels at 1.73, 1.64, 1.54, 1.46, and 1.17 Mev are 
indicated by the spectrum in coincidence with the 
0.181-Mev gamma ray. It is seen that this gamma ray 
is in coincidence with gamma rays of 1.47, 1.37, 1.28, 

7 hupp imond, F. J. Gordon, R. C Jopson, 


and H y D. Strominger, J. M. Hollander, 
and G. T. Seaborg, Revs. Modern Phys. 30, 585 (1958). 


, aS reported by 
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1.19, and 0.91 Mev. The 
between any two of the latter transitions and the fact 
that the sum of any pair exceeds the total decay energy 
of about 1.9 Mev both support this interpretation. 

Of the five radiations in coincidence with the 0.079- 
Mev gamma ray and not in coincidence with the 0.181- 
Mev gamma ray [Fig. 4(b) ], four (1.56, 1.45, 1.38, 
and 1.09 Mev) are associated with transitions to the 
first excited state from levels deduced in the previous 
paragraph. The 1.46-Mev gamma ray observed in the 
singles spectrum (Fig. 1) is interpreted as the transition 
from the level at 1.46 Mev to the ground state. The 
fifth radiation, 1.52 Mev, is placed between a level at 
1.60 Mev and the first excited state. The existence of 
this level is further supported by observation of the 
1.60-Mev crossover transition in the singles spectrum. 

The experiments involving the 0.14-Mev gamma ray 
support a number of features of the decay scheme. This 


absence of coincidences 


transition is placed between the levels at 1.46 and 1.60 
Mev. Observation of coincidences between the 0.14- 
Mev gamma ray and radiations of 1.46, 1.38, and 1.19 
Mev tends to confirm this conclusion. 

The radiations of approximately 0.47, 0.42, and 0.38 
Mev, which are in 1.09-Mev 
gamma ray (Fig. 5), are interpreted as transitions to 
the 1.17-Mev level from the states at 1.64, 1.60, and 
1.54 Mev. 

There are a few weak transitions which 
been discussed. In the analysis of the singles spectrum, 
there are gamma rays of about 1.00 and 0.51 Mev. 
There is also evidence that a transition of about 0.52 
Mev and several possible radiations below 0.35 Mev 
are in coincidence with the 1.09-Mev gamma ray. Since 
there is no evidence to « learly indicate the positions of 
these radiations in the decay scheme, they are omitted 
from it. 

The results of the beta-gamma coincidence measure- 
ments (Table III) substantiate the 
proposed levels at 1.17, 1.46, and 1.60 Mev as well as 
the placement of the transitions depopulating these 
levels. 

Estimates of the relative intensities of the gamma-ray 
and beta-ray transitions (total number of 

1000) are given in parentheses. For the 
above 0.4 Mev, internal conversion is assumed to be 
negligible. As noted, conversion-electron measurements” 
indicate that the 0.079- and 0.181-Mev transitions have 
F2 character. Hence the corre sponding conversion co- 
lor 


coincidence with the 


have not 


existence of the 


transitions 
transitions 


efficients were used in calculating these intensities. 
the 0.14-Mev transition, the available conversion data 
are not sufficient to determine the multipolarity. There- 
fore, only a lower limit is quoted for the intensity. 
Spins and Interpretation of Levels 
Ground-State Rotational Band in Yb" 


Since Yb!” is an even-even nucleus, the spin and 
parity of its ground state are assumed to be 0*. Both 
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the Coulomb excitation data’ and the fact that the 
0.079-Mev transition is £2 require that the first excited 
state at 0.079 Mev have 2+ character. The £2 character 
of the 0.181-Mev transition requires that the spin of 
the state at 0.260 Mev should lie between 0 and 4 and 
that it should have positive parity. The ratio of energies 
of the levels agrees quite well with that predicted by 
the J(/+1) interval rule for rotational levels with J = 2 
and 4. This fact, together with the systematic s of even- 
even nuclei, suggests that these three levels form a 
rotational band with A=0, positive parity, and /=0, 
2, and 4. 


Thulium Ground State 


The ground-state spin of the odd-odd nucleus ¢gTm!” 
is expected to result from the coupling of the 69th 
proton and the 103rd neutron. The spin of the odd-A 
nucleus ¢9I'm'® has been measured” as 3; Mottelson 
and Nilsson" have interpreted this as the Nilsson level 
}+[411 ]. The spin™ of Er'” and that" of Yb!, which 
have 103 neutrons, have both been measured as 3; 
these have been interpreted"! as the ; [512 ] level. In 
general, the resulting spin of Tm!” would be given by 
[=K=Q=|02,+0,|, where p and n refer to the odd 
proton and neutron, respectively. If one assumes that 
the odd particles in Tm'” are in the same states as in 
the neighboring odd-A nuclei, this relationship gives 
I*=2- or 3-. Gallagher and Moszkowski" have derived 
coupling rules which predict that the ground state will 
be the one in which the projections of the intrinsic spins 
lie in the same direction. For Tm!'”, this rule predicts 
that the 7*=2- state should be the ground state. How- 
ever, several exceptions to these coupling rules are 
known. 

The spin of the ground state of thulium is determined 
from the properties of the beta decay to the K=0 
rotational band. The choice J= A=3 can be excluded, 
since the decay to the ground state of ytterbium would 
be third forbidden (AJ=3, yes) and should have a log ft 
value of approximately 15. If A is a good quantum 
number, the transitions to the first and second excited 
states would likewise be third forbidden because of the 
change in the quantum number A (AK=3). However, 
the measured logft values are about 9 for all three 
branches. On the other hand, for the choice 7= AK =2 the 
calculated logft values agree with those observed ex- 
perimentally. The unique-first-forbidden shape for the 
transition to the 2+ level is explained by the change of 
the quantum number A. It should be pointed out that 

K. H. Lindenberger, Z. Physik 141, 476 (1955); H. Schiiler 
and T. Schmidt, Naturwissenschaften 22, 838 (1934 

B. R. Mottelson and S. G. Nilsson, Kgl. Dankse Videnskab 
Selskab, Mat.-fys. Skrifter 1, No. 8 (1959). 


2A. Y. Cabezas, I. P. K. Lindgren, and R. Marrus, Bull. Am. 
ys. Soc. 5, 343 (1960). 
A. H. Cooke and J. G. Park, Proc. Phys. Soc. (London) A69, 
282 (1956); H. Schiiler, J. Roig, and H. Korsching, Z. Physik 111, 
5 (1938 ; 


J. Gallagher, Jr., and S. A. Moszkowski, Phys. Rev. 111, 
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TABLE VI. Theoretical relative reduced transition probabilities 
to the /=4, 2, and 0 members of a rotational band with A =0 
from states with various values of J and A. The ratios are given 
in the form B(L,J—4):B(L,I —2):B(L,I1—0), where 
B(L, I; — I7)=constantX | /;LA;Ky— K, TL 1;K;) |?. Where 
the values are not shown for L=1 or L=2, the three corresponding 
probabilities all vanish. 


K=; K=1 

L=; L=2 
10:11:0 o2300 9:110:0 
54:275:132 75:0 5:2:0 

tee :14 96:15:56 
0:1:0 


10:11:0 
4:3:0 


the assignment J=A=2 could be deduced without 
recourse to the arguments concerning the Nilsson levels 
and the spins of the individual particles. 

This assignment is further supported by the agree- 
ment between the experimental and theoretical ratios 
between the beta-ray branches to the members of the 
ground-state rotational band. For the case of L=2 
transitions, the theoretical ratios are 


B(2, 2— 4): B(2, 2— 2):B(2 > 0)=0.5:10:7, 
where B(2, 2— 1)- 2/0) *. The 
corresponding experimental ratios +0.30):10: 
(6+4), where B= (constant)/ ft, agree well within the 
experimental errors. 


(constant) | (222—2 


2 
5 


(0.3 


A restriction can now be placed on the choice of 
spins which may be assigned to levels in Yb'”. The 
beta-ray branches which populate these states are all 
ordinary-first-forbidden (or “slow” allowed) transitions, 
so that the spins of these levels must be 1, 2, or 3. Also, 
if one assumes that A jis a good quantum number, the 
value of A for any of these states would similarly be 
limited to the values 1, 2, or 3. 


State in Yb at 1.17 Met 


The state at 1.17 Mev is depopulated by transitions 
to the 2+ and 4+ levels. The intensity of the transition 
to the 0+ state is less than 3% of that of the 1.09-Mev 
gamma ray. If only the changes in J are considered, a 
spin of either 3 or 4 for the 1.17-Mev level would be 
consistent with these observations. 

From the analysis of the experimental data, it is 
concluded that this state has J=A 
made on the basis of the relative reduced transition 
probabilities to the various members of the ground- 
state band. The theoretical probabilities, which are 


3. This choice is 


listed in Table VI, are considered to be proportional 
to the squares of the Clebsch-Gordan coefficients 
UjiLK,;Ky—K,; T,L1;K Without the 
magnetic and electric moments, the relative intensities 
for the two cases 7=4, K=1 and J= K=1 are partially 
indeterminate. Hence, these possibilities are not con- 
sidered in detail in the following discussion. 


calculation of 
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For the 1.17-Mev state, the corresponding experi- 
mental values are 


B(L, I— 4): B(L, 1 2): B(L, 1 0) 

= (1.8+0.4):5:(<0.1) for 

= (2.6+0.6):5:(<0.1) for L=2, 

= (3.8+0.8):5:(<0.1) for L=3. 
The only theoretical prediction (see Table VI) that is 
within the experimental limits is the one for /=3, 
K=2. The transitions then have quadrupole character. 
However, this assignment for the A value would imply 
that this state would be the first excited state of a 
rotational band based on an intrinsic or vibrational 
level with J=K=2. This hypothetical J=2 state, 
which should lie about 0.08 Mev below the 1.17-Mev 
level, is not observed, in spite of the fact that theo- 
retically the beta branch to it would be more intense 
than that to the 1.17-Mev level. 

It is therefore suggested that the 1.17-Mev state has 
I= K=3. This means that quadrupole transitions to the 
K=0 band are K forbidden by one degree of forbidden- 
ness (i.e, AKA—L=1). Such transitions usually are 
slower than the single-particle estimates by a factor of 
the order of 100. If the 1.17-Mev state has positive 
parity, the competition is between £2 and M3 tran- 
sitions. In spite of a hindrance factor of 100 for the £2 
probabilities, the transitions would still be expected to 
be predominantly electric quadrupole. (The finite 
probabilities for quadrupole transitions indicates that 
the A value of one of the states involved, probably the 
1.17-Mev level, is not pure.) 

‘he assignment 7/=4 can be ruled out on the basis 
of the log ft value of the beta transition to this state. 

One would favor the assignment of positive parity 
to the 1.17-Mev level, as well as to all the higher 
excited states, on the basis of the log ft values for the 
beta decay. However, some of these branches might be 
allowed transitions which are hindered by violations of 
selection rules for the asymptotic quantum numbers 


or K. 
States at 1.46, 1.54, and 1.64 Mer 


It is concluded that the 1.46-Mev state has spin 2 
because it decays to all three members of the ground- 
state band. The value /=2 requires that K=0, 1, or 2. 
A definite choice between these possibilities is made on 
the basis of the relative reduced transition probabilities 
to the ground-state band. For quadrupole transitions, 
the experimental ratios are 


2,/— 4):B(2, 7— 2): B(2, T— 0) 
(6.5+2):10:(0.8+0.3). 


This result is clearly inconsistent with an assignment 
of K=0 or 1, but is in good agreement with the choice 
K=2 (see Table VI). 

An interpretation of the 1.53-Mev state as a member 
of a rotational band based on the 1.46-Mev level is 
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consistent with all of the experimental data. The 
energies of the levels of such a band are given by 
E(1)= (#/29)(1U+1)—K(K+1) ], with K=2, 3h?/g 
=(0.08 Mev, and /=3, 4, etc. For 7=3, the calculated 
energy of the first excited state of the band is E~1.54 
Mev, which agrees with the measured value well within 
experimental uncertainty. If the transitions to the 
K=O band are assumed to have quadrupole character, 
the experimental ratios of the reduced transition 
probabilities are (2.2+0.4):5:(=0). This is in good 
agreement with the theoretical ratios of 2:5:0. 

The next rotational state in the A=2 band based on 
the 1.46-Mev level would be at approximately 1.64 
Mev and have /=4. Since a state with this energy is, 
in fact, found in the decay scheme, the transition 
probabilities are again compared with the theoretical 
ratios of 3:1:0 in order to see if this might be the J=4 
state. The corresponding experimental ratios are 
(0.7+0.5):1:0. From this disagreement, it is concluded 
that this state is probably not the spin-+ member of 
the A=2 rotational band. The data are not accurate 
enough to warrant the consideration of any other 
interpretation, so no conclusion is reached as to the 
nature of this state. 


States at 1.60 and 1.73 Met 


The state at 1.60 Mev is observed to decay to the 0* 
and 2+ members of the ground-state band. An upper 
limit on the intensity of a possible unobserved 1.34-Mev 
transition to the 4* level is placed at 10°% of that of the 
1.60-Mev transition. A spin of either 1 or 2 would be 
acceptable for the 1.60-Mev state. The experimental 
reduced transition probabilities are 


B(L, I —> 4): B(L, I1— 2):B(L,T- 0 
(<0.2):(1.4+0.4):1 for L 
(<0.3):(1.540.4):1 for L 
From the theoretical predictions in Table VI, the values 
for both /= K=2 and /=1, A=0 lie within the experi- 
mental errors. If this level has =A 
state of a rotational band based on this level should 
occur at about 1.68 Mev. The failure to observe tran- 
sitions to or from such a level suggests that the level 
at 1.60 Mev has /=1, K=0 

Several examples of states with J=1, K=0, and 
negative parity have been reported in even-even de 
formed nuclei. These are interpreted as states produced 
by octupole vibrations of the nuclear surface. In ro- 
tational bands accompanying these states, one finds the 
spin sequence 1, 3, 5, etc. If the moment of inertia of the 
ground-state band is used in calculating the level 
energies, the / 
Mev above the /=1 state. This prediction agrees with 
the experimental energy for the 1.73-Mev level. For 
the 1.73-Mev state, only the transition to the 4+ level 
From 


2, the first excited 


3 state should lie approximately 0.13 


has been observed. an estimate of the upper 
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limit for the intensity of the transition to the 2+ (K=0) 
state, the limit on the ratio of the reduced transition 
probabilities is calculated to be: 


Experimental 


Theoretical (J =3, K =0) 
B(i, I — 4)/B(1, I — 2) =4/(<3.3) 4/3 
Although this argument is not conclusive, the result 
is not inconsistent with this interpretation. 

The interpretation of these two states as the result 
of an octupole vibration requires that they have 
negative parity. The fact that AK=2 suggests that 
these allowed transitions may be expected to be 
hindered by a factor of the order of 100. The experi- 
mental log ft values of about 6.2 and 7.6 are consistent 
with this interpretation. 

It is of interest that in gsEr'® there is a level at 1.66 
Mev which has been interpreted as an octupole vibra- 
tional state with J=i, K=O, and negative parity. 
Since the energy of this vibrational state is not expected 
to vary rapidly with neutron and proton number, this 
information adds support to the proposed interpretation 
of the 1.60-Mev level in Yb'™. 


SUMMARY 


From the experimental results of this study, it has 
been concluded that the ground-state spin of Tm!” is 
7=2. The Nilsson level diagrams and the measured 
spins of neighboring nuclei combine to indicate that 
this state arises from the coupling of a }*[411] proton 
and a §[512] neutron. This state has K=2 
negative parity. 

The experimental data agree with the previous sug- 
gestion of a K=0 rotational band based on the ground 
state of Yb!”. The observed levels of this band are at 
0.00, 9.079, and 0.260 Mev with spins and parities 0°, 
2+, and 4*, respectively. 

It is concluded that a state with J=K=2 exists at 
1.46 Mev. This may be either an intrinsic state or a 
gamma vibrational state. This level is the basis of 
another rotational band with an excited state at 1.54 
Mev (/=3). The second excited state of this band would 
be at about 1.46 Mev. A state of this energy is, in fact, 
observed but the experimental data are not in agree- 
ment with such an interpretation. 

The properties of the state at 1.60 Mev are consistent 
with an assignment J=1, K=O, and it is interpreted 
as an octupole vibrational state. The state at 1.73 Mev 
can then be interpreted as a rotational state with /=3, 
K=0. The observed probabilities of the beta transitions 
to these breakdown of the K 


and 


states necessitate a 
selection rule. 

The experimental data suggest the assignment 
]=K=3 for the 1.17-Mev level. A state with this spin 
could arise from a particle excitation." 


'® For a more detailed discussion, see Argonne National Labo 
ratory Report, \NL-6270, January, 1961 (unpublished). 
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APPENDIX I. CHEMICAL SEPARATION OF 
RARE-EARTH ELEMENTS BY USE OF 
AN ION-EXCHANGE COLUMN 


The basic techniques are similar to those discussed 
by Ketelle,'® except that the eluting is alpha-hydroxy- 
isobutyric acid.’7 A schematic diagram of the experi- 
mental arrangement is shown in Fig. 8. The cation- 
exchange resin is Berolite 220 (8% cross-linked) with 
a settling rate in water of 20.5 cm/min. Circulating 
hot water is used to maintain the temperature of the 
column at approximately 80°C. Elevation of the tem- 
perature reduces the time necessary to make a sepa- 
ration. A column 4 mm in diameter and 7 cm long is 
satisfactory for separating up to about 1 mg of material. 
For larger amounts, a proportionately larger column is 
needed unless broadening of the activity peaks as a 
result of overloading can be tolerated. A thin glass- 
wool plug is placed at the top of the resin to prevent 
splattering of the resin when liquids are added. The 
flow rate of the liquid through this column is usually 
regulated to about 0.1 ml/min, either by adjusting the 
head of liquid or by applying pressure with nitrogen gas. 

Before the separation, the resin is washed with 1M 
HCl to remove complexing cations. It is then washed 
with several column volumes each of HO, 4M NH,Cl, 
H.O, the eluting agent to be used, and finally with 
H.O. This procedure gets the resin into the ‘“am- 
moniated form” needed for the separation. 

The rare-earth material is irradiated in the oxide 
form. After the activation, it is dissolved in 1M HCl 
to produce the chloride. After drying to dispose of the 
excess HCl, the sample is picked up in a minimum 
amount of 0.05M HCl and placed on the column. The 
column is allowed to drip until the active solution is 
lowered into the resin bed. The glass above the resin 
is washed with 0.05M HCl, H.O, and then with a few 
drops of the eluting agent in order to remove any 
active material that is not adsorbed on the resin. In 
each case the solution is removed by pipette down to 


|- Glass wool plug 


. . Resin 
Schematic dia - 


ion-exchange 


Fic. 8 
gram of 
column. 








Test tube 
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f a separation of an erbium sample in the 


ion-exchange column. 


he level of the glass-wool plug. The separation is 
started by adding alpha-hydroxyisobutyric acid." 

For the separation of erbium and thulium, the alpha- 
acid used has approxi- 
mately a 0.1.M butyrate ion concentration and a 0.2M 


r) 


ydroxyisobutyri solution 
total acid concentration.’ This solution is made by 
qual volumes of 0.2M alpha-hydroxyisobutyri 

d 0.2M ammonium alpha-hydroxyisobutyrate. 

| salt solution is made by neutralizing a 


of the id with ammonium hydroxide or 


ammonia gas to pH 6.4, and adjusting the final volume 
to give 0.2M concent 
scid is 1 


ntration. Since the ionization of the 


s negligible the ammonium salt 


complete, the “butyrate” ion concentration 


which determines volume for a given 


element) is equal t tration of the ammonium 
salt. The acid concentration is not critical provided the 
final pH is less than 5. The pH of a 50-50 mixture is 
ibout 3.75. ith this eluting thulium and 
1 to be eluted from the column in 


tec 
Iree 


agent the 
erbium are ¢ 
ibout 10 and 


An « xample of a se parat iO! 


xpec 
15 column volumes, respectively. 

made with this procedure 
hown in Fig. 9. The load consisted of 2 mg of erbium. 
about 0.2 ml and about 0.33 free column 


Five drops 


olumes) were collected in each test tube. The gamma- 


spectrum of each sample was measured on the 
counting rate of a selected 


particular radionuclide is 


el analyzer. The 
i) related to a 
used was purified by vacuum distillation through 
the courtesy of D. C. Stewart, Chemistry Division, Argonne 
National Laboratory 
*This mixing procedure 
\tomic Energy Research Establishment 
present with the Chemistry 
Laboratory 


was suggested by J. Milsted of the 
Harwell, England, at 
Division of Argonne National 


AND S. B. 


BURSON 


plotted as a function of the drop number. In general, 
the peaks are narrower than these. However, this 
curve is shown to demonstrate the relative positions 
of all of the elements observed in the sources. 

Sources were prepared by two different methods. In 
the first, the active fraction from the column separation 
was dried a drop at a time on a backing of aluminum 
foil. (Heating to approximately 240°C is sufficient to 
volatilize the organi 
was used to prepare the source for the beta-ray spec- 
trometer. The alpha-hydroxyisobutyric acid that con- 
tained the thulium activity was made 0.1.V with HCl. 
This solution was placed on a column of Dowex-50 
resin, 2 mm in diameter and 2 and forced 
through with nitrogen gas. The active material that 


material.) The second method 


cm long, 


remained at the top of the column was washed suc- 
cessively with a few column volumes of 0.5.V, LV, and 
2N HCl. This process removed some unidentified im- 
purity which had been introduced in the original 
separation. The thulium was then washed through the 
column with 6.V HCI and the resulting solution boiled 
to dryness. The thulium chloride was dissolved with 
water, again taken to dryness, and then dissolved in 
alcohol. The solution was then dried on an aluminum 
foil backing (1.4 mg/cm‘?). 


APPENDIX iI. COMPUTER PROGRAM FOR 
ANALYSIS OF BETA-RAY SPECTRA 


A computer program for the analysis of experimental 
beta-ray spectra has been compiled for use on an 
IBM-704 computer by use of Fortran. The complete 
program consists of four independent but compatible 
stages. The first three stages perform the mathematical 
calculations associated with a “‘conventional” spectral 
analysis. The fourth stage of 
to make a least-squares fit to 
Since the ca 


the program is designed 


several components 


simultaneously. Iculations of the first three 


stages were not readily applicable to the experimental 
data, only stage IV was used, and 


include only those features of the computer program 


this discussion will 


that are pertinent to the analysis of the beta-ray 
spectrum of Tm'”. A more complete report will be made 
at a later time. 

Stage IV of the program is designed to make a least- 
squares fit to all or any portion of a spectrum. The 
shape of each component is assumed to result from a 
linear combination of the allowed and unique-first- 
complete spec- 
fitted to J 


forbidden spectral distributions. The 


trum; or any portion of it, can then be 


components with the function 


J 
N=). m?f(e;—¢€)?{(1—a 
j=l 


for all the experimental points for which « 


e>e,, the contribution from the jth component 
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zero. (Here, m; is the slope of the linearized Fermi plot 
of the jth component, € is the end-point energy, and 
a represents the relative portion of the component 
which has a unique-first-forbidden spectral distribution. 
Also N; is the calculated counting rate at the ith point, 
\; is the experimental counting rate, and o; is the 
standard deviation associated with .\;.) The parameters 
to be varied in making the fit are the m,?, €0;, and aj. 
The parameters are not allowed to vary outside of 


specified ranges OS mj;?< max’, 1 €0;< 


 Cinaey ane 
O<a;< 


1. For a particular fit, the experimental data in 


any region of the spectrum can be used, while the 
remaining part is neglected. Initial estimates must be 
provided for all of the 3/ parameters. Each parameter 
may be either fixed at the initial estimate or permitted 


10 vary. Also the difference in energy between the end 
points of any two components can be fixed. 

The unfixed then varied simul- 
taneously to obtain the minimum value of the function 
=P; C(N.—N,)/o; F. When all the parameters cease 
to vary beyond some specitied range, the calculation is 
said to have converged. 


parameters are 


This method of analysis has several advantages over 


the conventional method. First, a fit can be made to a 
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component that consists of a linear combination of the 
allowed and. unique-first-forbidden shapes. The next 
advantage is that the difference in energies between 
any two end points, in those cases in which it is known 
accurately from other data, can be used. Third, when 
there are not enough data to permit the resolution of 
components differing little in energy, they can be fitted 
simultaneously. These three advantages are all demon- 
strated in the analysis of the thulium spectrum. 

From the value of x? and the number of degrees of 
freedom (i.e., the number of experimental points minus 
the number of independent parameters), one can com- 
pute the probability p of obtaining a better fit. That is, 
if the true spectrum is described by a function of the 
form (2) with the values of the parameters derived from 
the calculation, then p is the probability that any one 
set of experimental data from a large group of such 
sets would result in a better fit . A value 
of p near 1.0, for instance, indicate that the par- 
ticular form of (2) used is not correct 


1.e., lower x 
may 
(e.g., the number 
of components assumed to be present may be incorrect). 

The program is also used to calculate the standard 
deviations associated with the best value of each of the 
variable parameters. 
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The radioactive nuclide ¢sEr'” was produced in the Materials 
Testing Reactor, Arco, Idaho by the successive capture of two 
neutrons in erbium oxide enriched in Er’. In addition to three 
erbium activities and the radioactive Tm!” daughter, these 
samples contained six active contaminants from which the erbium 
was separated by use of an ion-exchange column. Scintillation 
studies, conducted with a 256-channel coincidence scintillation 
spectrometer, indicate the presence of at least eight gamma-ray 
transitions. Two of these transitions are either highly K converted 
or their transition energies are approximately 50 kev. The energies 
of the other six transitions are about 610, 450, 408, 200, 160, and 


INTRODUCTION 


N the region of the periodic table in which 155<A 
<185, many properties of nuclear decay schemes 
can be interpreted on the basis of the unified model of 
nonspherical nuclei. Experimentally, a vast amount of 
information has been accumulated on the level structure 
of even-even and odd-mass nuclides. However, only a 
small amount of data has been obtained on the energy 
levels of odd-odd nuclei. This investigation, which is 
the second in a series by the authors, was carried out 
in order to add to the data for odd-odd nuclei. The 
first study' was on the decay of Dy'® to the levels in 
s7Ho'®, 

The radioactive nuclide Er'”, which decays by beta 
emission to Tm'”, has been reported by Nethaway 
et al.* They report a half-life of 49.83+1.0 hr for the 
erbium activity. No measurements of the radiations 
associated with this activity have been reported.** 

The nuclide Er'”® was produced by the successive 
capture of two neutrons in the stable isotope Er'”. 


\n,y) 
a Er" 


(ny) 
Er" — Er” 
50 hr | (8 
(n,y) SS - 
>» Tm!” 


74 hr| (8 
ottas  eatite 
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The source material was erbium oxide enriched to 87% 
in Er'”’. Most of the activations were carried out in the 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

* This material has been submitted in partial fulfillment of the 
requirements for the Ph.D. degree at the University of Michigan, 
Ann Arbor, Michigan. 

'R. G. Helmer and S. B. Burson, Phys. Rev. 119, 788 (1960). 

?—D. R. Nethaway, M. C. Michel, and W. E. Nervik, Phys. 
Rev. 103, 147 (1956). 

*® Note added in proof. The work of C. J. Orth and B. J. Dro- 
pesky, Phys. Rev. 122, 1295 (1961), appeared after this report was 
accepted for publication 


125 kev. Beta-gamma coincidence experiments indicate the 
presence of two beta-ray components at approximately 310 kev 
(in coincidence with the 610-kev gamma ray) and 370 kev (in 
coincidence with the 408-kevy gamma ray). The level scheme 
deduced for Tm'” has excited states at 408, 450 (or 160), 470+15, 
530, and 610 kev. From the beta-ray intensities, the states at 530 
and 610 kev are assigned spins of either 0 or 1 with positive 
parity. The spin and parity (2~) of the thulium ground state 
have previously been assigned from the properties of the decay 
of Tm!”, 


Materials Testing Reactor, Arco, Idaho in a flux of 
approximately 2X 10" neutrons cm~ sec~!. Preliminary 
investigations were made with samples irradiated in the 
Argonne CP-5 reactor in a flux of about 3X10. In 
addition to the activities shown in Eq. (1), these 
samples contained observable amounts of the radio- 
nuclides Sc** (85 days), Ho'®® (1 day), Er'® (9 days), 
Tm'” (125 days), Yb'® (32 days), and Yb'7® (4 days). 

After activation, these samples were chemically 
separated with an ion-exchange column. This process 
provided positive identification of the elements involved 
as well as a means of producing chemically pure erbium 
samples. The separation procedure has been described 
in detail in a previous report.* The separated samples 
contained the radionuclides Er'® (9 days), Er'”, and 
some Tm!” which had grown back in during and after 
the separation. The only gamma ray associated with 
Er'® is an 8-kev transition that did not interfere with 
these studies. The effect of the beta-ray spectrum from 
the Er'® is discussed in the next section. The radiations 
associated with Tm!” have been discussed in detail in 
a previous report by the authors.* 

The apparatus used in this study consists of a set of 
180° magnetic internal-conversion-electron spectro- 
graphs, a 180° magnetic beta-ray spectrometer, and a 
256-channel scintillation coincidence spectrometer. The 
scintillation spectrometer was used for both gamma- 
gamma and beta-gamma coincidence measurements. 
The gamma-ray detectors are 2}-in. cubic NalI(TI) 
crystals; an anthracene crystal 35 in. thick by 1} in. 
in diameter is used as a beta-ray detector. For coinci- 
dence experiments, a single-channel pulse-height analy- 
zer and “fast-slow” coincidence circuit (27~40 nsec) 
are used to gate the multichannel analyzer. Some 
triple coincidence measurements were also made. In 
this case two single-channel analyzers and a slow 
coincidence circuit (27~9 usec) are used to gate the 
multichannel analyzer. The linear gate circuit in the 
analyzer serves as a second coincidence circuit (2r 
= 5 psec). 
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EXPERIMENTAL STUDIES 


Studies of the Internal-Conversion Electrons and 
the Beta-Ray Spectrum 

Several attempts were made to observe the internal- 
conversion electrons associated with the erbium activity. 
Chemically separated erbium samples were used as well 
as sources from which the Tm!” daughter had not been 
removed. The only conversion line which was consist- 
ently observed, and which was not associated with some 
other activity, was interpreted as the K line of a 
transition of approximately 408 kev. As will be shown, 
such a transition exists in the erbium activity. 

Observation of lower energy conversion lines was 
prevented by the presence of an intense beta-ray 
spectrum (end point about 330 kev) resulting from the 
decay of Er'®. This nuclide is produced by neutron 
capture in Er'® which constituted about 9% of the 
original source material. At the end of a 50-hr irradi- 
ation the calculated specific activity of the Er'® is 
about 6X10~° active atoms per atom, compared to a 
value of 2X10-° for the Er’. After correcting for 
decay which took place prior to preparation of the 
sources, these computations indicate that the disinte- 
gration rate of the Er'® was about 1000 times as great 
as that of the Er'”. 

The beta-ray spectrum of a chemically separated 
source was measured in the magnetic spectrometer. 
Because of the low specific activity, this source had to 
be made thick in order to have a usable counting rate. 
Because of the growth of the Tm!”, the counting rate 
at each experimental point on the spectrum was 
followed for a period of one month as the source 
decayed. Above about 880 kev, the data at each value 
of the magnetic field follow (within experimental error) 
the theoretical curve for the growth and decay of Tm'™. 
Below 330 kev only the intense beta-ray spectrum of 
Er'® is observable. In the region between about 330 
and 880 kev, the experimental data indicate the 





Fic. 1. Fermi plot 
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presence of both Er'” and Tm'”. In order to separate 
the erbium spectrum it was necessary to determine 
what fraction of the original counting rate was due to 
the daughter Tm'”. This was done by graphically 
fitting the decay curve at each magnetic field setting 
with an empirical curve. This curve was derived by 
adjusting the contributions of two theoretical decay 
curves that represent the decay of the two activities 
considered separately. 

The Fermi plot resulting from this analysis is shown 
in Fig. 1. This plot suggests the presence of beta 
branches of about 900 and 400 kev with relative 
intensities of (104+8)% and (90+8)%, respectively. 
Because of the complexity of the analysis, the indicated 
uncertainties are only estimated. 


Scintillation Studies 
Singles 


The scintillation spectrum of a chemically separated 
sample is shown in Fig. 2, along with its decomposition 
into individual components. The amount of Tm'”? 
present is indicated by the intensities of the 181- and 
79-kev photopeaks which are associated with the 
thulium. The spectral shapes for single gamma rays 
are interpolated from those of Cs'*? (662 kev), Au! 
(412 kev), Cel! (142 kev), and Eu'® (122 kev). The 
shape of the thulium K x-ray peak was derived from 
the ytterbium AK x-ray peak from a Tm'”!”' source. 
The gamma-ray energies and relative intensities calcu- 
lated from this spectrum are listed in Table I. 


Sum Spectra 


The singles spectrum in Fig. 2 was measured in the 
geometric arrangement shown, in which the collimator 
defines a solid angle of approximately 0.3% of 42. This 
small solid angle, together with the absorbers used, 
reduces the summing of any coincident radiations to a 
negligible amount. In order to investigate any strong 
coincidence relationships, singles spectra were taken 
with solid angles nominally equal to 27 (with one 
crystal) and 4x (with two crystals) as depicted in the 
insert of Fig. 3. (When two crystals were used, the gains 
of the photomultipliers are matched and the output 
pulses are added electronically before being amplified.) 


TABLE I. Gamma-ray energies and relative intensities 
calculated from the scintillation spectrum. 


Gamma-ray energy 
(kev) 


Relative intensity 


42 
2.7+1.5 
44 +5 
0.8+0.4 
1.0+0.5 
3.14+1.0 


610+8 
450+10 
408+4 
200+6 
160+4 
125+3 
K x ray 
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Fic. 2. Gamma-ray spectrum of 
Er'?. The dashed lines represent 
the contribution of the thulium 
daughter. The statistical uncer- 
tainties are less than or about 
equal to the diameter of the circles 
indicating the experimental points. 
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The observed spectra are shown in Fig. 3. There is _ possibility that either of these sum peaks results from 
no detectable summing with the 610-kev gamma ray; accidental summing of noncoincident radiations is ruled 
therefore, the two sets of data have been normalized out by two independent facts. First, any radiation 

this photopeak. In curve (a) (for 27 solid angle), intense enough to cause accidental sums with the 
a sum peak appears at about 460 kev and is interpreted 408-kev gamma ray would produce a similar result with 
as being due to a 50-kev radiation in coincidence with the 610-kev gamma ray. Since no sums of any type 
the 408-kev gamma ray. This conclusion is supported were observed with the 610-kev transition, both of the 
by a simultaneous decrease in the intensity of the observed sums must be real. Second, to further verify 
408-kev photpeak. In curve (b) (the case of 4 solid this conclusion these spectra were also measured with 
angle), the effect is even more pronounced. However, a source that was one-fourth as strong. The spectral 
in addition to the peak at 460 kev there is also a sum shapes so obtained were identical, within experimental 
peak at 510 kev. The 510-kev peak is interpreted as a errors, with those in Fig. 3. (The intensity of an acci- 
‘“double-sum” peak produced by the summing of a dental sum peak varies as the square of the source 
408-kev gamma ray with two 50-kev radiations. The — strength, while that of a real sum peak varies as the 
source strength.) Therefore, it is concluded that there 
must be two radiations of approximately 50 kev. These 
radiations are in coincidence with each other and with 
the 408-kev transition. Each of the 50-kev radiations 
could result either from a transition of approximately 





50 kev, or from A conversion of a transition whose 
energy is higher than the A-electron binding energy of 
59.4 kev. A 100-kev sum peak, corresponding to the 
summing of two 50-kev radiations, was also observed 
in many spectra taken with a large solid angle. 


Beta-Gamma Coincidence Measurements 
e | CRYSTAL 
6 row The end-point energies of the beta-ray components 
Source — in coincidence with the dominant gamma-ray transi- 


— 


tions were measured by the standard aluminum ab- 


Nol (TI) UJNoT(T!) 


sorption method. These data indicate that the 610- 
_ ib and 408-kev gamma rays are in coincidence with beta 

170 mg/em* Al branches (310+30) and (370+30) kev, respectively. 
The difference in the energies of these two beta-ray 
| components is estimated to be 60+ 20 kev. 
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00 ; 600 It was not possible to determine the energies of the 

ENERGY (kev) beta rays in coincidence with the other radiations 
However, there was no indication of the existence of 
easured with solid angles 


| to 2x and 4. any beta branches other than these two. 
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Gamma-Gamma Coincidence Measurements 


No gamma rays were found to be in coincidence with 
the 610-kev transition. 

A series of coincidence spectra were measured in 
order to determine the radiations in cascade with the 
408- and 450-kev transitions. This set of runs was taken 
with the window width of the single-channel analyzer 
set at about 20 kev. Five successive spectra were 
measured with the analyzer set to accept adjacent 
portions of the spectrum between about 380 and 480 
kev. The geometric arrangement, shown in the insert 
of Fig. 4, was chosen to prevent scattering from one 
crystal to the other. The Cu absorbers are used to 
reduce the 100- and 460-kev sum peaks in the multi- 
channel and single-channel spectra, respectively. Two 
of the resulting spectra are shown in Fig. 4. These two 
spectra are normalized to the same counting interval 
and source strength for the erbium activity. Analysis 
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+. Gamma-gamma coincidence spectra in coincidence with 
pulses in the (a) 410-kev and (b) 450-kev regions. 
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Fic. 5. Gamma-ray spectrum in coincidence with 
two 50-kev radiations 


of these spectra indicates that the 408-kev transition 
is in coincidence with radiations of 200+6, 160+15, 
and 125+4 kev, in addition to the A x ray. The 
450-kev gamma ray is in coincidence only with a 
(160+ 4)-kev transition and the K x ray. This analysis 
also indicates that the numbers of 160-kev gamma rays 
in coincidence with the 408- and 450-kev gamma rays 
are about equal. The photopeaks at 79 and 181 kev, 
as well as a portion of the A x-ray peaks, result from 
coincidences following the decay of the daughter Te. 
These transitions are in coincidence 
radiations between 400 and 1600 kev.® 


with several 

A series of spectra was taken with the single-channel 
analyzer window accepting portions of the spectrum 
below 250 kev. The results of the analysis of these 
data are consistent with the above interpretation. 

In addition to the experiments described above, a 
thorough search was made for any coincidences between 
the 125-, 160-, and 200-kev gamma rays. None were 
found. 

In order to investigate further the nature of the 
50-kev radiations which sum with the 408-kev peak, 
a triple-coincidence circuit was used. Two triple- 
coincidence spectra were measured. In the first, the 
(wo single-channel analyzers were set to bracket the 
408- and 50-kev peaks. The resulting coincidence 
spectrum displayed only a peak corresponding to the 
K x ray. In the second experiment, both single-channel 
windows were set to bracket the A x-ray peak. The 
resulting spectrum, which is shown in Fig. 5, exhibits 
peaks at 408 kev and at the A x-ray energy. This 
result suggests two possibilities. Either there are three 
low-energy transitions producing 50-kev radiations, all 
of which are in coincidence with each other; or the 
x rays in Fig. 5 result from internal conversion of the 
408-kev transition; or both effects may be present in 
combination. 
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Fic. 6. Proposed decay scheme of Er'”. The relative photon 


intensities (in percent of decays) are shown in parentheses. All 
energies are in kev. 


If one assumes that the 408-kev transition is in 
cascade with only two 50-kev radiations, an estimate 
of its K conversion coefficient can be made from these 
data. This computation yields ax“*=0.12+0.06. For 
any other decay scheme, this calculation yields an 
upper limit for ax’. The corresponding theoretical 


4 


values' of ax*’’ are: 


a 0.0077 E2 
V1 0.055 V2 


0.063 


0.023 B3 
M3 0.50 


0.18 
Lifetime considerations restrict the multipole order to 
dipole or quadrupole. The value ax**~0.12 is then 
consistent with a transition which is either predomi- 
nantly M1 or M2. 


DECAY SCHEME 
Construction 


The proposed decay scheme is shown in Fig. 6. The 
relative photon intensities are shown in parentheses. 
The lack of conversion-electron data precludes the 
possibility of calculating the total transition intensities. 
It should be acknowledged that there may be other 
decay schemes which are consistent, within experi- 
mental uncertainties, with these data. 

The absence of any gamma rays in coincidence with 
the 610-kev transition indicates that this transition 
goes to the ground state and that there is an excited 
state at 610 kev. From the observation of coincidences 
between this gamma ray and a beta-ray branch of 
approximately 310 kev, it follows that the total decay 
energy is about 900 kev. 

The observation of coincidences between the 408- 
and 200-kev gamma rays suggests that this cascade is 
parallel to the 610-kev transition. The intermediate 
level is placed at 408 kev for several reasons. First, 

*L. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Report 57ICCK1, issued 


Physics Department, University of Illinois, Urbana, Illinois 
inpublished) J. 
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the 408-kev gamma ray is much more intense than the 
200-kev transition, even when possible conversion is 
considered. Second, the 408-kev transition is in coinci- 
dence with a beta branch of about 370 kev, and there- 
fore cannot depopulate the 610-kev level. These beta- 
gamma coincidence data require that the 408-kev level 
be populated predominantly through a level at about 
530 kev (900—370=530). The two transitions which 
produce the intense 50-kev radiations are concluded to 
be in cascade between these two levels. The 125-kev 
gamma ray is then interpreted as representing the 
direct transition between the two states. The energy 
of each of the two transitions producing 50-kev radi- 
ations must be above about 47 kev. If it is accepted 
that the sum of the two transitions is 125 kev, an 
upper limit of about 78 kev may be placed on the 
energy of each of these transitions. Thus the inter- 
mediate level is placed at 470+15 kev. 

The coincident gamma rays of 450 and 160 kev also 
sum to 610 kev. The sequence of the transitions is not 
unambiguous. However, placement of the intermediate 
level at 450 kev is preferred. With the intermediate 
state at 450 kev, as is shown in Fig. 6, one must postu- 
late an additional transition to explain the 408-160-kev 
coincidences. This gamma ray might be either a 150+ 20 
kev transition between the 610- and 470-kev levels, or 
a 40-kev transition between the levels at 450 and 408 
kev. The latter possibility is shown in the decay scheme. 
If the intermediate state were placed at 160 kev, one 
would have to postulate a transition of about 150 kev 
between the 610- and 470-kev levels in order to explain 
the observed 408-160-kev coincidences. Also in this 
case one might expect to observe transitions from the 
high-energy states to the 160-kev level. 

There is no experimental evidence for beta-ray 
transitions to the 408-, 450-, and 470-kev levels. For 
the beta-ray branches to the 530- and 610-kev levels, 
the log ft values can be computed by use of the relative 
intensities of the 408- and 610-kev transitions. These 
log ft values indicate that both transitions have allowed 
character. The log ft value of the branch to the ground 
state suggests that this transition probably has unique- 
first-forbidden character. 


Spin Assignments 


Since Er'? is an even-even nucleus, the spin and 
parity of its ground state are assumed to be 0*. 

From the study of the decay of Tm'”, the spin and 
parity of the ground state of Tm'” were concluded’ to 
be 2-. These two spin assignments are consistent with 
the unique-first-forbidden character of the beta transi- 
tion to the ground state. 

Since the beta transitions to the 610- and 530-kev 
levels are allowed, the spin of each of these levels is 
either 0 or 1 with positive parity. There is no experi- 
mental information on which to base a choice between 
these values. 
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A resonance model is proposed to explain the excitation function, the angular distribution, and the large 
polarization of A in the reaction p+ — A+K°. It is assumed that there exists a low angular momentum 


resonance in the channel p+ — (resonant state) - 


>A+K°®, 


There are five real parameters in this model. Two of these are the coupling constants of the usual inter 
actions. The other three are the position, half-width, and height of the assumed resonance. With reasonable 
choices of parameters a fairly good fit is obtained, for both a scalar and a pseudoscalar K meson, to the 
experimental data in the interval 910 to 1300 Mev of the pion kinetic energy in the laboratory system. 


I. INTRODUCTION AND SUMMARY 


HERE are three remarkable features observed in 

the reaction p+m~— A+K® in the energy in- 
terval 910-1300 Mev of the incident pion kinetic 
energy.’ They are: 


(a) The total cross section rises from threshold to a 
peak of about 0.8 mb near 960 Mev and then drops 
again to about 0.3 mb in the interval 1100-1300 Mev. 

(b) The angular distribution of A is similar in the 
interval 910-1300 Mev and markedly peaked backwards. 

(c) A large asymmetry is observed in the decay of 
A’s produced in the reaction in the interval 910-990 
Mev. Conclusive evidence concerning the asymmetry 
factor a in A decay is limited to the relation aP >0.73 
+0.14, where P is the average of the polarization over 
the energy and angle. 


The sign of a is still uncertain, but a more recent and 
statistically more reliable experiment indicates that it 
is negative.” 

There have been several investigations*® based on the 
possible existence of a new A’ meson or a sharp A~7 
resonance, explaining the angular distribution. The 
existence of a K’ meson does not, however, account 
directly for either the large polarization or the peak in 
the total cross section, at least within the approximation 
considered by the authors of reference 3. 

In this paper we try to give an explanation of all 
three experimental phenomena on the basis of the 
assumption that there is a resonant contribution in the 
s’ integrals of the dispersion relations (8) in Sec. 2 for 
the invariant production amplitudes (see Fig. 1). 

There are five real parameters in this model. Two 
of them are the coupling constants of the usual 
d’Espagnat-Prentki interactions. The other three are 

* This work is supported by the National Science Foundation. 

t On leave from Hokkaido University, Sapporo, Japan. 

' J. Steinberger, 1958 Annual International Conference on High- 
Energy Physics at CERN (CERN Scientific Information Service, 
Geneva, 1958). F. Eisler, R. Plano, A. Prodell, N. Samios, M. 
Schwartz, and J. Steinberger, Nuovo cimento 10, 468 (1958). 

? R. Birge and W. Fowler, Phys. Rev. Letters 5, 254 (1960). 

8 A. Pais, Phys. Rev. 112, 624 (1958). M. Gell-Mann, Proceedings 
of the 1960 Annual International Conference on High-Energy 
Physics of Rochester (Interscience Publishers, Inc., New York, 
1960). J. Tiomno, A. L. L. Videira, and N. Zagury, Phys. Rev. 
Letters 6, 120 (1961). 


the position, half-width, and height of the assumed 
resonance. 

The main results of the present paper are as follows: 

(1) A satisfactory fit with experimental data is 
obtained over the energy range in question [Figs. 3 to 
5(b) ]. The values of parameters chosen are shown in 
Table II for both a pseudoscalar and a scalar K meson. 

(2) If this resonant contribution is due to the sug- 
gested resonance in the A—A scattering, it will be at 
about 100 Mev of A-meson kinetic energy in the 
laboratory system, with a half-width of about 50 Mev. 

(3) The total angular momentum and parity (relative 
to the r—.\) of the resonant state can be (j=3, odd) 
or (j=, odd) if the AK meson is pseudoscalar and 
(j= 4, even) or (j=3, even) if the K meson is scalar. 

(4) The resonant contribution cannot be attributed 
to the higher energy resonances observed in r—N 
scattering.‘ 

(5) A negative value for P is preferable, though the 
other case is not entirely rejected. 

(6) Even relative parity between = and A is preferable. 

(7) A K’ meson (or A—7z resonance) would enhance 
the peak in the case of a pseudoscalar K meson, though 
its existence is completely unnecessary in order to 
explain the data in the case of even © parity. 

The kinematics is given in Sec. II. In Sec. III we 
develop the general formalism of the resonance model. 
The last section is devoted to numerical analysis. 


II. KINEMATICS 
Consider the process 


ptm 


Fic. 1. The assumed reso 


Resonant 
nant state in the s channel. 


State 


P 


4 An investigation has been done by T. Sakuma and S. Furui, 
taking into account the r—N resonances in addition to the Born 
terms (private communication). 
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The four-momentum and the mass of the p (A) are 
denoted by p (p’) and m (m’), while those of the w~ (K°) 
are denoted by & (k’) and yw (y’), respectively. The 
S-matrix element of the process is given by 


mm’ 
Popo koko’ 
{+ riy(k+k’)B luy(p), 


—i(2r)*5(p’+k’— p—k) 


with 

T = Na p’ rt 
where u, and uy are the Dirac sponsors of p and A, 
respectively. 1 and B are invariant functions of three 
variables, 


s=—(p+k)?, t=—(k—k’)*, and 


u=— (p—k’)?, 


l is 1 if the A meson is pseudoscalar and ys if the A 
meson is scalar, where we have adopted the convention 
of the same parity for p and A. 

In the center-of-mass system the amplitude T can be 
written in the following form: 


a-k’<k , 
i———f: ) for '=1, 
Re 


ok’ 
< fe >) for 4 Y 5. 
k’ 


Here p) and A) stand for the Pauli spinors of p and 
A, respectively. k (k’) is the three-momentum of mr (A 
and k (k’) is its magnitude. f; and f. are linear combina- 
tions of the invariant amplitudes A and B with real 
coefficients. They are expli itly given by 


\ \ : ! aes B 
=— \VN'xx'(A+:.B), 


which satisfy the restriction s+/+u=m’+m"+ y+”. 


(4’) 


» Cf SA, 


for [= 1, 


VN'x(A+yB), 
VN'x'(—A+20B), for T= ¥s, 


[(E+m)/2m)}'}, N’=[(E'+m’ 


k/(E+m), x =k'/(E 
W-—} 


+m’), 


m+ m'), W—3(m'—m), 


te=W+43(m+m’), 
Here W ev/S is the total center-of-mass energy of the 
system and E(E’) is the energy of p (A). 6 is the angle 
between k and k’. 

The differential cross section and the polarization 
P(6) are given in terms of f,; and f2 by 


W+3(m'—m). 


] 


da 1 mm’ k’ 


dQ (4r)? W? k 


2 sin# Im(f1f2*) 


P(8) 
; sin’é 
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or 


do 1 mm’ k’ 


dQ (4x)? W? ko” 
P(6)=2 siné Im(fi/2*), 


[| fi{?+ fe 24-2 Re(fif2*) cosé |, 


f\*-F | fs|7-2 Re(f1/2*) cos6 |, 


for r = V5. 


The polarization is positive if the spin of A is parallel 
to k’Xk, and negative if antiparallel. 

It is worthwhile to note here that in order to obtain 
a large polarization f; and f2 must be of the same order 
of magnitude and nearly out of phase in either case of 
K-meson parity. 


III. RESONANCE MODEL 


Let us start with investigating what behavior might 
be expected for the invariant amplitudes in order to 
reproduce the experimental situation mentioned in 
Sec. I. 

We assume, after Mandelstam,* that the invariant 
amplitude A satisfies the dispersion relation 


R, R,, 


A(s,tu)= 


s—m 


S 
_ 


u— My 


ds’ 71 i pr2(s’,t’ 
dt’ 
, ’ 
min)? S SLR SY uep t—t 
1 pi sou 
f au 
KJ (m4 7 "a 


and the amplitude B satisfies a similar relation. The 
dots represent the other double- and single-integral 
terms that occur in the Mandelstam representation. If 
there exists another A’ meson,’ we must 
responding pole term R,/(t—mx”™) to (8), 
is the mass of the A’ 


add a cor- 
where mx’ 
meson. 

Invariance under time reversal requires the reality 
of all the residues R,, R., and R, 
functions p’s in all the integrals. Now it is clear from 


(5) and (5’) 


and of the weight 


that the Born terms alone, even taking 
into account the A’ meson, fail to give any polarization 
Irrespec tive of the A-meson parity, since f; and fo are, 
to this order, just in phase. The large polarization 
indicates that the contribution from the s’ integral in 
(8) must be large, at least over the energy range in 
question, since only the s’ integral can contribute an 
imaginary part to the amplitudes in the channel in 
question. 

Now we assume that there is a resonant state with 
definite angular momentum and parity in the s channel, 
schematically shown in Fig. 1, 


dominates the integral terms in (8 


contribution 
that 


whose 


, explic it ly 


112, 1344 (1958) and 115, 1741 


5S. Mandelstam, Phys. Rev 
and 1752 (1959 
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TABLE I. a;(s,6) and a2(s,@) for several choices of the total angular momentum j and parity P of the resonant state. The parity is 
defined relative to the s—? intrinsic parity. / is the orbital angular momentum of the resonant state if it is involved in the A—K 


scattering. C(s) is a certain slowly varying real function of s. 
Pseudoscalar K meson 
P ay 
C(s) 0 
C cos@ Cc 
C(3 cos*@—1) 
2C cosé ( 


C(3 cos*@—1) 
C (20 cos*9+9) cosé 


3C cosé 


the invariant amplitudes can be approximated by 


p“(s’,0) 
, 
A=A,+- ds 5 
T (m+n)? ss 


1 
B=B,+ f 
T 


(m+ 


, 


s “= % 


,P 
ds 
mM 


where A, and B, represent the pole (Born) terms. p4 
and p® are real functions of s’ and 6, which have a peak 
at the resonance energy s’=so. If we, further, assume 
the Breit-Wigner form to p’s, (9) can be reduced to 


fo « 


(m+n) 


A(s,0)= A p+a(s,6) 


x : ' 
(s’—s)[(s’—50)?+T o? ] 
(10) 


Fic. 2. The real and imaginary parts of J as a function of 
(s—so)/To. The upper scale of 7’, corresponds to the case so= 152.8 
and I')=7, while the lower scale is for ss=151.5 and I'yp=5. 


— 3C cosé Pp 


C (20 cos*6é 


Scalar AK meson 
a 
0 
C 
2C cosé 


D C(3 cos*@—1) 3C cosé 


I 2 
11) D — ( 


cosé & 
5 cos*é—1) 


5 cos*@—1) 
2C cosé 


Here a(s,0) and 8(s,) are slowly varying functions of s. 
I'y corresponds to the half-width of the assumed 
resonance. 

Putting (10) into (5) or (5’), we obtain finally, for 


fort jf, » cCoS8+ a1(5,0)J (5,501 0), 


a (11a) 


foot do(s,A)J (s,59,T 9) 


with 
VN'(A,—y-Bp); 
— NN'xx'(A,+2.Bp), 
a,(s,@)= N N'(a—y,B t d2(s,8) cosé, 
—NN'xx' (ats 


— f ds’ 
w Semiyy? (S’—5)[ (s’—S0)? 


te 


d»(S,0) 


J (s.s9,T'9)= 
+ Pr ] 
or, for l=; 

hi = fort a;(s,0)J (s,50,1'0), 


fo= fot a2(s,0)J (s,s, 0), 


mb) 


Total Cross Section 


lic. 3. The total cross section of the reaction p+7 »>A+K° 
in the energy range from the threshold to 1300 Mev of the pion 
kinetic energy 7, (lab system). The unbroken curve is the cal- 
culated cross section in the case of a pseudoscalar K meson with 
a (j=}, odd) resonant state, while the broken curve is for a 
(7=}, odd) state. The dot-dash curve stands for the cross section 
of a scalar K meson with a (j7=}3, even) resonant state. The cross 
section with a (j= 3, even) state is quite similar to the corre- 
sponding one for the pseudoscalar AK meson. The values of 
parameters chosen are given in Table II. The experimental data 
are given in references 1. 
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TABLE II. The choices of parameters in the case of even = parity. The r—N coupling constant is fixed as f?/4r=15. The unit p=1 
is used. The ratio C/fp:(s=50,@=2/2) gives an idea of the magnitude of the resonant contribution. The A-meson kinetic energy (lab 
system) TK» and AT Ko, corresponding to so and +19, are also shown. 


K meson J G*/4x fG/fG (C/fG)X108 C/fpo(so,x/2) ? T Ky 


Mev) AT Ky (Mev) 
ps } 5.0 —0.538 10.0 0.465 


106.5 +30 
} 5.0 —0.538 6.8 0.316 5 


91. +25 
5.0 +0.570 10.4 1.07 


5.0 +0.570 7.0 0.722 


106.5 +30 
91.5 


25 


with nitude of a; and a2 in (11a) and (11b). They are 


given 
for=NN’x(Ay+yoB,), fon NN'x'(A,+-20B,), in Table I for several angular momentum states. 
a,(s,0)=NN'x(atyo8), a2(s,0)= NN’x'’ (a+28), (12b) IV. NUMERICAL ANALYSIS 


and the same J as in (12a). We discuss first the Born terms fp; and fp: in (11a) 
and (11b). We are here concerned with four vertices 


The angular momentum and parity of the resonant 
state fixes the angular dependence and relative mag- (m.NV.V), (wZA), (K.VA), and (K.VZ). The renormalized 
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Fic. 4. (a)-(e) The differential cross 
sections for the pion kinetic energies 7,=910, 
960, 990, 1200, and 1300 Mev.' The notation 
for the various curves are the same as in Fig. 
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coupling constants corresponding to these vertices are 
denoted by f, f’, G, and G’, respectively. f and G, and 
f’ and G’, always appear as products in the Born terms. 
For the four combinations of K and = parities, they 
are given by 


(ps, even): 


frn=NN’'L—(W—m)F(s)\+(W+ms—m—m’) 
XF’(u) ], 

fr=—NN'xx'|(W+m)F (s) 

—(W—ms+m+m')F'(u)]; 
(ps, odd) : 

fn=NN'L-—(W—m)F(s)— (W- my)F’(u) |, 

fpo= —NN'xx'l(W+m)F (s)+ (W+mzy) 
XF'(u) |; 


(13b) 


(s, even): 
fri=—NN'xl(W+m)F(s) 
+ (W+my:—m'+m)F'(u) ], 

fre=— NN'x'L(W—m)F(s) 
+(W—my:+m'—m)F'(u)]; 

(s, odd): 

frna=—NN'xl(W+m)F (s) 
— (W—my—m'+m)F'(u) |, 

fr=— NN'x'L(W—m)F(s) 
—(W+ms+m'—m)F'(u)); 
Gf/(s—m?*), F’(u) 


with F(s) Gf’ (u—ms*). 


Now we examine the case of pseudoscalar A meson 
in detail. First it should be noted that fp is negligibly 
small compared with fp: over the energy range con- 
sidered, simply because of the kinematical factor xx’. 
We can see, further, that the only complex quantity in 
(11a) is the integral J, the real and imaginary parts of 
which are shown in Fig. 2. Then, if we neglect fp, the 
differential cross section and the polarization become, 
except for over-all kinematical factors, 


d 


oO 
j « [ for+ 2arf p1 ReJ + (a; + ay" sin’@) lJ 2] 
aQ 


’ 


P(0) x —2a,f sind ImJ/ (do /dQ). 


Now it is clear from (14) and Table I that the only 
possible quantum number of the resonant state is 
(7 }, odd) or (j 2 odd), since the (j= i, even) state 
gives no appreciable polarization, and the (j= 3, even) 
and the higher angular momentum states give a wrong 
angular dependence for the polarization and a poor 
angular distribution, too. This excludes the possible 
identification of this resonance with one of the known 
higher energy resonances observed in pion-nucleon scat- 
tering. A similar situation results in the scalar K-meson 
case. Thus, the assumed resonant contribution might 
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Fic. 5. (a) The polarization of A in the energy interval 910-990 
Mev of the pion kinetic energy.! The group a of curves corresponds 
to the energy 910 Mev, while the group 0 is that for 990 Mev. The 
notation for the various curves is that given in Fig. 3. The data 
are not P(@) but aP(@), where a is the asymmetry factor in the 
decay of the A. (b) The polarization of A at 990-Mev pion kinetic 
energy!. The curve a is associated with the energy 1240 Mev, 
which shows the typical figure for an energy higher than the 
resonance energy. 


be attributed to a resonance in A—K scattering at low 
energy. 

There are five real parameters in this model. They 
are {G, f’G’, so, To, and C(s), the last of which is a slowly 
varying function of s and is assumed to be constant for 
simplicity. 

The markedly forward peak (backward for A) of the 
angular distribution must be mainly due to this behavior 
of the Born term f):, since otherwise the distribution 
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turns out to be nearly symmetric with respect to cos@. 
In this respect, even parity of the 2 is preferable to odd 
parity, since with the even parity we can easily obtain 
the strong forward peak of f,, over the energy range 
in question if the ratio /’G’/ fG is adjusted properly. 

It is worthwhile to note here that a K’ meson would 
be helpful in obtaining the peak only in this pseudo- 
scalar K-meson case, though it is not at all necesgary 
for the case of even 2 parity. 

In the case of even = parity, a fairly good fit with 
experimental data is obtained by fixing the parameters 
as shown in Table II. The choice of either (j=}, odd) 
or (j= 3, odd) is satisfactory. The fit can be seen in 
Figs. 3 to 5 (b). 

The resonance energy chosen corresponds to 90-100 
Mev for K-meson kinetic energy (lab system) in the 
A—K scattering. The half-width is about 50-60 Mev. 
The resonant contribution is the same order of mag- 
nitude as the Born terms, which is well indicated by 
the ratio C/ fp: (s=so, 0=2/2). As for the coupling 


9 


constants, if we fix f?/4r=/f"/4r=15, then we obtain 
a best fit with G?/4r~5 and G?/4r~1.5,° which are 
reasonable. 

With a positive ratio C/fG (Table II), we have a 
negative mean polarization P, as shown in Figs. 5(a) 


§ See, for example, R. H. Capps, Phys. Rev. 121, 291 (1961). 
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and 5(b). A negative ratio with a positive P is only 
possible with a rather poor over-all fit to the data. 

Finally we briefly discuss the case of a scalar K 
meson. In case of even = parity, Eq. (13c) indicates 
that fp: is about ten times smaller than fp: over the 
energy range in question. Further, if we note that each 
of two terms in fp: of (13c) is almost the same numeri- 
cally as the corresponding term in fp; of (13a), except 
for their relative sign, we can see that the analysis may 
proceed similarly to that in the pseudoscalar case. In 
fact, we can get the same good fit with almost the same 
absolute values of the parameters for each of the cor- 
responding two resonant states (Table II). In Figs. 3 
to 5(b), only the fit in the case of (7=4, even) is shown 
for simplicity. It is very difficult to obtain a good fit 
with odd = parity in this scalar K-meson case. 
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The differential cross section for the reaction y +n — K++ 


has been measured. The data are obtained 


by observing the charged K particle with a magnet spectrometer alternately from hydrogen and from 


deuterium. For y-ray energy of 1122 Mev and for 6¢.m 


N order to obtain an estimate of the cross section for 

K+ =~ photoproduction from the free neutron we 
have measured At production from deuterium. The 
experiment consisted of measuring the Kt yield from 
both a liquid hydrogen and a liquid deuterium target 
under identical conditions, namely at a laboratory 
angle of 25°, A+ momenta of 405 and 455 Mev/c, and 
with a bremsstrahlung beam of peak energy 1170 Mev. 
The three reactions which contribute to the A* yield are 


TP 2°+2, 
y+p— K*+2", 
ytn— Kt+2 


911 Mev, 
1046 Mev, 
1051 Mev, 


(1a) 
(1b) 
(1c) 


where the number at the right is the laboratory threshold 
energy of the y ray. The cross sections for reactions 
(la) and (1b) have been previously measured at 
Cornell'*; from these measurements and the total At 
yield from deuterium one is able to estimate the cross 
section for reaction (1c). 

The experimental apparatus and technique used was 
very similar to that previously employed at Cornell by 
McDaniel et al. and is described fully in reference 1. 
After momentum analysis, the A+ mesons are identified 
by pulse height in three scintillation counters plus 
observation of a decay count. An additional procedure 
used here was to record the three pulse heights for each 
event, allowing a correlated pulse height analysis. After 
the correlated pulse height analysis the background 
(defined as the yield with the peak photon energy below 
threshold) was 5%. 

Under the conditions stated above, we found experi- 
mentally that the total A* yield per deuteron is 25% 
larger than the yield per free proton. This ratio is not 
very meaningful without further analysis since it clearly 
will be a function of the peak energy of the bremsstrahl- 
ung beam. This can be seen from Fig. 1 where we have 
plotted the counting rate of A+ mesons from a proton 
due to reactions (la) and (1b) as a function of the peak 
energy of the synchrotron beam. The solid curve is that 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t Now at Brookhaven National Laboratory. 

1B. C. McDaniel, A. Silverman, R. R. Wilson, and G. Cortel 
lessa, Phys. Rev. 115, 1039 (1959). 

2R. L. Anderson, D. A. Edwards, F. Turkot, and W. M. 
Woodward, Proceedings of the 1960 Annual International Conference 
on High-Energy Physics at Rochester (Interscience Publishers, Inc., 
New York, 1960). 


= 82° we get do,z~/do ps°=1.6+0.7. 


obtained for free protons (see reference 1), the dashed 
curve gives the qualitative behavior for a proton bound 
in the deuteron; the nice saturation property of the 
free nucleon target is smeared out due to the internal 
motion of the deuterium nucleons. 

To extract from the experimental data an estimate of 
the free-neutron cross section we assumed the impulse 
approximation, in which the sole effect of the deuteron 
is to impart an initial momentum distribution to the 
nucleon. The momentum distribution was taken from 
the Hulthén wave function. If we calculate the ratio 
of (1c) to (1b) then the only cross-section data needed 
are the data in the ratio of (1a) to (1b); this ratio is 
known to about 20%.'* The results of the calculation 
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Fic. 1. Counting rate of K+ mesons from the proton in hydrogen 
and deuterium as a function of peak energy of the synchrotron. 


are given in Table I. The errors on the ratio arise from 
the number of counts and the uncertainties in the free- 
proton data. The y-ray energy and c.m. angle in Table I 
pertain to the free proton production; for the neutron 
one really measures an average over small energy and 
angular intervals centered on these values. 

There are three obvious effects due to the spectator 
nucleon in the deuteron which can alter this simple 
analysis: 


1. The A+ yield can be increased over the free-nucleon 
value by producing a K° on the neutron which charge 
exchange scatters on the spectator proton. 

2. The A* yield can be reduced by the At 
exchange scattering on the spectator neutron. 

3. A real r* or x° produced on one of the nucleons 
may interact with the other to give a At. 


charge- 
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Taste I. Calculated ratio of free-neutron to free-proton 
differential cross sections. 


k a “+1 $0 


Mev 10-*! cm?/sr) 
11 ” 


1146 


y+p— Kt+2° 
0.6+0.1 
1.1+0.2 


1.6+0.7 
0.8+0.6 


An estimate of these effects indicates that they would 
tend to increase the calculated ratios, perhaps as much 
as a factor of 1.5. 

It should be pointed out that this method of observing 
only the A* at one peak photon energy does not rule out 
the possibility of the reactions 


1153 Mev, (2a) 
1159 Mev, 


TT? “oe Kt++A°+7°, 
ytn— Kt++A°+-r (2b) 


from simulating AD production for a deuterium target. 
To obtain a A* at 25° and 405 Mev /‘c from a free proton 
via reaction (2a) requires a photon energy greater than 


RKOT, 


AND WOODWARD 

1227 Mev; this threshold will, of course, be reduced 
below 1170 Mev in the case of deuterium. To reach the 
recently reported A°x~ resonance’ via reaction (2) on a 
free nucleon requires a y ray of 1405 Mev; hence it is 
unlikely that reaction (2) makes a significant contribu- 
tion in our measurement. 

At present no strong theoretical prediction can be 
made for the ratio in Table I. Assuming charge inde- 
pendence and that only the electric dipole matrix ele- 
ment is important, one predicts a ratio of four to one. 
Capps‘ has calculated this ratio near threshold on the 
basis of lowest order perturbation theory including 
anomalous magnetic moments; global symmetry is used 
for estimating the hyperon moments. The answer ob- 
tained depends on the parity of the AZ system; the ratio 
tends to be greater than one (perhaps as large as 80) for 
odd parity and less than one for even parity. 


3M. Alston, L. W. Alvarez, P. Eberhard, M. L. Good, W. Grazi 
ano, H. T. Ticho, and S. G. Wojcicki, Phys. Rev. Letters 5, 520 
1960). 

‘*R. H. Capps, Phys. Rev. 114, 920 (1959), 
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The contribution of nucleon polarizability to ultrarelativistic electron-nucleon scattering cross sections is 
estimated and found to be small for nonforward scattering angles at all energies. 


I. INTRODUCTION 


HE charge and magnetic moment distributions of 

nucleons are obtained by analyzing the observed 
electron-nucleon scattering in Born approximation. 
Among the higher order terms which are neglected, 
radiative corrections for the electron scattering can be 
computed in a straightforward way. Other corrections 
to the Born approximation involve the exchange of 
more than one photon between the electron and nucleon. 
Part of this represents the correction for multiple 
scattering of the electron by the static electric and mag- 
netic fields of the nucleon. These would be included by 
explicitly solving the Dirac equation for the electron 
rather than using the Born approximation. The rest of 
the many-photon exchange contribution depends upon 
the dynamical structure of the nucleon charge and 
moment distribution and cannot be calculated even if 
the conventional form factors are known. But all of 
these higher order corrections involve higher powers of 
e’/he and their inclusion would presumably give cor- 
rections of order 1% to the nucleon form factors ob- 
tained from the Born approximation analyses. 

The dynamical contribution to the two-photon ex- 
change depends upon the nucleon polarizability. Be- 
cause this is anomalously large for photon frequencies 
near the (3,3) pion-nucleon resonance, the effect on 
electron scattering of nucleon polarizability has beén 
explicitly estimated'* for electron energies below about 
one Bev to see if it could give an appreciable contribu- 
tion to the observed cross section. Despite the fact that 
the polarizability contributed to an exceptionally large 
cross section for photonucleon scattering near the reso- 
nance, it was found to give a negligible (~1%) correc- 
tion to the electron scattering. In the latter case, a 
virtual photon is scattered and it is necessary to average 
over the frequency and wave number of this virtual 
photon to calculate its effect on electron scattering. The 
nucleon polarizability is large and positive for fre- 


* Supported in part by the National Science Foundation and the 
Army Research Office (Durham). 

+ National Science Foundation Pre-Doctoral Fellow. Present 
Address: University of California, La Jolla, California. 

t On leave from University of California, Berkeley, California. 

1S. D. Drell and M. A. Ruderman, Phys. Rev. 106, 561 (1957). 

2S. D. Drell and S. Fubini, Phys. Rev. 113, 741 (1959), 


quencies below resonance and large but negative above; 
the required average is much smaller than the average 
magnitude in this region. The approximate magnitude 
of the polarizability corrections for electron energies >1 
Bev cannot be inferred to be negligible from such 
calculations of its effect at the lower energies. The 
nucleon is treated in a nonrelativistic way and in certain 
approximations the Compton scattering amplitude is 
extrapolated off the photon energy shell by assuming 
that real and virtual photons of the same frequency 
have the same scattering amplitude to terms in e?.! With 
such approximations the relative contribution of the 
nucleon polarizability was calculated! to become in- 
creasingly more significant as the electron energy grows 
above 1 Bev, but the approximations are clearly inap- 
propriate in the ultrarelativistic region. The assumed 
dependence of photo-nucleon scattering on frequency 
alone is equivalent to neglecting the spatial “‘size” of the 
nucleon for virtual photon scattering; for large mo- 
mentum transfers of highly virtual photons this is even 
qualitatively inadmissible. 

In the forward direction the effect of nucleon polariza- 
bility on electron-nucleon scattering can be estimated 
fairly well. The imaginary part of this correction to 
order e* is (k/4x) times the total cross section for 
electron-nucleon inelastic scattering (meson produc- 
tion); & is the electron momentum. This cross section 
can be estimated in the Weizsiicker-Williams approxi- 
mation from the measured photomeson production cross 
section. In this way, it is seen that the imaginary part 
of the e* polarizability correction increases in the for- 
ward direction like & Ink. At one Bev it is about 4X 1077 
cm; at 10° Bev it is about 2X 10~ cm (center of mass). 
The real part of the forward polarizability correction is 
generated from the imaginary part by a dispersion rela- 
tion. It is also monotonic and comparable in magnitude 
to the imaginary part. These amplitudes may be com- 
pared to the measured ninety degree cross section for 
electron proton scattering of 2X10 cm?/sr at 900 
Mev.* Thus at 1 Bev the forward polarizability correc- 
tion is already comparable to the observed amplitude 
for large momentum transfer. At much higher energies 


3R. Hofstadter, F. 


Bumiller, and M. Croissiaux, Phys. Rev. 
Letters 5, 263 (1960). 
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it is expected to be much larger than the e? ninety degree 
amplitude. Therefore, to be able to neglect the polariza- 
bility with confidence in large-angle ultrahigh-energy 
electron-nucleon scattering it is necessary to estimate 
how rapidly it decreases with angle as we move away 
from thé forward direction, but this depends upon the 
unknown dynamic nucleon polarizability as a function 
both of the wave number and the frequency separately. 

We have tried to make an estimate of the possible 
contribution of the polarizability to large-angle scat- 
tering in two ways. First, a relativistic Weizsicker- 
Williams analysis of the electromeson production as a 
function of impact parameter gives the imaginary part 
of the electron-proton elastic scattering amplitude for 
arbitrary incident angular momentum. A one-dimen- 
sional dispersion relation yields the real part. These 
contributions are appropriately summed to give an 
angular distribution. Such a WKB approximation is 
applicable only to small-angle scattering. Even here it 
involves and unknown form factor (photoproduction of 
mesons for very virtual photons) in a crucial way as 
soon as the momentum transfer/c becomes larger than 
a few meson masses. However, it appears that as long 
as this form factor is not singular for infinite photon 4- 
momentum, then the polarizability correction for non- 
forward scattering remains negligible even at ultra- 
relativistic energies. 

Alternatively, the Born approximation and polariza- 
bility corrections have also been calculated in relativistic 
perturbation theory for nucleons coupled to pseudoscalar 
mesons. The polarizability correction is shown to be 
negligible and, in this case, a decreasing function of 
energy for sufficiently high-energy finite angle scat- 
tering. Such a model is not expected to give a reliable 
description of either the polarizability correction or the 
form factors independently so the generality of the 
small ratio is unclear. The significance of this and the 
WKB result lies mainly in confirming that present 
knowledge and calculations of nucleon structure do not 
infer that 
electromagnetic form factors will be unreliable because 
of the ultrahigh 
energies. 


Born approximation analyses of nucleon 


neglect of polarizability even at 


Il. WKB APPROXIMATION 


The partial wave expansion of the electron-nucleon 
scattering amplitude is 


F (0) = (2ik) > (21+-1)Lexp(2i6,)—1]Pi(cosé), (1) 


where 6, is the complex phase shift. Since each 6; is 


1 | . 
small, we nave 


ImF ty] =(k 4dr Yio R P,(cos6). (2) 
The a,'*’ is the reaction cross section for the /th partial 
wave. In the high-energy limit, we shall consider the 


reaction cross section associated with a linear electron 
trajectory of fixed impact parameter p=//k. In this 
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WKB approximation,** 


D 


ImF (0)= (k i) f a‘®) (9) P,,(cosd)dp. (2’) 


0 


Since o‘*)(p) is invariant with respect to Lorentz trans- 
formations along the trajectory, we may calculate it in 
the rest system of the struck nucleon and substitute it 
into Eq. (2’), with all other variables evaluated in the 
c.m. system. The major part of the partial cross section 
a‘®)(9) is the result of meson production by the elec- 
tron’s electromagnetic field; we estimate this in the 
Weizsicker-Williams approximation.t The canonical 
form of this approximation gives for the effective flux 
of real photons incident on the nucleon, caused by an 
electron with impact parameter p and energy of y rest 


masses, 
a [wp wo\ TF 
N(pjw)= K ) . (3) 
1 p"w ¥Y Cc Y Cc J 


where A, is the modified Hankel function of first order. 


Also, 


a®)(p)= f 2rp.V (p,w)oyx(w)dw, (4) 


where & is the incident electron momentum in the 
laboratory system and ¢,,(w) is the total pion photo- 
production cross section for real photons of frequency w 
in this system. 

The electromagnetic field of an ultrarelativistic elec- 
tron is not equivalent to that of free photons when the 
impact parameter is smaller than the nucleon “size.” 
Therefore, for such impact parameters, the combination 
of Eqs. (3) and (4) must be appropriately altered. 
Effectively this involves the cross section for pion pro- 
duction by photons which are far off the energy shell, 
wr k*, 

The differential cross section for electromeson pro- 
duction is proportional to 

ulw,k) (w?— 2) (2p—k) 2/4 pal p—k)a, (5) 
the ¥,(w,k) is the matrix element for meson pro- 
duction by a photon of 4-momentum (w,k) and is the 
4-momentum of the electron. When the high-energy 
electron, moving in the z direction, is negligibly devi- 
ated, w—k?2~ —w’/y*. The cross section (5) can then be 
somewhat simplified by gauge invariance requirements, 
converted into a function of the transverse component 
k,, and Fourier-transformed to exhibit its p dependence: 


ft, explik-o Le VP +k? wk, F(w,k) (6) 


38 This approach has been previously considered by H. A. Bethe 
and F. Rohrlich, Phys. Rev. 86, 10 (1952). 

4 See, e.g., W. Heitler, Quantum Theory of Radiation (Oxford 
University Press, New York, 1954), 3rd ed., appendix 6 
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If $(w,k) is independent of k, then | F(w,w) |?~o,-(w) 
and the expression (6) gives just the result of combining 
Eqs. (3) and (4), i.e., the usual Weizsicker-Williams 
approximation. However, the expression (6) must be 
integrated over all k, so that k,?+k2—u*~k,? is not on 
the energy shell. We approximate $(w,k) by 


(wk) =F (ww) f..(w?— k’). (7) 


The form factor f,=1 when k?=a*, and corrects the 
photomeson amplitude for virtual photons. It is easily 
shown that this introduction of f,, by Eq. (7) is exactly 
equivalent to writing 


9 


1 6] 
N (pw) =— — ox fer gu(o’)E(o—o';w)|, (8) 
hw 4” 


where E is the Lienard-Wiechert electric field of an 
electron moving in the direction 6. If g(o’)=6° (0’), 
Eq. (8) is the canonical expression for photon density, 
and leads to Eq. (3); instead here q(o’) is the two- 
dimensional Fourier transform of f,(k,?). We may 


interpret this, in any frame moving parallel to the z axis, 
in terms of an effective cylindrical density of the nucleon 
for photomeson production. The combination of Eqs. 
(2’), (4), and (8) gives, after straightforward calculation, 


ak ” dp dw wp wp 2 
ImF (¢)= —{ - Pas(cos?) f j Ka( )| 
nt Ji ry, © 


xe) f du J \(u) fo(u?/p? . (9) 


We explicitly assume that f,— 0 as p— 0; otherwise 
the lower limit of the p integration must be cut off 
at 1/k. 

If the form factor f, is replaced by unity, the p cutoff 
must be introduced, and in the forward direction we 
obtain the familiar 


ak p* dw ¥ 
ImF (0)= f In — }o,,(w). (10) 
ar 0 Ww WPmin 


When this is compared to the Rosenbluth® anomalous 
magnetic moment scattering amplitude in the ultra- 
relativistic limit, 

F 3(0)=(a/2'*M)KF2(q*) cot (8/2), (11) 
with A the anomalous moment, F2 is form factor, and 
q= (2E/M) sin(@/2), it is apparent that in the forward 
direction, ImF (0) increases like k Ink, while F2(@) for 
any fixing nonvanishing @ decreases with increasing &. 
The neglect of ImF(@) next to Fg(@) thus depends 
critically upon the angular distribution calculated from 
Eq. (9). 


5M. Rosenbluth, Phys. Rev. 79, 615 (1950). 


POLARIZABILITY 


CORRECTION 1007 

For very large k, we replace the Legendre function of 
Eq. (9) by its asymptotic form Jo(kp@). This oscillates 
rapidly for large kp@, and thus cuts off the Hankel func- 
tion which can be replaced by its limit for small argu- 
ment. Then, very approximately, we have 


ak pf” dp dw 
ImF (¢)=— f “Ja(koo) f Oy_(w) 
2° 0 p 0 @ 


x| f du J(u) fo (we r). (12) 


0 


The form factor /,,(k®) refers to a four-point vertex, 
but it might be expected to have a behavior which is not 
qualitatively dissimilar from the familiar electromag- 
netic three-point form factor. Therefore we assume 
fo(R®?)~1 for k?<v*, after which there is a rapid de- 
crease, e 


oO 
“Bey 


fo(R)=>> v2"(ve2e+R)-"C ai, 13) 


with the v; of the order of a few pion masses. Then from 
Eq. (12), we find that for a typical term in Eq. (13) 
with C,=1, 


ak p* dw 
ImF (@¢)= f o> x(a) 


arty 
" dy “ay " Ka) F Fhe 
xf —j1i-—2 ) Jo v). (14) 
Y 2 T(z) - v 
The ImF(@) predicted by Eq. (14) decreases for in- 
creasing » or k@. Even for n=4, for which the virtual 
photons are much more effective in photoproduction of 


mesons than would be estimated from any physical 
model, the x integral in Eq. (14) gives 


v * ‘| 
+2In| +[1+( ) | 
ké ké | 
2 2v\ 273 v\3 
In| +[1+( ) || (). 
k@ ké eee eee 


For n=, the high-momentum transfer limit is (v/R6)4; 
when # increases, the limit continues to decrease, but 
depends upon » less sensitively. Thus in contrast to its 
contribution to forward scattering, the effect of the 
polarizability on the large momentum transfer electron 
scattering is a very rapidly decreasing function of mo- 
mentum. For n 21, ImF(@)~k(v/k6)*. Clearly a non- 
singular behavior for the meson photoproduction form 
factor leads to a polarizability correction which is 
negligible next to the Born term if the conventional form 
factors are combinations of Yukawa functions. 

We next turn to the evaluation of the contribution of 
the polarizability to the real part of the scattering 
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amplitude. This is most easily obtained as a dispersion 
transform of the imaginary part, a relation which in this 
semiclassical case can be justified on the basis of 
causality alone. The model of a high-energy electron 
traversing a straight-line path of fixed impact parameter, 
such as was considered above, may equivalently be re- 
garded as a wave packet traveling down a long narrow 
tube, and analyzed into one-dimensional plane waves. If 
there is an input e'*‘ at one end, then the transmitted 
wave at the other end is exp{iLw!+7,(w) ]}, where 7, is 
the complex phase shift. But since the two ends of the 
tube must be causal with respect to each other, the 
frequency. response function A,(w)=exp(in,) must, by 
a well-known argument, obey a Kramers-Kronig re- 
lation: 


1 . 1 
ImK ,(w)=—- pf ReK , (w’)——da"’. 


T 


9 <9 


— wn 


By considering the total cross section to be an integral 
over impact parameters of the separate cross sections of 
each tube individually, for small 7, the following 
identification can be made 


—2 Re{expLin, oi-n-f N(q@,p)oy2(w)dw. (15) 


In addition, K,(w)=A,*(—w) 
produce identical scattering) ; we then try a no-subtrac- 
tion dispersion relation for ReF (6 


2a ~dp k ~ kdk’ 
ReF (@)= f P,,(cosé f —- - 
7 p dr Jy ROP 

k’ dafwp — {oe\ fF 
xf ‘ K, T+4x\w) 
Wly Y 
x u- 4 
x f du J \(u) fi. ) . (16) 
o 


argument expansion for K, 
(cos@) for finite 6. Then 


(electrons and positrons 


Again we may use the small 
since large p is cut off by P;, 


Kel (6 | 


* kdk’ | 


k®—k| pi 
fda w¥0(e) 


The real and imaginary parts of the polarizability 
amplitude F have the same angular dependence in this 
approximation. Moreover, the bracket is experimentally 
close to zero when k and k’, the laboratory wave num- 
bers, are both much larger than the nucleon isobar 
frequency. If most of the ¢,,(w) comes from an isobar 


h 


resonance at kr, then we have 


ReF (0)/ImF (0)~2kp/ak, k>kr. (18) 
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Then ReF(@) is much smaller than ImF(@) at high 
energies and nonforward angles. The indication, then, is 
that the nucleon polarizability makes a negligible 
contribution to the scattering amplitude in comparison 
to the Born term for all energies and scattering angles 
for which the WKB approximation is qualitatively 
valid. 
III. FIELD-THEORETIC MODEL 


The previous results, obtained through semiclassical 
arguments, may be qualitatively confirmed for a par- 
ticular model in relativistic perturbation theory. In an 
expansion of the § matrix in powers of the electromag- 
netic coupling, e, 

S=1+i1),e°T™; 


the nucleon polarizability effect is associated with the 
term 7 involving two-photon exchange.” The unitarity 
of S, along with time reversal invariance implies a rela- 
tion between T and 7: 


Im(f| 7 |i)=4 Via f|T© \88\T |i), (19) 
where the states f and i are real two-particle states con- 
taining one electron and one physical nucleon, and the 
states 8 contain the electron and any combination of 
particles which couple strongly to the nucleon. 

The intermediate state 8 of just one nucleon and one 
electron, without any mesons, can be disposed of 
quickly. It would occur (and, in fact, be the only term) 
in a calculation of electron-nucleon scattering, even in 
the absence of a meson field; the presence of the meson 
coupling merely modifies the static nucleon charge and 
moment by insertion of form factors dependent on the 
momentum transfer. This type of correction term can 
easily be calculated, and with inclusion of extrapolations 
of experimentally measured form factors, will pre- 
sumably be small for all energies and scattering angles 
relative to the one photon exchange terms. 

The remaining terms, in which the 8 contain one or 
more mesons and, or baryon pairs, and which represent 
the polarizability effect to be investigated, cannot be 
completely evaluated with available analytic techniques. 
One approximation, however, would be a simple one- 
meson model, calculated in lowest order perturbation 
theory; it would be natural, then, to compare the re- 
sulting expression for 7; with the Born approxima- 
tion, 7 ,,;, in which the unknown form factors are also 
obtained for the same perturbation theory model. Al- 
though this calculation is certainly not reliable in either 
application, it is possible that the ratio 7,, to T,;, 
each estimated in this way, may be indicative of the 
true momentum transfer dependence; the calculated 
ratio is independent of the meson-nucleon coupling 
constant. 

In the particular case of the neutron, the relevant 
Feynman diagrams for™application of the model to 
(8, T@ |i) are given in Fig. 1; they involve electromeson 
production from a bare neutron. Their contribution, 
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(b) 


Fic. 1. Diagrams used in model taken to represent 
amplitude (nex | T | ne). 


according to the usual rules and Eq. (19), is® 
X (| T | 8)B| T |i) 
og? M*m? 
"da (E.EoEy'Ex!)} 
xf dp; d° py d*ps 6'(pst+ pst ps— pi— pe) 


5*( pi’ + po’ — pi-— pr) 


Ey Ex Es (p.—ps)*(po!—po? 
Psvu (pi'— pst Ps)p 
(p:'— ps)? — M2 eee 
VPs (pi— pst ps), 
- Jeon 


x(n] 


XA (os — +-—____—— 
(pi— ps)? — MM? (pi-— ps)? w? 


Xw( po’ )y"Ay(paly’w( pe). (20) 

Even in this simplified model, expression (20) is too 
ponderous to integrate directly. However, since an 
order of magnitude estimate at the high-momentum- 
transfer limit is all that is required, a crude approxima- 
tion technique is employed. The basis of this scheme lies 
in noting that most of the dependence of the integrand 
on the integration variables is in the propagator de- 
nominators; these propagators become many orders 
larger at certain points in the range of the variables, for 
very high energies. Furthermore, the half-widths of 
these spikes, although very narrow, are sufficient that 
most of the contribution to an integration of them 
against a slowly varying function comes from these 
neighborhoods. The numerator does display dips at the 
points in question, but not severe enough to offset the 
peaking of the denominator. Hence a possible approxi- 
mation is to evaluate the numerator at the dominant 
points, and take it outside the integration. 

An alternative explanation of the procedure is in 
terms of the singularities of the S matrix. The unitarity 
condition has related (f| 7 |7) to a bilinear sum over 
states 8 of (f|T®|8) and (8|T |i). The first simpli- 
fication of the model chosen was to truncate this sum by 
restricting 8 to contain only one pion besides the nucleon 
and electron. Next, of the singularities of the physical 
amplitude (nex|7T|ne) considered as a function of 


® The notation follows the conventions of S. Schweber, H. Bethe, 
and F. de Hoffmann, Mesons and Fields (Row, Peterson and Com 
pany, Evanston, Illinois, 1956), Vol. I. 
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Fic. 2. Diagrams representing pole contributions to amplitude 
(nex|T |ne); (a), (b), and (c) give nucleon, pion, and photon 
poles, respectively. 


complex energy and momentum transfer variables, only 
poles were retained ; this corresponds to calculating only 
to lowest order in renormalized meson-nucleon coupling 
constant. There are three poles (Fig. 2): two, in the 
unphysical region, represent the possibility of a single 
nucleon or meson intermediate state, while the third is a 
photon pole on the edge of the physical region. In the 
high-energy limit, furthermore, all the singularities 
which lie outside move in towards the edges and have an 
increasingly significant influence on the amplitude inside 
the region.’ The mathematical approximation to Eq. 
(20), described above, corresponds to replacing the 
second order amplitude by the most singular terms in 

its Laurent expansion about the poles. 
Returning to Eq. (20), it is seen that factors in the 
denominator nearly vanish for the four cases 
(ps=po, pPs=ph1), (ps=po, psp), (21a) 


and 
(Pipr', PSPs’), (Ps=po’, ps=pi'). (2b) 


In the center-of-mass frame, the first pair leads to the 
substitutions into the numerator 


ps— pr=[Ei— 2M, (p:-3) Ai), 
p3— pu=LM,0], 
ps pu=[F2—3M, (p2—43M) 2], 


where the factor (pi1—s)?—M® occurs in the denomi- 
nator, and 
bs— px=[4,0], ps— p2=[Fi—}u, (pi- dw) Ar], Q 


‘ 3 
ps pao=[F2— du, (p2— u)pe], 


where (p1— ps)?—w? occurs in the denominator. 

Furthermore, if the net momentum transfer in the 
scattering is large, so that ; is not approximately equal 
to pi’, then the peaks from the pair of points (21a) are 
widely separated from, and nearly nonoverlapping with, 
those of the pair (21b). Thus it is also legitimate to treat 
the noneffective denominator factors in any particular 
region as slowly varying, too, just like the numerator. 
The extent of validity of this procedure can be illus- 
trated by the following simplified typical example, which 
can be analyzed in detail. 


7 The prominence of the poles at high energies has been used 
recently in a different context by S. D. Drell, Phys. Rev. Letters 5 
278, 342 (1960). 


’ 
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Consider the integral 


(24) 


|= feaca—B g)(a—f'-g) 


over all directions of g, with a@>1. An exact evaluation 
yields 
4 


2 sin(36)[a?— cos? (30) }} 


sin ( 20) +[a? *—cos*(3 49) |! | 

Xln|— 25) 
|—sin' 16)+[a?—cos? (3 a) }4\" 

where cos#=p-p’. If a—1<1, then the integrand of J 

is very similar to the one at hand, Eq. (20). If in addi- 

tion, a?—1<sin?(}@), then Eq. (25) reduces to 


4or 1—cos@ 

[=———_ h——_. (26) 
1—cos6 a-—1 
But the further condition just states that the two peaks 
of the integrand (when @|/f, and g||h’) are well separated 
in comparison to their half-widths. Thus if the peaks are 
assumed to be strictly nonoverlapping, and the non- 
dominant factor to be slowly varying, then 
2 


- 


1—cos@ a—1 
The two results are sufficiently similar, so that the ap- 
proximation procedure is pertinent; the ratio of the 
arguments of the logarithm, sin*(3@), will be of im- 
portance later, however. 
Applying these techniques, Eq. 


> (f|T |B 


8 


(20) becomes 


4B| TO |1 


_ 2c%g'M*m* 6 (pi + po’ — pi— 2) 
“40 E,Es (p'—p)? 
x fA. BP ps ps 8'(pat pet 
E; Ey Es 
PryA(Pai9 Pi 
eas —p,)?— MAL (pi- 
se- sot ps2) A_(p ed 
L(p1’— pi)’—w? JL (pi— ps)" — "J 
Xw (pr) (po’)y*A, (po)y’w( po). 


——-+cross terms 


ps)? ~M?) 


(28) 


Using the commutation relations for the gamma matrices 
and the fact that w(p) is an eigenspinor of the free- 
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particle Dirac equation, the numerator can be reduced: 


W( pr’) PrypA—(psr)y-Piw( pr) ( po’ )y*A + (po)y*w( pe) 


M 
= Poe (m—ioy,p2”)[(1+74)M—2E;] 


m 
+2pi(1+-s)po—2Evy,M} 
Xw(pi)d(p2’) 
M = r 
Spr’) 2 Ero wpa’ + 2pru(1 +74) po} 
zm 
Xwpi)wd(po')y*w(pe), (30) 


“Ww (po), (29) 


when masses are neglected compared to energies. In a 
similar manner, one obtains for the other term, 


W( pr’) (pr — paot ps2) A (ps2) (pPi-— pot ps), w(pr) 
X w( po’ )y"Ay (po)y’w (po) 
3uwE2 2 


aD ( pr’) (vat y: pi)w(pr)W( po’) yw (pe). 
&SMm : 


(31) 


A further reduction can be achieved by using the 
formulas for spinor matrix elements, referring to ultra- 
relativistic particles in the center-of-mass frame: 
mwb(p’,¢’)w(p,¢) = €E sin(38), 
mb (p’,¢’)-yw(p,t) = eE cos(38), 
mibb( p's’) ~w(p,t) = —eE(p+p'—itpxp’) 
x (1 + -p’) 1 cos (36), 
eh (p—p'+itpx p’) 
X (1—p- pf’) sin(48), 
“KE (p—p'+itpx p’) 
X (1—p- fp’) sin (46). 


mib( p's’ yyw (p,6) = 
mib(p’ ,¢ ow (p,¢) = 


Here cos#=-p’, while ¢ is a spin polarization index as- 
suming values +1 such that ¢= Dpto: Pu(pt). It 
further proves convenient to define «=}(1+¢¢’), 
é=}(1—¢¢’). Substituting formulas (32) into ss q. (30) 
yields 


2EPEYm~ (2, cos(}0)+é, sin(34) Jes cos(46) ; 
the same substitution into Eq. (31) yields 


—3wWE?(8M mm’) e2é, cos(36) sin(36). (34) 

It can now be seen that for high energies, the second 
of these two expressions is much smaller than the first. 
Since they are coefficients of terms in Eq. (28), the 
second term can be neglected; it will be shown later 
that the integrals of the denominators of these two 
terms do not differ significantly in magnitude. The 
cross-terms may similarly be neglected. These ap- 
proximations correspond to retaining only Feynman 
diagrams in which the photon is attached to the bare 
nucleon, not the meson; or equivalently to discarding 
the meson pole of Fig. 2 
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After these reductions, Eq. (28) reads 


pe T® BYB T® |4 


P 
So?’ 4M? FE Ef 2, cos(46)+ & sin (46) | 
5*(pi'+ po’ — pi— po) 1 
(p:'—pi)2—M?  (px'— ps)? 
«fe psd ps, 5 (pst pst ps— pi— pr) 
E; Ey Es (po—ps)*L(pi-— ps? — M? ] 


X €2 cos (36) 


The integration over momenta has now been reduced 
to a manageable form. The delta-function is used to 
integrate the four variables p; and 645, where the latter 
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is determined by conservation of energy-momentum: 
- 2paps ( OSA 45 = ( ky+ key)? 2( E y+ Ee) (E4+E;) 
+2khyE3+u2+m’—M?. (36) 


2 Ps: Ps 


Thus with spherical coordinates chosen in the center of 
mass, 


J Pps Ppt ps (pst pst po— pi— pr) 
E; Fy Es (po—ps)L(pi- ps)?— M?] 
1 dk ded Qyddas 
f . (37) 
4 (2k s—m?— p- ps) (Fi E;—}u°— p- ps) 


The angular integrations can be performed exactly, 
with the result 


, fa a | | kk 4—m?— pps (E.Es—m?+ pps) +A— pial hk, ks Su — pps Cos4s) | 
=m | dEgdE; A“ |n 


| E2E.— m+ ppy (ExEs—m?— pp +A— ppa(EvEs—}u2+ pps cosas) } 


where 


A’ PP pel hyEs—- su’)? — pps sin’645 ]+ pps? (Fok y— m*)* 


+2( | OY Oe DM’) P* paps ( 08045 (Melts— m°), (38) 
J 


and 

as rA Eh, Es—- dM) P paps ( OS945— p? ps? (Foky— m”). 
The upper and lower limits on the /; integration for 
fixed £4, which correspond to the situations ps; anti- 
parallel to both ps and py, and p; antiparallel to both p, 
and ps, respectively, are given by 


kt ={(Ext Ee— E+ o— Ey)? — pet — M? ; 
+ pil (Kit E2— Ey)? pete Mey 
—4yu? (E+ F2— Ey)*— p2)}) 


20 (Fit F.— Ey? — pe |. (39) 


The lower limit on the /, integration is ky-=m; the 
upper limit is 


Eygt=( (Fit £2)? +m?— (M+y)?)/2(Fit+-F2), (40) 
corresponding to the situation ps antiparallel to both ps 
and ps. 

In order to make further progress, the high-energy 
limit of 7 must be taken; that is, p; and pe are to be the 
four-momenta of ultrarelativistic particles. Setting 


&: (Loks—m"*— pps) pps; 
and 


&3 ( hy k5—- yu pps) pps, (41 ) 


the &’s are seen to be <1 in the high-energy limit for 
almost all £, and £5. Thus keeping only terms of lowest 


©) 


order in the & Ss, 


I= 2r°p *f aedesCppa + cosOys+ 2+ 8°) | 


X<In(1 + cosO4;+ 62+ 6&5?) &46s. (42) 


Furthermore, in this limit 


psps(1+cos04;)=2(E— Fy) (E—F5); 
ESSE, EyeSE-Ky, Ete, 
6PM? (E— E,)?/2F-E®, 


62&[ME +k (E—Es)] 


Ec Sse: 
(43) 
2E-E:: 


and where F=(/,+F2)/ 2. 

Inside the region of integration, the denominator 
factor becomes smaller with increasing /}y and £;, but 
does not vanish entirely ; at the corner y= = £, it has 
a minimum value M*/2. The logarithm factor does not 
vary dramatically in the region of integration, except 
near the minimum corner of the denominator, where it 
becomes infinite as In(/7—/4). Thus the dominant 
contribution to the integral comes from the region /, 
and £;~£, and a number of alterations based on this 
behavior may be made to allow evaluations in closed 
form; these are consistent with the previous treatment 
of the numerator of Eq. (20). 

Psps(1+cos04,+ 63+ 65?) — 2(E— Fy) (E—E;)+3M?, 
psps6s63 > mM (E—F,)/2F, 
(44) 


E E 
f dk,— f dE. 
E-E4 ( 


After these compromises, 


y E E 1 
I= f arf dE; ; 
F2 Jy 0 2(E— Ey)(E— E5)+3M* 


2(E— Ey) (E—E5)+3M 
XIn . (45) 
mM (E—E,4)/2E 





1012 WERTHAMER 


The change of variable 
x= M?/[4(E—E,)(E-—E,)+M?], 
y= M?/[4(E—E,)?+M?*], 


transforms the integral to 


¢ pl! dy ‘dx 4F*y 
= f nn f nf a eeeememae: | 
FE? Jiupor:yl-y) 4y x mM x(1—y) 


and after performing the x 
rearrangement, 


1;1 4#y) 
dy In | In 
y mM 


(47) 


integration and some 


(48) 


4F°y! | 

uJ) 
The terms in square brackets would lead to a finite 
integral even if the lower limit of integration were ex- 
tended to zero, whereas the remaining term would 
diverge. Thus in the high-energy limit, the latter term 
is the dominant contribution to /: 


dy 1 
- In- In— 
y mM 


‘27 2E\* 2E\*/2E 
(in ) nf (—) (=) (49) 

FE? 3 M m M 
By inserting Eq. (49) into Eq. (35), the absorptive 
part of the fourth-order amplitude in the high energy 
limit can now be exhibited explicitly. Before comparison 
can be made with the second-order amplitude, Eq. (9), 
however, the magnetic form factor must be evaluated 
in the same perturbation theoretic model just used for 
the fourth-order amplitude. This calculation has already 
been investigated for small momentum transfers by 
Rosenbluth’ (proton) and Fried* (neutron). The rele- 
vant Feynman diagrams in the case of the neutron are 
given in Fig. 3; application of the usual rules for these 


4F*y! 


in 


| 
? 
| 


Fic. 3. Diagrams used in one-meson model to represent neutron 
lorm factors 


* B. D. Fried, Phys. Rev. 88, 1142 (1952 
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diagrams leads to the parametric expression® 


gM (1—.x)? 
f dade asl = | (50) 
16m? ( Ar Ar 


Ay= —p*(1—2) — M*x?+¢’a*y(1—y), 
An= —p’x— M?(1—x)?+ gx? y | 1— Vv). 


KF 2(q") = 


where 


For g>M?, the neighborhood of «=O is strongly empha- 
sized, and a valid approximation to this integral is 


gM dy 
KF (¢)=—- f Deas f 
167? Jy 0 —M?+¢xy(1—y) 


( 


(51) 


The y integration is easily performed; for large mo- 
mentum transfers, the resulting x integration may be 
approximated in a manner similar to that used above 
for the fourth-order amplitude. The result is 


g? M gy 
in |. g>>M. 
167° ¢ M? 


Note that in this model, F2 
but quite slowly. 

Now if the lesson of the simple integration example, 
Eqs. (26) and (27), is taken seriously, an additional 
factor sin*3@ should be supplied in the argument of the 
squared logarithm in Eq. (49); when this is done, the 
expression (52) for the magnetic form factor can be 
recognized in the resulting fourth-order amplitude. 
After this substitution is made, 


KF. o(q?)= 


falls off with increasing q?, 


Im(f| T | +) 
~4a?K F2(q") 
X5*( pi’ + po’ — pi-— po) (¥ 


xin] 
_ m 


Employing this result, the ratio of the imaginary part 
of the fourth order amplitude to the second order 
amplitude is seen to vary roughly as a(M/F) In(E/M), 
a decreasing function of energy. For an electron center- 
of-mass energy of 10 Bev, the ratio is about 5%; it is 
below 1% for energies in excess of 50 Bev. 

For estimating the real part of the fourth order 
amplitude from the imaginary part, two lines of argu- 
ment are possible. The first is to exploit the similarity 
with the semiclassical imaginary part in order simply to 
claim that the real parts should correspond as well. The 
other line of argument is to proceed boldly with an 
application of a conventional relativistic energy dis- 
persion relation, despite the difficulty of the substantial 
unphysical integration region, arising from the require- 
ment of large momentum transfers. A fixed-momentum- 
transfer, no-subtraction dispersion relation for the 


Ze; cos( 50) +é, sin (46) ] » cos(46) 





NUCLEON 
fourth-order amplitude Eq. (53) (excluding kinematic 
factors) predicts 


Re( f| T™ |i) 
r va 


1 ¢ 1 1 
=Im( | T |i) pf ar'( ne —) 
r E'-E E'+E 


X[in(2E’/m*) ]/[in(2E/m*)],. (54) 
where (m*)*=m'M. If the integration is carried out by 
just discarding the unphysical region, that is, setting the 
lower limit at Ewin’ = FE sin(36), then 
8 Inf 2 sin (36) |/m* 
—— sin(36) ———— 2 
Im(f|T |i) 3a In(2E/m*) 


(55) 


if the analytic expression (53) is used even in the 
unphysical region where strictly speaking it is not valid, 
that is, setting nin’ = M, then the ratio is 


A) | 4 2r 


~~ 


Im(f|T |i) 3 In(2E/m*) 


POLARIZABILITY 


CORRECTION 1013 
In neither case does the real part decrease with energy 
less rapidly than the imaginary part. 

If the effect of highly virtual photons is examined in 
more detail we see that the relation between the two 
may be expressed by Eqs. (17) and (13) with n=1. In 
the WKB approximation the imaginary part of F(@) is 
then expected to fall off with a rate between (£6)? and 
(k6)~*. From Eqs. (52) and (53) we see that, for small 
finite anglesand k— ©, Im(f| 7 | 7)~ (R8)~* In?(R@) Ink, 
in qualitative agreement with the previous estimate. The 
ratio of real to imaginary parts as given by Eq. (56), 
approximately 1/Ink, is in agreement with Eq. (17) in 
that it has no angular dependence and is a decreasing 
function of k. Since the field-theoretic model does not 
reproduce the dominance of the resonance at low & in 
ox, the ratio is not expected to fall off as rapidly as the 
estimate of Eq. (18). 

The explicit model calculations thus confirm the more 
general estimates of the WKB approximation and again 
raise no hint that the polarizability corrections will be 
significant for finite-angle electron scattering at very 
high energies. 
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Mean Lifetime of the Neutral Pion 


R. G. GLASSER, N. SEEMAN, AND B. STILLER 
Nucleonics Division, Naval Research Laboratory, Washington, D. C. 
(Received March 30, 1961) 


An estimate of the mean lifetime of the 7° meson has been obtained from an experiment employing a direct 
time-of-flight technique first attempted by Harris et al. in 1957. This method is based upon the observation 
in nuclear emulsion of the decay of the K,2* meson (K+ — x*++-x°) and the subsequent decay of the r® via the 


Dalitz mode, 7° - 


>e*+e~+y. In the present experiment we were able to utilize a new fine-grained emulsion 


Ilford L.4) that yielded markedly improved resolution. The availability of the separated K+ beam from 
the Bevatron at Berkeley permitted detection and measurement of 76 Dalitz decays. We obtain, for the 


mean lifetime of the r®, r= (1.90.5) K 10™® sec. 


I. INTRODUCTION 


INCE the publication of results'? conclusively 

showing the existence of the neutral pion, the 7°, 
experimental determinations of its mass** and calcu- 
lations®:* of the branching ratio of its decay modes have 
been made with increasing precision by various in- 
vestigators. However, until recently,’:* the mean life r 
of the r° had been only poorly determined. Theoretical 
calculations, using perturbation theory, predicted a 
value of 5X10-" A more recent calculation,” 
using low-energy y-p scattering data and dispersion 
theory, gave limits of 5X 10~" sec<7r<10~"* sec. Early 
measurements summarized by Anand," gave 
limits ranging from <10~" sec to >10-'® sec. The 
availability of high-energy meson beams from ac- 
celerators made it possible to measure the value of 7 in 
various interactions producing neutral pions under 
controlled experimental conditions and with much 
better statistics. In an experiment on charge exchange 
of negative pions, Schein ef al.” obtained a limit 
r<4.8K10-5. Harris et al.," using time-of-flight 
measurements in nuclear emulsions on neutral pions 
coming from the two-body decay mode of the A* 
meson, obtained an upper limit of 5X10~'® sec. This 
limit resulted from their having to use emulsion with 
very large grains and having only a small number of 


=ac 9 
sec. 
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events. Alternately Primakoff has suggested“ that + 
could be evaluated by studying the inverse process to 
the 2y decay mode. This process is the photoproduction 
of a x” in the Coulomb field of a nucleus.'® A preliminary 
value of r, obtained recently in such an experiment, has 
been reported by Tollestrup.'® 

The successful production of fine-grained L.4 emulsion 
in large volume, by C. Waller, of Ilford Ltd., made it 
possible to obtain much better spatial resolution than 
was possible with G.5 emulsion. The unprocessed grain 
diameter is 0.15 4 in comparison with 0.27 uw in G.5,!7 
and the processed grain diameter with the NRL 
processing is 0.35 u as against 0.70 wu. 

A stack made up of 84 L.4 emulsions, 4 in. X6 in., 
was exposed to a beam of 300-Mev/c A* mesons at the 
Berkeley Bevatron.'* The beam intensity entering the 
stack was 6000 A* per cm*. These mesons came to rest 
at a depth of approximately 3.5 cm in the stack. The 
stack was processed using modified NRL methods 
described by Shapiro. 

An area scan was carried out, examining all A+ 
endings. The density of mesons observed coming to 
rest in the scanned volume was 1930 A+ per cm*. As 
the Kyo decay mode 
= 0.835. 
neutral 


’ 


pointed out by Harris ef al.," 
provides a mw’ meson with a unique velocity 6 
calculation 2%, of all 


Theoretical shows 1. 


| 


pions should decay according to the mode 2° — y+e* 
+e-.°® In the course of examining 28 600 A* endings, 
we have observed 86 cases in which the 7° decayed 
via this alternate mode. Figure 1 is a photomicrograph 


of one of these events. One event was observed in 
which the x” decayed via r°— 2e++2e~ (double Dalitz 
decay). 

Cases in which the electron pair originated more than 
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5u from the A ending were excluded. K endings 
within 204 of either emulsion surface were also re- 
jected, since the electrons could not reliably be distin- 
guished from accidental crossing tracks. 

Since other decay modes of the A* also result in 
Dalitz pairs, an attempt was made to separate these 
“contamination events” from the A,2 events. Most 7’ 
decays had already been rejected by the scanners 
because of the high grain density of the m* track. 
However, since the high-energy tail of the decay 
spectrum reaches 52.6 Mev, 6 cases had been recorded, 
and these were subsequently rejected on the basis of 
careful grain counts. The A,; and A,3 decay modes also 
produce a single fast charged particle resembling a 
fast r+, but the energy spectra are such that it is much 
more difficult to eliminate these events. A few cases 
were eliminated on the basis of scattering and grain 
counting, 


and a correction, to be described later, was 
made for the remainder. 75 Dalitz decay events were 
measured as well as the one double Dalitz decay. 


II. MEASUREMENT TECHNIQUE 


The measurements were performed on a Koristka 
R-4 microscope modified to accommodate two precision 
filar micrometers. In the field of view, one then could 
make use of two independently translatable crosshairs, 
one of which was also rotatable. The rotating stage of 


Fic. 1. Photomicrograph of a typical event used in this measure 
ment. The A* meson comes to rest and decays into a x* and 7° 
meson. The 7°, not directly observed, is emitted collinearly with 
the x* but in the opposite direction. It then decays via the 
“Dalitz mode,” 2° — e++e +. Only the electron-positron pair 
is observed 
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Fic. 2. Drawing to illustrate the measurement technique. A 
detailed explanation is given in the text. MN is the 7° flight 
distance projected onto the emulsion plane. Its value is obtained 
from the measurement of Z and @ 


the microscope was used to orient each event so that 
the 2* from the A* decay was aligned along the non- 
rotating This filar line A was then 
temporarily translated off the track of the z+ so as to 
eliminate any possible bias in prejudging the intersection 
of r* track and K ending during the subsequent electron 
track alignment. The second filar crosshair B was then 
aligned along one of the electron tracks, and its position 
recorded. See Fig. 2. Filar crosshair A 
positioned along the w* track and filar line 
translated to the intersection of the a* line (filar 4) 
and the A track, and its position recorded again. The 
difference of the two micrometer readings of filar B 
gave the distance L as shown in Fig. 2. The measure- 
ment was made three times and the average taken. The 
same procedure was then repeated for the second 
electron. Prior to the measurement of L, the dip angles 
of the w and the electron tracks were recorded, as well 
as the projected angles of the electron tracks with 
respect to the 7° direction. 

These measurements were carried out at a magnifi- 
cation of slightly more than 1000. All the measurements 
used in this paper were made by one observer. The 
alignment procedures were restricted to the center of 
the field of view so that an average of five grains was 
employed in the alignment of a crosshair along a track. 
Average grain size was measured to be 0.34 uw, and the 
grain density (minimum) was 19 grains per 100 u. 


filar crosshair. 


was then re- 
B was 


III. ANALYSIS OF THE DATA 


The measurements just described provide a complete 
characterization of the geometry of the event. Since 
the measurements in the plane of the emulsion are 
much more accurate than perpendicular measurements, 
each event has been analyzed entirely in terms of its 
projection on the plane of the emulsion. At the end of 
the analysis of each event the mean projected distance 
is divided by the cosine of the pion dip angle to obtain 
the distance in space traversed by the neutral pion. 

The fact that the = 
means that the line of flight of the r+ meson is the same 


is a two-body decay mode 
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Fic. 3. Histogram of r, the x° flight distance projected onto the 
plane of the emulsion. Included in this histogram are only those 
events in which the electron is emitted at an angle @ with the direc- 
tion of the r® such that |sin@| > 4. 


as that of the °, and insures a unique velocity for the 
rm’. The point of origin of the r° is determined by using 
the end of the A* track and is required by the measure- 
ment to lie along the w* line. The decay point of the 
x can be determined from the intersection of either 
electron with the x* line. This overdetermination is 
used to derive the precision of measurement. 

If the origin of a coordinate system in the plane of 
the emulsion is chosen at the apparent A+ ending, then 
the quantities Z; and Lz measured for each electron 
are (in magnitude) the perpendicular distances of the 
respective electron tracks from the origin. (See Fig. 2.) 
It is also convenient to choose the negative x axis to 
lie along the x* track. In the absence of error in the 
determination of the electron and pion lines, the 
electron tracks would then intersect on the x axis, that 
is, along the pion line of flight. The distance from their 
measured intersection to the x axis is used to estimate 
the error in determining the position of the electron 
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Fic. 4. Histogram of d, the #° flight distance. Only events for 
which the calculated error ¢ for each measurement was less than 
0.20 uw have been included. 
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and pion lines.” (The mathematical details will be 
found in the Appendix.) It is assumed that the same 
error is appropriate to all these tracks, since the 
dominant source of error is the “grain noise’ or the 
failure of the center of the grain (owing to its finite size) 
to lie precisely on the trajectory of the particle that 
sensitizes it. The ionization of the z* is slightly higher 
than plateau ionization, while the electrons lie some- 
where between minimum and plateau ionization. Hence 
the difference in ionization is of the order of 10°, and 
this would cause a negligible difference in measurement 
error. The standard deviation 6, as determined from 
these measurements, was 0.047 u. Since we use, on 
the average, about 5 grains to determine the position 
of each track, this implies [see Appendix, Eq. (A.5) ] 
that the error in position due to a single grain is 0.05 u 
or about 3 of the unprocessed grain diameter. This is 
reasonable when compared with track formation theory. 

The position of the x° ending is determined from the 
intersection of each of the electron lines with the pion 
line. The accuracy with which this determines the 
position is clearly much greater when the electron track 
is nearly perpendicular to the pion track than when 
it is parallel. Those electron tracks which had an angle @ 
with the pion such that sin?>} provide most of the 
information. The value of r (the projected distance from 
the apparent A* ending to the z-electron intersection) 
is plotted for each such electron in Fig. 3. 

The estimate of flight distance d for each event is 
found by taking a weighted mean of the two values of 
r obtained [see Eq. (A.11) ] and dividing by the cosine 
of the pion dip angle. The error in d is obtained by 
propagating the errors of the two measurements of r 
and then adding the contributions from the determi- 
nation of the A+ ending [see Eq. (A.12) ]. Thus for 
each event we obtain a value d; of the apparent distance 
traveled by the neutral pion, and an error o; associated 
with the measurement. The value of ¢;, in addition to 
its dependence on the angles of the tracks in the event, 
also depends on the parameters 6 already determined 
above and a, the standard deviation of the measure- 
ments on the A* ending. If it is assumed that the value 
of d for any given event has a statistical distribution 
which is the fold of the exponential decay law with a 
Gaussian error distribution, then the expected value 
of d; is the mean decay distance A, and the variance of 
d;is \®-+o0,2. We can now estimate a and \ by a recursion 
process. Assuming a value for a, we take a weighted 
mean and mean square of the values of d;, using weights 
inversely proportional to o,*. This gives an estimate of 
d and of }> (1/07). This last can be compared with the 
directly calculated value, and the value of @ adjusted 


* This estimate of precision was also used to eliminate the 
data of two of the three observers who attempted the measure- 
ment, since the spread of these values was much greater for these 
two than for the third. The difficulty in the case of one observer 
was traced to his inability to obtain a sharp image of the crosshair 
with the optical system used. 
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TABLE I. List of pertinent data associated with each event. See text for measurement details of r; and re, the ° flight distances in 
microns projected onto the emulsion plane. 6; and 62 are the projected angles, in degrees, between each electron and the 7° line of flight. 
¢; and ¢2 are the electron dip angles in degrees, ¢° the pion dip angle. The 7° flight distance and its error are given, in microns, in columns 


labeled d and a, respectively. 


Event 
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accordingly. The values obtained are a=0.050 % and 
\=0.082 uw. The error calculated for this value of \ is 
0.013 uw. Figure 4 is a histogram of the value of d; in the 
58 events for which a; is less than 0.20 u. 

Table I is a list of all our events with the pertinent 
data on each. 

A somewhat more refined estimate can be made by the 
method of maximum likelihood. For each event we can 
calculate the probability density P; that we measure the 
distance to be d;: 


1 = (d;—s)? $F 
P j= f exp| - ——|ds. (1) 
(21) ba j\ Yo 2a? r 


The likelihood function, £, is then the product of P; 
for all events. The value of £ for the data depends on 
the value of \ and also on a and 6. A three-fold variation 
of these parameters has been carried out, computing £ 
as a function of A, a, and 6. The values for which the 
curve has a maximum are A=0.082y, 6=0.048 u, 
a=0.051 uw. The close agreement between the value of 6 
obtained by the maximum likelihood method and the 
value obtained by the independent method described 
earlier makes one confident that no large systemati¢ 
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bias was present in that method. We actually used the 
value 0.047 uw obtained from the earlier method, since 
its statistical accuracy is greater. The likelihood as a 
function of \ for the best values of 6 and a is shown as 
a solid line in Fig. 5. Also shown in the figure as a 
dashed line is the likelihood curve as a function of A 
when @ and 6 are allowed to vary so as to obtain the 
maximum value of the likelihood for each XA. It is 
interesting to note that ’ depends almost entirely on 
the mean value of the d;, and @ and 6 on the variance. 
This is reflected in the fact that if quite different values 
are used for a and 6 the estimate of d is only slightly 
affected. From the shape of the likelihood curve one can 
estimate the standard error in the estimate of A to be 
0.16 u. The value of a from the maximum likelihood is 
fortuitously the same as that from the weighted mean. 
The estimated error is somewhat larger, and we use the 
larger value in the subsequent calculations. 


IV. RESULTS AND DISCUSSION 


The value of \ obtained in the previous section must 
be corrected for systematic errors. The most significant 
of these errors is due to the possibility of the first 
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grain on the w* track occurring so close to the A* 
ending that it merges with it. From the grain density 
of the x* tracks and the grain size, we estimate that this 
effect should occur in 7% of the events and lead to an 
average increase in d of 0.085 uw when it does occur. The 
net systematic error is then 0.005 u, with an estimated 
uncertainty of about 50°. The direction of this effect 
is such as to increase the measured lifetime, but its 
magnitude is small enough so that it is not a serious 
problem. 

The other decay modes of the A* must be considered. 
Fortunately the most frequent of these, the K,2, does 
not involve a x” or a y ray and thus will not lead toa 
Dalitz pair. The r mode likewise is readily distinguish- 
able. The r’ mode, K*— 2*++72°+7’, is a possible 
source of contamination. However, the charged second- 
ary in every such case would have a grain density which 
allowed the rejection of these events as discussed in 
Sec. I. The K,3 and K,3 modes can also occur with a 
Dalitz pair. The frequency of these modes* indicates 
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other of these modes. The decays are three-body so that 


of our events should be from one or the 


the velocity of the 7° is not unique. The average 
velocity of the r°, and hence the mean distance, would 
decay. The fact that 
the decay is not two-body would also invalidate the 


be lower than for a 7° from K,» 
geometrical assumptions for these events. The effect 
of including such spurious events should be to include 
a sample of events with lower mean apparent displace- 
ment but larger spread. The net error due to this is 
estimated to be of the order of 14°% with an uncertainty 
of the same order. 

The error from real y rays converting in the vicinity 
can be neglected. The mean free path for pair con- 


> 


version in nuclear emulsion is 3.7 cm so the probability 


of a y ray converting within 5y is 2.7X10~ or 2.3% 
of the probability of internal conversion; thus we should 
see approximately two. Actually one pair was found at 
about 5 uw separation and rejected. 

The value of A, taking into account the above effects, 


is estimated to be (0.088+0.024) yu. From this the mean 
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Fic. 5. Maximum likelihood curve for all of our data. The solid 
curve is a plot of the mean decay distance A for the best values of 
the error parameters 5 and a. The ordinate is a scale of relative 
probability. The maximum occurs at a value of \=0.082 y corre- 
sponding to a mean lifetime of 1.82 10~!* sec. The dotted curve 
is a plot of the maximum value of the likelihood function for each 
\ when 6 and a@ are allowed to vary. A scale of values of 7 is 
included for convenience. 


lifetime is estimated to be 
7,°= (1.940.5) K10~'$ sec. 


Various checks were made to look for other possible 
sources of error. Identical measurements were made 
on twenty 7 decay events. Two of the decay pions were 
chosen to simulate the electron pair. The same analysis 
as described in Sec. III was performed. The mean value 
of d obtained was (—0.010+0.020) uw. While this gives 
confidence that some unknown biases were not present, 
it should be noted that the grain densities and multiple 
scattering of the tracks involved in the 7 decay are 
different from those involved in the K,2, accompanied 
by a Dalitz pair. The angular configurations are also 
very different. A small fraction of the A,2 events were 
remeasured over an extended period of time. The 
results were in very good agreement with the original 
measurements. 

In an attempt to locate possible angle-dependent 
biases, subdivisions of the data based on the angles 
of the electron tracks with respect to the pion tracks 
and on the dip of the electrons were made. No significant 
difference was found. The value of the 7° lifetime, 
(1.9+0.5) X 10~'® sec, obtained in this experiment is in 
satisfactory agreement with the value (3.2+1)x10"'® 
sec obtained by Blackie e¢ a/.* It is also in agreement 
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with the value of (1.7+1.4)10~'® sec obtained by 
Tollestrup et al.'® 
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APPENDIX 
A. Fitting a Line 


The errors involved in fitting a line to a set of grains 
will be discussed in terms of a least-squares fitting. 
In the measurements described in this paper, the line 
was actually fitted to the grains by setting a crosshair 
to pass through them. Thus the description of the 
errors here will apply only approximately, but it should 
give a sufficiently good idea of the errors for subsequent 
use. 

A line may be described in a plane by an equation of 
the form: 


f(x,y) = y cos6—-x sind+ L=0. (A.1) 
In this equation, @ is the angle between the positive x 
axis and the line, while the magnitude of L is the 
distance from the origin to the line. The sign of L is 
positive if the origin lies to the left of a vector in the 
direction @ in the line, and negative if to the right. The 
left side of the equation, f(x,y), represents, for an 
arbitrary point (x,y) in the plane, the distance of the 
point from the line, with the same sign convention as 
described for L. 

From a set of measured coordinates x;, y;, the least- 
squares condition is that 


M= > [f(xy } 
1 


(A.2) 


be a minimum with respect to choice of Z and 6. The so- 
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lution to this problem is 


cosé xn 
Nn i 


If the standard deviation of each coordinate measure- 
ment is represented by ¢, then we can represent the 
standard error of each of the line parameters as 


(A.4) 


where / is the length of track used and q is the distance 
of the center of gravity of the set of grains used from 
the origin. Unless g=0, # and L are also correlated. 

The origin can be conveniently chosen at the apparent 
end of the A* so that it will be at the end of the segment 
of track available for measurement, hence q =}/2. Also, 
since the distances involved are so short, the effect on 
the measurements used of angle errors is negligible. 
From now on, angle errors will be neglected and the 
position error will be used in the form 


(A.5) 


The measurement of grain noise as it affects multiple 
scattering led to an estimate of e« (for G.5 emulsion) 
of approximately 0.10 u. This would lead to an estimate 
of 6Z of 0.06 u, about 1} times as large as the estimate 
arrived at in our measurements (in L.4 emulsion). 


B. Intersections of Lines 


For two lines given in the form (A.1) with parameters 
6;, 11, and 62, Le, the intersection occurs at the point 


r=[L, cos#.— L, cosd; |/sin(@,;—6.), 
(A.6) 


y=[L) sin@.— lL» sind; | sin(@,—6.). 


The distance of this point from a third line with 6 


0, 
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Lo as parameters is given by 


sin (82— 6») 
p= folx,y)=LotLi —I 
sin(@,;— 6») 


sin(6;— 6) 


(A.7) 


~sin(@:—6>) 


If lines 1 and 2 are the measured electron tracks and 
line 0 is the measured pion line, then the expected 
value of p is 0 and its variance is (assuming all three 
lines have variance 6 associated with the measurement 
of L) 

sin? (@2.—6»)+sin?(8;— 6») 
p?=6'| 1+ : (A.8) 
7 sin?(6,;— 6») 


This was used, as described in Sec. IV, to estimate 
the value of 6. The value obtained, 0.047 yp, is somewhat 
lower than the estimate made above for G.5 emulsion, 
presumably reflecting the smaller grain size of L.4. 

For estimating the distance traveled by the neutral 
pion, the estimate of the pion ending is made from the 
intersection of the pion line and one of the electrons. 
The formulas simplify somewhat if we choose a co- 
ordinate system with the origin at the measured A* 
ending and the measured line of the z* along the 
negative x axis. Then from (A.6) using electron 1, we 
have for the measured flight distance (projected on the 
plane of the emulsion) : 


(A.9) 


71> L sing,, 


and similarly for electron 2. The variance of this 


position measurement is then 


6°(1-+cos?4;) /sin?4;. 


(A.10) 


To combine the two measurements we use a weight 
inversely proportional to the variance: 


(A.11) 


T= Wy 1 TWP 2. 
The variance of this combined measurement is 


(1+cos’6,) (1+ cos"42) 
& 


sin*6,(1+-cos62) +-sin?#.(1+cos?6;) 


To this we must add the variance a due to the error 
in the determination of the A* ending, giving the 
variance of r: 
(1+ cos76;)(1+cos*4>) 
aet+F 
sin?A, ( 1+ cos°A 


(A.12) 


)+-sin’4.(1+cos*4 
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Pion Production and the Second Pion-Nucleon Resonance*} 
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A model for the reaction +N — 2x+WN at low energies, which includes pion-pion interaction and final 
state interactions in the (3,3) state, is discussed. The theory involves 2 parameters which are related to the 
S-wave and P-wave x—7x scattering lengths. These parameters are chosen from a fit to the total cross section 
for 7 +p— 2 -+x+-+n. Meson production is predicted to be primarily in the T=} state. Predictions are 
made for the total cross sections of the various channels (e.g., **+-p in the energy range 
from threshold to ~500 Mev in good agreement with experiments. Angular distributions are predicted. 
These are in qualitative agreement with the x* angular distribution for 7~+) — x +2*-+n. From these 
data it is suggested that the S-wave x—7 scattering length has opposite sign to the P-wave scattering length 
A conjecture concerning rapidly rising inelastic cross sections in a single partial wave is made to connect 


>ar*+n*-+n, etc. 


the large 7 =4, Dy production cross sections with the T= 4, D; pion-nucleon resonance. The #—7 scattering 


lengths found are ay= —0.290u", a, =0.122y1, and a2 


1. INTRODUCTION 


EVERAL new features of the pion-nucleon inter- 

action have been revealed recently by experimental 
investigation of the pion-nucleon total cross section 
and the photoproduction of pions from protons. The 
dominant feature of +—.N interactions in the energy 
range 200 to 800 Mev is the rapid rise of the cross 
sections in the T=} state. The total cross section 
reaches a resonance-like peak of about 43 mb (287A?) 
at 610 Mev'; while the elastic cross section has a 
maximum of roughly 28 mb (24.57%?) at 600 Mev. 
Evidence from photoproduction experiments indicate 
that this peaking is due to a resonance in the D;, T=} 
state,? with a sizable background in these cross sections 
due to interactions in other states. 

By contrast, the r—.V interaction in the T=} state 
is not strong in this energy region. The average m+—p 
inelastic cross section in the range 300-500 Mev is 
about 2 mb, whereas the T=} inelastic cross section 
rises almost linearly between these energies, from 2 to 
15 mb. It is also observed that the charge-exchange 
scattering, m+p— m+n, continues to decrease and 
becomes quite small (~8 mb) in the region of the Dy, 
T=} resonance. This is considered to be preliminary 
evidence for a resonance in the D;, T=} state® at an 
energy around 850 Mev, or greater. Finally, one observes 
the fact that the r+—p total cross section reaches .a 
broad maximum at around 1.2 Bev. 

One suspects that the two meson states play an 

* Supported in part by the U. S. Atomic Energy Commission. 

t Preliminary versions of this work were reported at the Ninth 
Annual! International Conference on High-Energy Physics at Kiev, 
1959 (unpublished) and the Proceedings of the 1960 Annual Con- 
ference on High-Energy Physics at Rochester (Interscience Pub- 
lishers, Inc., New York, 1960), p. 298. 

t On leave of absence 1960-61 at Institute of Advanced Study, 
Princeton, New Jersey. 

§ National Science Foundation Predoctoral Fellow 1959-60. 

'H. C. Burrowes et al., Phys. Rev. Letters 2, 119 (1959); R. R. 
Crittenden et al., ibid. 2, 121 (1959); T. J. Devlin e¢ al., ibid. 4, 
242 (1960). 

2 R. R. Wilson, Phys. Rev. 110, 1212 (1958); R. F. Peierls, Phys. 
Rev. Letters 1, 174 (1958); J. J. Sakurai, ibid. 1, 258 (1958); 
P. C. Stein, thid. 2, 473 (1959) 

*P. Carruthers, Phys. Rev. Letters 4, 303 (1960). 


‘ay = 2% by hypothesis. 


important role in this behavior, and so one is led to 
examine the reaction r+.V — 7+7+.\ in some detail. 
It is possible that a r—.V(3,3) resonance in the final 
state (“isobar formation’’) contributes to some degree 
in these phenomena. (One notes the lowest m isobar 
state is Spi —> D3. For notation, see Sec. 2.) However, 
this in itself does not give a satisfactory explanation of 
these phenomena, since it does not explain why the 
‘=4 state is favored. 

There are two obvious mechanisms for the interaction 
of a D-wave pion with a nucleon: nucleon recoil and the 
x—x interaction. Among the lowest order (in 1/M) 
“core” pion production terms, there is a diagram which 
contributes to D;—> sp; and it exists only in the T=} 
state. Unfortunately, as discussed in Appendix A, 
appeal to experimental s-wave r—N scattering makes 
one think that this term, as well as the other core 
terms, in fact are negligible. One must thus consider 
that the r—7z interaction initiates the two-pion state. 
The contribution of the r—7 interaction to pion pro- 
duction was considered by Rodberg,‘ and in this paper 
we will make an extension of these ideas. 

Ideally, if one wishes to calculate meson production, 
one would like to apply the relativistic dispersion rela- 
tions, using something similar to the Mandelstam 
hypothesis to examine the behavior of single partial 
wave amplitudes. Unfortunately these techniques are 
not at present sufficiently advanced to permit a calcu- 
lation of the desired matrix elements. Therefore, we 
calculate meson production using the formalism of the 
static model,® which generates dispersion-like equations. 
Since one cannot apply the unitarity condition for three 
particles exactly, we will treat the w—7 scattering only 
to first order in the r—7 scattering amplitude. This 
appears to be the logical first step in the application of 
the m—7 interaction to pion scattering in the medium 
energy range, if one believes with Peierls® that the sp, 


4L. S. Rodberg, Phys. Rev. Letters 3, 58 (1959 

5G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1955); G. C. 
Wick, Revs. Modern Phys. 27, 339 (1955). 

*R. F. Peierls, Phys. Rev. 118, : 
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Fic. 1. Conjectured Dy, T=} production cross section. 


two-meson state (and the D, state itself) is the most 
important intermediate state here. After one has cal- 
culated the matrix element for the D;— sp; process, 
one can in principle proceed to calculate iterations of 
this process: D—sp— D, D-—sp— D-— sp, etc., 
perhaps by the dispersion techniques. It seems to us 
intuitively clear that if this cross section, D— sp, 
rises sharply with energy (viewing it as an effective 
potential), then the successive iterations add, and a 
resonance will result; that is, if the cross section for 
D— sp calculated to lowest order in the r—7 coupling 
looks like the dashed line of Fig. 1, we might expect the 
iterated result to be like the solid line of the same figure. 

The above remark is just a conjecture. However, we 
note that since the size of the maximum is limited by 
unitarity, our assumption effectively is that the width 
of the maximum should be governed by causality. A 
similar consideration is found for a single channel 
process, for example, the (3,3) resonance of pion-nucleon 
scattering, where the width of that resonance is deter- 
mined, through a sum rule, by the position of the 
resonance.’ Therefore our conjecture is that causality 
provides a similar limitation for the two-channel process 


rt NO r+ NV 


—artrt.y. 


It is of course obvious that one should not expect the 
total production cross section to have the same shape 
as the final-state r—.V (isobar) interaction (or a r—7 
resonance interaction), which is “smeared” out as a 
continuum state; rather, requirements of causality 
dictate how fast the cross section should change. 


2. PHASE-SPACE CONSIDERATIONS 


The available kinetic energy Q in the center-of-mass 
system of two pions and a nucleon is related to the 
laboratory kinetic energy T of the incident pion by 

T—T 
G= 


x 


1+(O+4y)/2M’ 


where 7 is the threshold energy: 7)=y+3y?/M ~170 


G. E. Chew, M. L. Goldberger, F. E and Y. Nambu, 


Phys. Rev. 106, 1345 (1957 


Low ’ 


AND 
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Mev. M is the nucleon mass, and yu is the pion mass. 
Near threshold the cross section for the production of 
a pion is proportional to Q?*+5*", where /; and /. are the 
relative orbital angular momenta of the system, which 
are conveniently taken to be the orbital angular 
momentum of each pion with respect to the nucleon, 
which near threshold can be considered to be at rest. 
The lowest states are (together with the threshold 
behavior of the cross section) : 


P— 
nip. 


Fy s 


The j values are listed when unique. In the discussion 
that follows we will limit ourselves to the ss and sp 
states. The transitions P — pp and P — sd which are 
omitted in the body of the discussion are estimated in 
Appendix D. 


3. MESON PRODUCTION AMPLITUDE 
Choice of Interactions 


We wish to consider pion production by the processes 
of Fig. 2 where (a) is the direct “knock-on” production 


(a) 


Fic. 2. Dominant production diagrams. 


due to the scattering of the incident pion by a self-field 
pion, and (b) is the “rescattered production,” the 
rescattering being principally in the (3,3) state. In- 
formation about the r—7 interaction is still meager, 
but the scattering in the 7=1, p wave is undoubtedly 
attractive and probably has a resonance.** Qualita- 
tively, from analysis of the r-meson decay, one suspects 
that the s-wave interaction is fairly strong and repulsive 
if the s-wave interaction has the i-spin dependence of 
¢*.5!° For our model of pion produ: tion, we will take the 
x—n scattering in S and P waves, characterized by two 
parameters A, and A, which are proportional to the 
scattering lengths in these partial waves. (See Appendix 

8G. F. Chew and S. Mandelstam, Phys. Rev. 119, 467 (1960). 
G. F. Chew and S. Mandelstam, ibid. (to be published). 

9W. R. Frazer and J. R. Fulco, Phys. Rev. Letters 2, 
(1959); Phys. Rev. 117, 1609 (1960). 

10 An analysis of the r-meson decay by E. Lomon and co-workers 
indicates that the 7 =2, S-wave r—7 scattering may be attractive, 
while that in the 7=0 state is probably repulsive. In our work, 
the 7 =2 amplitude is small, and therefore our results are insen- 
sitive to its magnitude and sign except for details such as cor- 
relations, etc. 
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B for the relation of A, and A, to the r—7 scattering 
lengths.) If A, is small, our scattering length approxi- 
mation will not be too bad a description of the S-wave 
m—m scattering. 

We shall take the effective S-wave r—7 interaction 
to be fA. (Gaba), Where $a is the pion field for a pion of 
isotopic spin a. The ratio of this interaction in the 7=0 
and 7'=2 states is 5:2. This leads to a ratio of the pion 
production cross sections in the 7=} and T=$ states 
of 5:2. For a resonant final state, i-e., one of the pions 
and the nucleon is in a relative 7= 3 state, the ratio 
becomes 10:1. 

For the P-wave r—7 scattering of mesons (a,a@) and 
(d,5) into (b,8) and (c,y) we take the matrix element 
to be (in the x—z center of mass system) (Fig. 3), 


(628645— 547535) (a—d)-(b—c), (3.1) 


where v is the quantization volume. This is the scatter- 
ing-length approximation. Since the P-wave amplitude 
is expected to rise more strongly than &* (and in fact 
resonate), the value of A, determined by the fitting of 
the experimental data by our formulas will actually be 
some average of the P-wave scattering length over an 
energy interval; this value will be greater than the 
threshold P-wave scattering length if the P-wave reso- 
nance does not lie too low. The P-wave m—7 interaction 
leads to a ratio of the pion production cross-sections in 
the T=} and T= states of 4:1. For a resonant final 
state, the ratio becomes 8:5 (see also Appendix B). We 
will see that these ratios will be adequate to explain 
the smallness of interaction in the 7= 3 state. 


(a) Derivation of the Integral Equation 
We write the interaction Hamiltonian as the sum of 
ax—.V and r—7 interaction 
H,;=>d,.a,Vith.c.+H™, (3.2) 


where we neglect nucleon recoil; a; is the pion anni- 
hilation operator of momentum k and isotopic spin &. 

We take 
V.= (ig/2M)[o-kry/ (2a4r)*], (3.3) 


where g?/4M?=4a9(f?/u*) and f?=0.08. 
The S matrix for the production of mesons p and g 

by a meson k is 
(pq| S| k)= (pq RS). (3.4) 


Then, using standard Chew-Low-Wick algebra and 


Fic. 3. Pion-pion scattering. 
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PION-NUCLEON RESONANCE = 1023 


notation,® 


(pq S|k)= te" 


ie 


=Okp q 


Now 
ay Pq 


pq 


so we find 


(pq Sik — (pq [H1,a r1/0 


e | 1 - 1 


| Wp TW 


1— wWy-— 1€ wutn~achin 


7 


—_-i H,,a,.' 110 2rid(w > TW 
J I 


qd 


This enables us to define as usual the transition matrix 
element 


(pqg| Tk) = (pq | [H1,a,"] 0). (3.8) 


Since we are mainly interested in the ss and sp 
channels (i.e., the processes P;— ss, S;— sp;, and 
D;— sp;), to a good approximation we can neglect the 
a—N “core” interaction except for the case of a py final- 
state meson. Of course, as the initial energy approaches 
that of the D; resonance, the initial state interaction of 
meson & becomes large and the neglect of this will lead 
to a violation of unitarity in this channel. But as 
described above, we are only intending to calculate an 
“effective potential” to first order in r—7 scattering. 

With this in mind, Eq. (3.8) becomes 


(pq Tk ™( pq [H**,a,' 1/0). (3.9) 
We define for convenience 


[ H1,a,' | H,., 
[ H**,a,' | H,**, 


(3.10) 


Then, using 
pq 


we have 


(pq T\k ~s a,H,**|0 


(3.12) 


where we have inserted a complete set of states and 
taken H,~H,*" since g will be taken to represent a 
meson in an S state with respect to the nucleon. The 
second term of (3.12) is immediately dropped since it 
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Fic. 4. Pion-production diagrams. 


is iteration of the w—7 interaction. Further, in this 
approximation 


a, Hi*|0)= ((Hi+Hy"*a,)|0)~,H,|0). (3.13) 


Next, expanding the meson p (with obvious notation), 
which can have interactions with the core, we have 


pq| T|k)~(O! pels! 0)+ (0) Hia,|0) 


—(0|H,"(H—w,—ie) Hi |0). (3.14) 


We now define 


(O} pol. |0)= (pq) T?|k); 


this is the Born-approximation, or knock-on, matrix 
element. Again inserting a complete set of states, and 
using H,~V, in order to keep the r—7 interaction 
only to first order 

; (0| V,*|n)n| .H|0) 
pq\T | kX pq|T?\k)->d 


(O| Hy| n){n| V,"|0) 
(3.16) 


It is useful to illustrate these terms with diagrams 
(keeping only the one-meson intermediate states) in 
Fig. 4. 

The terms corresponding to Figs. (4a) and (4b) give 
us an integral equation for the production amplitude. 
We are of course unable to treat the r—N and r—7 
scattering exactly when they both occur in the same 
channel. As discussed previously, our parameter A, 
will be equivalent to the P-wave scattering length 
averaged over an energy interval. Thus, our treatment 
of the P-wave resonance in r—7 scattering is expected 
to be adequate for incident meson energies between 
threshold (170 Mev, lab) and ~450 Mev. 

To simplify our solution of the integral equation, we 
will drop the crossed term. Then 


(pg T k)=(p (ZI OX™(pq' TF k 


0. V,' nn Hy} 0) 
ae tail 


— 


(3.17) 


Wn—Wp—te 


We now make the one-meson approximation in the sum 
over intermediate states in Eq. (3.17), which reduces 
it to a simple integral equation. The zero meson term 
of the sum in (3.17) describes the emission of the final 
meson p from the core into the T=}3, p; state. This 
contributes to the rescattering in the T=}, p=} state 
and so we neglect it 
core terms. 

The Born term, according to our treatment of the 


as well as the other nonresonant 
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w—m scattering, is 


—2if(4e)! o-(k—p—q) 


(pq| T? | k)=— : 


(Qwgv2wpv2uxv)! wpr gk? 


X (As (6s7TatbyaTst+SsaT y) 
+2d,[ 2k- (p—q) — 2ux.(wp—w,) | 


X (6087y—SayTs)} (3.18) 


in the over-all center of mass system, where (a,k) is the 
incoming meson; (8,p) is the rescattered final meson; 
and (y,q) is the other final meson. 
We can write Eq. (3.17) in the form, 
fo'(p’)Tas(p’) 
an on , JP - 
T(p)= Tas? (p) +>. ~—, 


I Wy 
I 


(3.19) 


which is the form of the familiar ‘‘production amplitude 
dispersion relation,”’ where 
(0| V5"| p)= fe’ (p’). 

It is shown in Appendix C that the solution of such 
an equation can be simplified to yield Chew and Low’s 
solution.’ In the present notation, this solution of 
(3.19) is: 

an aN - Wp fo P)Tas*(p’) > 
Tao(p) = Tas? (p) +>, (3.20) 


P Wy p Wp 


+e 


> 


If we neglect all but the (3,3 


4 f\2h(wy) pp’ 
fe (p)=— (4n)( ) 


, ate ’ 
3 im Wp (Luz ; 


rescattering, then 


LW p’t 


where ,?, is the projection operator for 
state, 
> 33— Pp 
pP p= pl pX ply! 
1 ; 
_>— (3 ° | gy io: art) p—he s, 
Op p Pp p pp 3° Pp'p 
bp 
and 
h(wy) = f?(wp)/ fn (wp), 


i.e., the ratio of the (3,3) scattering amplitude to its 
Born approximation. We note that /(w,) can be written 
in the form 


> 


h(wp) =1/R(wy)—i$(f?/u?) (p?/wy) ], (3.24) 


i 


where R(w,) is a real function, having the particular 
values R(0)=1 and at resonance R= 0. In the “‘effective- 
range” approximation R(w,) 
the resonance energy. 
Using the above for /,-(p) in 
(suppressing the subscripts ad) 
: wp 4 fr hwy) — {T?(p')}ss 
T(p)=T*(p) +X — -(4n)—- —-pp | 


P’ Wy 3 bu 


l—w, W3, where W3 is 


? 


(3.20), we have 
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where 
(T"(P)}= (897 "(P)}, 


i.e., the D;, T= $ part of the Born amplitude. This 
may be written in the following way: 


dp’ p” 


p’ —Wp—te) 


; 4 5 1 a 
T(p)=7(p)+-- hwy) f 
3 we TH Wp’ (w 


Wp 


or alternately in a form which explicitly exhibits the 
phase of the channels having rescattering: 


T(p)=T?(p)—{T?( P)uth(en) R(w,){T? (p)}s3 


4 a 1 DL dp’ p” Wy’ } 

a ee 

Sue Jo wy? (wy wy) \ wp 
x<petT*(p) (3.27) 


In Appendix D we discuss the D; partial wave and 
—2i f(4r)! 
r(p)=T#(9)+( ‘ae 


1 
(Qu? 2w pv2a,2)* 


4 f? p" 
X [36 y2tat 35 ay73—58yTa— (5/9) 7 87,7 |- —h(w,) f dp’ : —K (k,q,p’). 
3 0 Wp" (Wp — Wp—1€) 
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discuss the “enhancement” integral. A good approxi- 
mation to the matrix element, which will give a 
reasonable estimate for the rescattering integral is 
—2if(4r)) 
{T®(p)}as~ nnn 
( ‘ oe 


Xo: kk- p— th’o- p {0 (5/3)A,+ 307A, | 

X[(6sy— 47877) Ta ]— (Ast wr7Ap) 

X [36 et at 360778— 5877 a 

— (5/9)rgryTo |}, 
where K (k,g,p’) is defined by 
a: (k—q—p’) 
pPy? ee 
Ww" k—q—p’ 


, 


Pp 
=—[o-kk- p—}k°o-p|K(k,g,p’). (3.29) 
p 


Using this in Eq. (3.26) leads to 


fo: kk: p— ee: p]]| £6 Ce Oe ee ee ee 


(3.30) 


i 


If we combine the direct and rescattered parts of the amplitude leading to the (3,3) channel as in (3.17), we 


have 
— 2i f(4r)! 
(pq| T | k)= - 


{ 2w pt Qwgt 2u;. 


ao: (kK—q—p’) 
| (Spy ~~ pP p’**)- E as 
v) 


Wk—q-p" 


[A (69°yTat OyaT@’ +63 aTy \+r,(2k- (p— q) 


— 2. (Ww p—Wq)) (bag Ty—SayT 8’ HAL 3)Ac A Rwi7rp IL (63y— 37377) Ta ]— (Ast 7Ap) 


X [365 a7at 35077 8—53yTa— (5/9) rg7y7 a |} Lo: kk: p— jfk eo: p |K(k,g,p)h(wp) 


’ 
i 


4f?1 F 
| Rlen)+ Pf ~ 
3 Jo wp? (wp 


final state interaction the last 
bracket would be simply equal to one. The kernal 
K(k,g,p’) has the following behavior if g is small 
(which is consistent with g being the s-wave meson in 
the amplitude of interest, Dy— sp;): For small 9’, 
K(k,q,p’) has the value ~2/a,'; it falls rather slowly 
for increasing p’, until p’ is of the order of k, when it 
drops rapidly, becoming proportional to 1/p. As a 
result of the discussion in Appendix D, we approximate 
the factor K(k,q,p’)/K(k,g,p) in the integrand of 
(3.31) as a “cutoff” at p’~k, so that (for small w,) the 
value of the integral in (3.31) is roughly (a,2/2) (see 
Appendix D). 


In the absence of 


However, as the final state resonance is approached, 


dp’ p’’ K (k,q,p’) 
. (3.31) 
—w,—ie) K(k,q,p) | 


the term R(w,) in (3.31) goes to zero (the direct 
amplitude becomes canceled by the on-the-energy-shell 
rescattering) so that near the final state resonance, the 
total production amplitude is not necessarily increased 
by the rescattering. The production amplitude near 
the final state resonance is increased only if the off- 
the-energy-shell transitions more than compensate the 
loss of the direct amplitude. We see from (3.31) that 
the effect of rescattering is to multiply the D;— sp; 
Born amplitude by roughly 


[R(wp)+$(f? pw?) (w2 21) ] 
[R (sp) i$ (f?/n2)(p?/o)]. (3.31a) 


At resonance, this has the value (1/27)w,"[w3/(ps)*] 
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=(.75u,7/y? which is less than unity for a, less than 
3.65, i.e., a lab energy of less than ~ 700 Mev." 

It is interesting to compare this result with a non- 
relativistic model in which particles are produced by a 
fixed source concentric with a potential. To be specific, 
let us take the scattering potential to be zero ranged. 
Then for a source p(r)=Qe™’, the ratio of the produc- 
tion amplitude to its Born amplitude is 


M/Ms=e ‘T cosé+ (u/k) siné ], 


where 6 is the (re)scattering phase shift, and & is the 
particle momentum. We see that 


M m 


—> 


Mp § +90 k 


However, if p(r)=(Q’e"r, then 


M ye— ke 


=e} cos6+ sind |, 
Me 2uk 
so that 
“u/ 2k for k<p, 
M 


~O 


‘ for k~ My, 
Me = 

—k/ uw for k>>u. 

One sees that the enhancement depends both on the 
shape of the source and the ratio of the range of the 
source to the particle wavelength. 


4. COMPARISON WITH EXPERIMENTAL RESULTS 


We have derived a production amplitude, Eq. (3.31): 
by beginning with the static model and making some 
reasonable approximations. Now we are in a position 
to make comparisons with various experimental results. 
The available experimental information is still sparse, 
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but enough is available to allow us to estimate the S- 
and P-wave m-m scattering lengths and obtain some 
comparisons with experiments. 

Our procedure will be to expand (3.31) in partial 
waves, keeping only P;— ss;, Sy—> sp;, and Dy— sp}. 
This matrix element will be evaluated in the center of 
mass system. A fit to the total cross section for the 
process * +p—2 +2*+n is possible by choosing 
\, and A, (see also Rodberg*). This fixes all the parame- 
ters in the theory and allows one to make further 
predictions in the energy range between threshold and 
~500 Mev. The predictions that will be considered 
are total cross sections, charge ratios, and angular 
distribution of the final mesons. We also will discuss 
the recoil nucleon momentum spectrum, following the 
procedure of Goebel,” at low energies, where the 
final-state interaction is not important. 

Let us define a_ reduced 
convenience : 


matrix element for 
: —2if(4r)! 
(pq| T |k)= M. 
(2 


2w4?2w pt 2uxv)t w,? 
q 


(4.1) 


Then, in the center-of-mass system, we have 


Di pq Ex 
[3 Tr| M|?] (. ) a 
(2x)* Ron \ ont FE; 
(4.2) 


d¢ prod = 


We expand M into partial waves and keep only the 
leading items in p/k and g/k. However, we have 
treated the meson labeled p and the one labeled g 
asymmetrically, so we properly symmetrize the ampli- 
tude. In what follows, we no longer reserve the notation 
p and gq for the final p-wave and s-wave mesons. We 
will describe the final mesons as p,:=(pi,8) and p» 
= (psy) and the initial meson as k= (k,a). The result is 


M = {fe- pil —A. (63, 7a +5 yaTs+5ga7y) — 2hAp(5ay73—5asty) ]+$e- pol —A.(53yTat5yaTst+5saTy) 


— 2K» (5a37y—Say78) ] 


to k[\,(53,7et5yaTst+5sa7,) }+Lo-kk- pi— 4%: p; | 


5 2 2 2 5 
| Jlondhlon) ( Ast wry) (y— rota) 7=— Ort wihy) (—Syorat SayTp— OpaTy— rarsre) 
3 3 3 3 9 


3 


9 


5 ? 


10 10 2 
dma hy )rarrract( Ae ——wirAy ) (bay7Ts—4787,Ta) | +Lo-kk- p.— he: pe | 
3 3 


9 ? 5 
A.+ wy )lbny—Srara)re— Ota’) ( OypTat Sap y—SyaTp— TyTBT a 
> > 3 3 


5 3 


10 
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10 2 


+— A.—wiAp ryrarat( A,- why) ast Yryrore ; (4.3) 
3 3 
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to be published) and thesis, Cornell University, Ithaca, New York (1960) discusses the rescattering 


integral when a, is in the neighborhood of the second resonance. Carruthers results indicate we may have underestimated the splitting 
between the S; and Dj states for incident energies above 500 Mev. However, taking the meson-meson interaction only once may not be 
adequate at these energies. The initial state interaction should also be treated with more care near the resonance. We wish to thank 


Dr. Carruthers for a helpful discussion 
2C, Goebel, Phys. Rev. Letters 1, 337 (1958), 
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In general we may write 


M=Ae-p\+ Bo: p.+Co-k 
+ D{o-kk- p,— 5k°a- pi | 
+FLo-kk-po— th 'o-pe}. (4.5) 


We omit from C(p; — ss) a contribution from P-wave 
m-m scattering which is proportional to (wp1—wpe); 
upon multiplication by the phase space, this quantity 
is seen to be small compared to the main terms. The 
contributions from P— pp, the next higher partial 
waves, are estimated in Appendix D. Near threshold 
these terms are very small, and nowhere below 500 Mev 
do they amount to more than 10% of the total cross 
sections. Therefore, their omission from the main 
discussion should not affect the estimate of A, and A, 
by more than 10%. 


Total Cross Sections and Charge Ratios 


The total production cross section, with the matrix 
element evaluated in the 


[see (4.2) ] 


dup [eer 
x f dant ) (4.6) 


We are led to the problem of determining (@p1) max, the 
upper limit of the phase space integration. Since we 
are dealing with a static theory, only the meson energies 
contribute to the energy-conserving delta function in 
Eq. (3.7). But obviously it is better to take into account 
the initial nucleon energy in determining (wp) max, 
whereas the final nucleon kinetic energy rather 
negligible from the fact that the phase-space and 
p-wave m-m interaction favor large pion energies. Thus, 


center-of-mass system, is 


given by 


p pe Ey 
Tr| M|?}- 


ko», ‘ Wy + F, 


is 


a good approximation to the energy conservation is 
Ww + ( FE, —_ M) Ww, = Wpitwpo. 


This will simplify our numerical calculations. For 
predictions which depend on an integration over all 
phase space, one should expect only a smali error. 
However, the effect of this approximation on the 
predicted energy distributions may be important. 

With the above approximation for the phase space 
integral, we may write 


4 f? f 1 
(27)? ¥; 


» 


T “RL D * pi" 
) 


Wy + T, (4.7) 
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This is to be multiplied by 3 if the final mesons are 
identical. These integrals have been evaluated numeric- 
ally, using Eq. (4.4). The parameters A, and A, were 
fitted to the energy dependence of the process 
nr +p— 2 +n*-+n." They correspond to a>= —0.290 
uw! and a,;=0.122 w", where the signs were chosen to 
give repulsive S-wave m-r scattering and attractive 
P-wave n-m scattering. This sign of the S-wave m-r 
scattering from analysis of the 7-decay 
spectrum," assuming the spectrum shape is a result 
of s-wave m-m scattering with isotopic spin dependence 
of (roughly) ¢*. The P-wave z-m scattering is chosen 
attractive to agree with the conjectured resonance in 
this state,’ required to improve the understanding of 
nucleon form factors. The results of these calculations 
are shown in Fig. 5 [(#-+ p— r+2++2) cross section ], 
Fig. 6 [(#- +>) total production cross section ], Fig. 7 
[(x++ ) total production cross section], and Fig. 8 
[R(at+p — wttq°+p)/mtt+p — arttarttn 3 
The other results are tabulated in Table I. 

The cross sections for reactions which are initiated 
by a++p are computed to a slightly higher energy 
than those initiated by #~+ , since they do not have 
the rapidly rising 7=}, D; channel, and therefore 
omission of the initial state interaction above 500 Mev 
for those processes is not expected to be as serious as 
for the r +p processes. These predictions are also in 
excellent agreement with the 7=} production and the 
inelastic charged production from 7+ of Crittenden 
et al.! up to an energy of about 470 Mev. Together 
with the agreement expressed by Figs. 5-8, this indicates 
that the production cross sections may be characterized 
by two constants with cross sections having energy 


comes 


dependence and charge ratios as given by our amplitude. 
This principally depends only on the relative contribu- 
tion of S-wave and P-wave z-7 scattering. The energy 
dependence of individual partial waves is more critically 
displayed by the angular distributions of the final 
mesons. 


18. W. Perkins et al., Phys. Rev 
118, 1364 (1960). 

4 N. N. Khuriand S. B. Treiman, Phys. Rev. 119, 1115 (1960). 
R. F. Sawyer and K. C. Wali, Phys. Rev. 119, 1429 (1960). We 
should also cite the evidence for the 7=0 anomaly (Wo) in p+a 
collisions. A. Abashian et al., Phys. Rev. Letters 5, 258 (1960). 
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has been observed in the process y+ — 27+N. B. Sakita and 
R. Sachs, Phys. Rev. Letters 6, 306 (1961), claim that if the spin 
of the Wo is less than 2, it should have been observed in A* decay. 
The interpretation of T. N. Truong, Phys. Rev. Letters 6, 308 
(1961), is that this anomaly is due to a low-energy T=0 x-xr 
attr If this is to be compatible with the above-mentioned 
analyses of the 7r-meson decay, then the T7=2 z-z interaction 
should be strongly attractive 

16 J. Deahl, M. Derrick, J 
Yodh, Proceedings of the 1960 
High-Energy Physics 
York, 1960), p. 185 
16 W. J. Willis, Phys. Rev. 116, 753 (1959 
17 Y. A. Batusov ef al., Ninth Annual International Conference 

High-Energy Physics, Kiev, 1959 (unpublished); Y. 
Batusov ef al., Proceedings of the 1960 Annual International Con- 
ference on High-Ienergy Physics at Rochester (Interscience Pub- 
lishers, New York, 1960), pp. 74 and 76, 


Letters 3, 56 (1959); Phys. Rev. 
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Angular Distributions 


Using the results of Eqs. (4.2) and (4.7) and (4.3) 
we may compute the angular distributions of the final 
mesons. The angular distributions of meson p in the 
center-of-mass system is given by 


(4.9) 


da/dQp,;=x+y cos8+2 cos’8, 


where 


2f? —_ Pipe Ey 
ey Rov.*§ \ax+ Ei 


X[2ACpikt+ $(ReD)Cpik* |, 


f2 w,*—1 
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f dwp;— ( . ) 
2r)* J; Rox’ Nax+E, 


D\2p2k*+2(ReD) A pee’), 


(4.10) 
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and, of course, 


(4.12) 


The angular distribution of meson pf» is computed in a 
similar manner. These coefficients have been evaluated 
for the process r +p—a +72*-+n. Practically the 
only angular distribution data available in the energy 
region of interest are for the x* meson in this channel.' 

The results are illustrated in Figs. 9 and 10. The 
angular distributions predicted for the #* meson are 
compared with the experiments at 317, 371, and 427 
Mev in Figs. 11-13. At 317 and 427 Mev, the theory 
is in qualitative agreement with the experimental 
points, while at 371 Mev, the agreement is poor. The 
production of the r* meson in the forward direction 
in the center of mass seems to be evidence for opposite 
signs of S-wave and P-wave z-m scattering, at least 
within the assumptions made here. For example, at 
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TABLE I. Production cross sections (mb). 


Lab energy 
(Mev) 
171 
265 
384 
468 


3/5 


364 Mev, 


y=[0.447(A,/42)2 


— 2.74(\,/42)(Ap/4) ] mb/sr, (4.13) 


and at 468 Mev, 


y=[0.78(A,/4a)?—7.8(A,/4ar) (Ap/4r) | mb/sr. (4.14) 


Therefore, unless A, is at least five to ten times larger 
than A,, one cannot hope to have ¥>0 if A, and A, 
have the same sign. If A, is so much larger than A,, 
then one cannot reproduce the sharply rising cross 
sections. Thus, A, and A, must have opposite signs. 
The qualitative description of the situation is as 
follows: If the w-m scattering is isotropic (Ap=0), then 
both mesons in the final state tend to go forward 
because the favoring of small momentum transfer to 
the nucleon. But this effect is small compared to the 
effect of the angular distribution of a large anisotropy 
of the m-m scattering (|Ap|2|A,|). The p-wave m-r 
scattering itself gives a cos*@ term by interfering with 
the s-wave scattering. Thus, if A,~A,, so that the r 
scatters forward, the w* will go backwards in the 
center-of-mass system, whereas if A,~—A,, the 7 
will scatter forwards. Quantiiatively we find that the 


ag = x+ycos@+zcos*@ 


Ww +p—r + rttNn 


mb/ster 
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Fic. 9. Angular distribution coefficients (c.m.) of r+ for 
ao +p 3 +r +n. 


0 

0.03 
0.60 
1 56 


meson has too 
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predicted angular distribution of the a* 
much forward-backward asymmetry 
cos’6. 

From Eq. (4.10), we see that contributions to Y 
came from Re(4A*C) and Re(D*C) (note that A and C 
are real in our treatment), that is, from interference 
between S; and P; and between D; and P, with roughly 
2 of the forward-backward asymmetry coming from 
the D,;—P, interference. As is consistent with the 
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Fic. 12. 


meson is predicted to have a 
distribution. The large 
would be reduced if 


above arguments, the 7 
backward peaked angular 
forward-backward asymmetry 
the initial state interaction in the D;, T=} state were 
considered. Let us denote 6, as the effective final-state 
phase; 6, being obtained by averaging the final state 
phase factor weighted by the phase space at fixed 
total energy. Numerical computations indicate that 
sind; ‘cosé;<4 below 370 Mev and reaches 1 by 470 
Mev. So we may roughly set 6;~0. Then 
Re(DA*)=A_ D cosép, (4.15) 
and similarly for the other interference terms involving 
the D, amplitude. Since cosép; becomes small as the 
Di, T= , resonance is approached, the contribution of 
the D;—P, interference term to the forward-backward 
asymmetries is reduced. Similarly, the contribution of 
the D;—.S; interference to the cos*@ term is reduced. 
The forward-backward asymmetry may be further 
decreased by decreasing the ratio of the S; to D, 
amplitudes; this ratio may have been overestimated in 
our calculation. Since the available x-7 center-of-mass 
energy is lower than the conjectured m-m resonance 
energy in our energy region, the m-x phase should not 
have become too large, and thus would not alter the 
above argument appreciably.'* In passing, we remark 
that the core production of S;— Spi, with the w* in 
the p-wave, interferes destructively with the cloud 
term; however, the effect is probably small. 
Unfortunately, the experimental data are 
Angular distributions of meson in 


sparse. 


the the 


‘If the 7=2, S-wave x-x scattering is attractive 


(opposite 
in sign to the 7=0 amplitude), as argued by E. Lomon, Proceed 
ings of the 1960 Annual International Conference on High-Energy 
Physics at Rochester (Ir Publishers, Inc., New York, 
1960), then this will also reduce the forward-backward asymmetry. 
If the 7=2 amplitude is small compared to the 7 =0 amplitude, 
then the forward peaking of the x* requires the 7=0 amplitude 
to be repulsive and the 7=1 amplitude to be attractive. We wish 
to thank Professor Lomon for a conversation concerning this 
point. Our treatment of the P-wave x-x scattering in the single 
partial may not be adequate if the conjectured 


resonance has a total energy as low as 2.3u 
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x +p— 2 +n*+n in the region of 430 Mev would 
be useful in verifying the arguments concerning the 
relative sign of the S-wave and P-wave z-m scattering. 
The difficult experiment of measuring the recoil nucleon 
polarization would provide information on the imagin- 
ary parts of the interference terms discussed above, 
and would provide a check on the arguments presented 
here. 

Note added in proof. After this paper was submitted, 
more recent data by Barish, ef a/.,!** has been published 
for the reaction *+p— 2 +27*+n up to 423 Mev. 
They find that the energy distribution of the 7* meson 
favors lower energies, probably indicating a strong 
a —n final state interaction. This highlights our diffi- 
culty in obtaining a large final state enhancement; in 
our model, at these energies, the resonance was found 
to be avoided, and so the x* energy distribution to be 
peaked at the Aigh energy end. 

They also found the w* angular distribution more 
isotropic than that found in earlier experiments, al- 
though still peaked slightly forward. This leads to the 
conclusion, opposite to that reached in the body of the 
paper, that a) and a; have the same sign. In fact, if we 
merely fit the differential cross sections at 265, 365, and 
432 Mev by selecting the best values of the scattering 
lengths ad) and a; at each energy, ignoring the energy 
dependence of the cross sections, we find at 
0.0407, 


265 Mev: a 0.38u', ay 


365 Mev; a 0.05u 


432 Mev; 


0.5 by 2 ay 


1 


0.65u 0.03u 


These values for a and a; are not different 
from those being discussed in connection with other 


very 


&b 


proc esses, ! 


Nucleon Momentum Spectrum 
We now wish to examine our predictions for the 
nucleon spectrum in pion production with some thought 


18a B. C. Barish et al., Phys. Rev. Letters 6, 297 (1961 
18> B. R. Desai, Phys. Rev. Letters 6, 497 (1961) J Moffat 
preprint 





PION PRODUCTION AND 
being given to the consequences of a pion-pion resonance 
on this spectrum. The method we will follow will be 
similar to that of Goebel,'® with notation similar to 
lig. 1 of that paper; we will label the final mesons 
(Pi,wpi) and (pe,wp2) in keeping with the previous 
discussion. We will evaluate the cross section in the 
laboratory system. The cross section is then given by 


f? |M/? —*") “*) 
(2) Ra,.4 WPp1 Wpe 


Xb (wp, twpe+E,—W), (4.16) 


where W'=a,.+M is the total energy, Es=(A°+m?)! 
T4+-m is the recoil nucleon energy, and M is defined 
by Eq. (4.1). As in Goebel,'* we describe the final state 
by the relative momentum of the final mesons in their 
ywn center-of-mass system ~&=43(p,:—Ppz)- and the total 
momentum of the mesons P= p,+-p.=k—A. 
It is straightforward to show that 


d*p, d*p» det 


Wp, Wp2 


) ny 


w= +p’, (4.18) 


Q:= wet 1 P?. 


Che total energy of the mesons is 22;:, and so energy 
onservation is expressed by 


Q.=43(W—Es). (4.19) 


Squaring this, we find the useful relation 


w= s(k-A—II Ts+3y? ]. 4.20 


We also introduce the velocity of the mesons in their 


center-of-mass system 


(Cy ay 
s/ @ 


(ke A—WT74—3y2)1/(k-A—WT7 3432). (4.21 


Thus, Eq. 


1.16) may now be written 


M 


do d(cos6;)d°P. (4.22 
2r)* ka,.* 2 


In order to introduce M explicitly, we will limit 
ourselves to low enough energies so that final state 
pion-nucleon interactions are unimportant. To first 
order in the w-m scattering, Eq. (3.18) is appropriate. 
In the coordinate system introduced above, in the 
onrelativistic approximation for the nucleon, 


V/ ao: Alw Was {2 (034Ta +-6 aT at 6a Tx) 


Sa 


r . e 
+ 2rpl (k+A),-é (6ay78— Sap7y)}- 4.23) 


The m-m scattering should be expressed in the final 
pions’ own center of mass; therefore, (kK+ A), is to be 
evaluated in the w-m center of mass. To proceed, we 
transform this quantity to the laboratory system. 
We tind 
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(k+A)-P 472: 
: ( _1)p 
P- Ww; 


1 
it k ra)— w,+Q;)P. 


we 


RESONANCE 
(k+ A), 
(4.24) 


When | M |? is computed and the angular integrations 
JS do;d(cos6) are performed, it is clear that the inter- 
ference term proportiona] to \.A, vanishes. With some 
algebra, we can show that 


d¢@:d (cos@:) : 
f- ((k+A),-&? 


s(kK+ AP + 75 (FA 
+3 k—<A “(a4 +; )°22* 


. 


— = (Rk? — A*)Q: (w+ Q:) 22°. 
é E/E 


(4.25) 


Direct numerical evaluation shows that 2;* is sharply 
peaked at ~A=k. Therefore, in the section 
v:°(k®°— A*) and 2;*(k?— A*)? can be neglected compared 
to v:°(k+A)*. One can also neglect o°(kK—A)? when 
one recalls that the final nucleon goes into the forward 
hemisphere, and so A~k. Thus, (k—A)o;* is small. 
Then, to a good approximation our cross section is 
(to first order in \, and A, 

f2 A’ 
da proa = —— ——1;{X.?. 
(27) kwa* 


cTOss 


1+ 4),°B'(k+ A)*e}d°A, (4.26) 


where 4 and B are the appropriate isotopic spin factors 
for the channel under consideration. We can perform 
the integral over dQ, in Eq. (4.26). For the process 
mr +p—>2-+nt-+n, the result is 


dopa 4fA*) 7s \! 
-=—- 16( ) T.+ 
dA Rass | 4 


w here 





GOEBEL 


w +p w+ rt +N 


290 Mev 


da/dA (mb) 


\ 

| 

2 \ 
_—*—— SAME (Ap /4)\ 
BUT O(€)=1 \ 





r ! l 1 
0.5 1.0 . 2.0 2.5 3.0 


Momentum 4 (Units of yw) 


S> 





Transfer 


‘1G. 14. Nucleon recoil spectrum (lab) for r-+p— 72 
with an incident meson of 290 Mev. 


and 
wy? =F RA—-WT 3 4+3 7], 
while 


fy? = 3(kA—WT7 34-34"). 


Equation (4.27) may be easily modified to take into 
account the possible p-wave r-r resonance’; 


Me\? SfAp\? 1 
6( ~) I+-(— ~I,}, (4.33) 
de 3\4e/7 | Dig) |? 7) 


where D(£) is the denominator function for P-wave 
w-x scattering normalized so that D(O)=1. By com- 
parison with the scattering amplitude of Frazer-Fulco,? 
and using Eq. (B.14), we identify }(\,/4r)=T'/v,. We 
have evaluated Eq. (4.33) numerically, using the 
Frazer-Fulco form for D(£), using [=0.04 and v,=1.5, 
where v= & and t=4(v+u?’), (t-~10u"). We have chosen 
to compute our results for an incident meson laboratory 
energy of 290 Mev. We have also computed the pro- 
duction cross section for the process #*-+p— at-+7°7 
+n, which depends on \,. For that process 


da prod 4 f?A° 


sean 1 
dA Bwat | 


(do prod dA) 4f*\ k7a 4 8(rX,/4r)"I,, (4.34) 


the nucleon spectra may be integrated to yield 


Oe-e* =| 5.12(Xr 


47)?+0.09] mb, (4. 
and 


Oxtst=[2.36(\, 4 


>] mb. (4.3 


The interpolated value for o,+-+ is ~0.1 mb at this 
energy, so we fix A,/4r=0.198 (compare this with 
\,/4r=0.231 of the earlier sections of this paper). We 
note that I'/v,=4(A,/4r) corresponds to (A,/47) 

—0.04, while in the other estimate we had (A,/47) 

—0.182, which agrees with our view, mentioned 
earlier, that the value of A, obtained from the experi- 
mental data should be than the threshold 
scattering length. 


larger 
The results are illustrated in Figs. 14 and 15. From 
Fig. 15, the predicted value of ¢,+-- is ~0.29 mb which 


+S. P. Drell and F. Zachariaser 
also present a relevant argument 


, Phys. Rev. Letters 5, 66 (1960 
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with an incident meson of 290 Mev. 


lies within experimental errors, as seen in Fig. 5. The 
effect of the m-2 resonance can be seen when we set 
D()=1 in Fig. 14, which shows that the peaking is 
largely kinematical. 

We see that the effect of the 2-7 resonance is to 
increase the height of the peak in do/dA for 
mt +p—m+n*+n. Equation (4.34) has not been 
expanded in partial waves, no approximations were 
made for energy conservation, and final-state pion- 
nucleon interactions have been omitted. This 
account for the slightly different estimate of (A, 47 
made on the basis of Eq. (4.8). 

For quantitative comparison of do/dA with experi- 
ment, the parameters of the w-m scattering, [ and »,, 
should be known more precisely. Therefore, we can 
only consider the results of Fig. 14 to indicate qualita- 
tively what is expected. It seems to-us that it is difficult 
to deduce the existence of a 7-7 resonance by means of 
do/dA in low-energy production experiments for two 
namely, the z-7 scattering cross section is 
“smeared” by the distribution of pion energies in th 
cloud and the z-r resonance peak will probably fall 
above Amax in do/dA for energies low enough for the 
pion-nucleon interactions to be unimportant. Finally, 
Eq. (4.36) indicates the difficulty in extrapolating 
da/dA to the pole A°= —,? because of the rapid vari- 
ation with A near A=0 and because of the uncertain 
ratio of P-wave and S-wave z-m scattering. 


Wil 


reasons ; 


5. SINGLE PARTIAL WAVE AMPLITUDES 
AND CONCLUSIONS 


With the aid of Eq. (4.4a), we have evaluated the 
single partial wave production amplitudes. The~ 
results are shown in Table II. For comparison the 
estimated cloud contributions of P;— pp and P,y—> pp 
are also shown. 

We note that the D,, T=} cross section exceeds the 
unitarity limit at ~550 Mev; D;, T= 3 at ~820 Mev; 
T=}, S=} at and T=3, S=3 at ~750 
Mev. According to our conje ture, one would expect 
the T=4, D; amplitude to have a resonance in the 
neighborhood of 550 Mev. This is not in unreasonable 
agreement with the experimental value of 610 Mev, 
considering the approximations made. We would also 
expect a resonance in the T=}, D; amplitude in the 
region of 820 Mev. This is not inconsistent with the 


~550 Mev; 


3 
t 
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TABLE II. Single partial wave cross sections (mb). 





Lab energy Sj Py ss 
(Mev T=} T=} T=} T=} T=} 


171 9 0 0 0 0 
265 Ali 0.066 0.098 0.026 0.23 0.09 
364 9} 0.53 5 0.22 0.60 0.24 
468 ; 1.50 0.82 1.05 0.42 
578 ; 2.93 2.00 1.45 0.58 
690 4.96 4.11 1.89 0.76 
8.05 2.36 0.86 


0.001 
0.02 
0.10 
0.28 


819 8.40 


suggestion of Carruthers’ in his analysis of the very 
small cross section m+)—7°+n in the resonance 
region. We note that the S-wave production becomes 
surprisingly large, but emphasize that it is premature 
to predict S-wave resonances in view of our under- 
estimate of the Dy;—Sj ratio" and the still uncertain 
predictions of the S-wave scattering theory. It is a 
little disappointing not to tind the D;—S;, ratio larger, 
since the attempt to make a more quantitative study 
of the model of Peierls® [with the dominance of the D, 
state, with an S wave and the (3,3) pion-nucleon isobar | 
originally led to this investigation. Our difficulty is 
directly related to the smallness of the off-the-energy 
shell part of the rescattering integral, which does not 
sufficiently compensate for the loss of the direct 
amplitude when the rescattered pion is near resonance. 
The short-ranged contributions to both scattering and 
production also require further consideration. 

Walker et al. have made a phase-shift analysis of 
pion-nucleon experiments in the energy region 350-600 
Mev,” including the inelastic data. Comparing Table I 
of that paper with Table II of this paper leads to 
some interesting observations. Except for the above- 
mentioned difficulties with S-wave production, our 
production cross sections are qualitatively in agreement 
with the phase-shift analysis. The phases 643, 633, a1, 
and a; are positive and rapidly rising (67,7 for D waves 
and ary for P waves). Production from T=}, P, is 
small as might be expected since the (3,3) total cross 
section nearly ‘exhausts’ the sum rule.’ Meson 
production from T= is small, and a3 is negative, 
presumably still dominated by the short-ranged 
interactions although the meson production in the 
S states is not negligible. 

For a detailed prediction of the single partial-wave 
m-.\V scattering amplitudes, one should investigate the 
single partial-wave dispersion relations. For example, 
Sowcock, Cottingham, and Lurié,*! have discussed 
low-energy m-.\ scattering, taking into account 
scattering effects in the r+-2—> V+WN contribution to 
the Mandelstam amplitude, using the approximation 
discussed by Cini and Fubini.2 They find that the 
P-wave m-m scattering contribution to T=}, Dy is 


T- 


*0W. D. Walker, J. Davis, and W. D. Shephard, Phys. Rev. 
118, 1612 (1960). 

21 J. Bowcock, W. N. Cottingham, and D. Lurié, Nuovo cimento 
16, 918 (1960); M. Cini and S. Fubini, Ann. Phys. 3, 352 (1960). 


attractive, to the 7=$, D, is repulsive, while that from 
the ‘“‘core terms,” including the (3,3) resonance in the 
crossed-terms, as discussed by Chew et al.,’ is repulsive 
for T=}, D; and attractive for T= 3, D;. Since experi- 
mentally both D; amplitudes have positive phases, we 
believe that the large inelastic D; amplitude must be 
included in any discussion of the D phases, and further- 
more, our calculations indicate that the ‘knock-on” 
production process is the dominant contributor to this 
amplitude and the other low-energy meson production 
amplitudes. 

The third z-V resonance is expected to develop in a 
very that for the second 
resonance. The two-pion state with both mesons in 
p-waves with respect to the nucleon may be expected 
to be dominant. Quantitative calculation is expected 
to be even more difficult than in this case since all 
three pairs of final particles have strong interactions. 
Finally, we comment that it seems plausible that the 
broad maximum in the 7=} total cross section above 
1 Bev is due to the superposition of many states coming 
from both two-pion and three-pion intermediate states. 

To summarize, we have seen with the conjecture of 
a rapidly rising effective interaction leading to a 
resonance, that we are able to understand in some 
detail low-energy pion production and the origin of the 
second pion-nucleon resonance. 


way similar to discussed 


APPENDIX A 
Core Production into ss and sp States 


The contents of this appendix are included for 
completeness. Let us consider the perturbation result 
for rN —-arN in the lowest order of pion coupling 
and of nucleon recoil (i.e., 1/47). 
matrix element for 7 +)— m +27 +n Is 


For instance, the 


(A.1) 


o'pil, 
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where we have kept terms in the final meson momenta 
only to zero and first order and where k is the initial 
momentum and p; and p» are the momenta of the final 
x* and r~ meson, respectively. The cross section is then 


128 f® 


gG= 


do Vwp + pe (1—-3V2+4V4 


We 2 ww 1 
~p( - ye+ V4 


WP) 3 WP re] 


uk 


(A.2) 


where /-=0.08 and | =k, ws. Very roughly we can set 
V=1, but consider the final mesons to be non- 
relativistic, wp;}~wpe~py; the total cross section thus 
becomes 


where () is the kinetic energy in the final state in the 
center-of-mass system. At 300 Mev, (A.3) thus becomes 
0.6 mb. This is to be compared with the experimental 
value of ~ 0.55 mb. 

This agreement is fortuitous. If one analyzes the 
terms which enter into the perturbation matrix element 
(A.1), one finds that most of them involve an S-wave 
pair vertex, which 
S-wave scattering. 


can be related (more or less) to 

For instance, the terms contributing to P;— ss, are 
shown in Fig. 16. The first two actually contribute 
threshold: The contributions of the 
isotopic-spin-independent (non-charge-exchange) pair 
vertex cancel (equal but opposite energy denominators) ; 
the amplitude from the isotopic-spin-dependent (charge- 
exchange) pair vertex is proportional to the difference 
of the meson energies, which introduces an additional 
factor Q into the matrix element. In Fig. 16(c), if it is 
legitimate to approximate the pair vertex by the real 
T= 3 S-wave scattering, this term is reduced by a 
factor of 20 from the Born approximation. No such 
semiempirical argument can be made for the fourth 
term, but what little is understood about x-N S-wave 
interactions suggests that this term too is actually 
ller than the perturbation value. 


yothine 
nothing near 


ucn smaller 


(d) 


ciagrams 


AND 
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Consider now the $;— sp; production (with the r 
in the p wave), which contributes the bulk of our 
calculated cross section at 300 Mev. The dominant 
diagrams are shown in Fig. 17. The sum of these terms 
is proportional to the charge-exchange S-wave scatter- 
ing amplitude. This is smaller than the perturbation 
value by only a factor of 5 for zero momentum scatter- 
ing, but this ratio to the perturbation value becomes 
smaller at higher energies. Just this 
decrease exists in the off-the-energy-shell process 
which we have here is uncertain. However, evidence 
from the theory of the S-wave production in VV — rD, 
which involves the same type of off-the-energy-shell 
scattering, seems to indicate that the decrease occurs 
off as well as on the energy shell.” 


how much of 


rhus, we estimate 
that the cross section for S;— sp (#* in the p-wave) is 
no larger than 75 of the perturbation value. 

One might note the occurrence of the term 
(o-k)k- (pit+p2) in M of Eq. (4.1); this contributes to 
D,— spy, the state which has final-state enhancement. 
The diagram which contributes to this is that shown 
in Fig. 18, with the nucleon kinetic energy in the 








Fic. 17. Dominant core diagrams 


energy denominator expanded to first order, where the 
pair vertex is the non-charge-dependent term. It is 
clear that this diagram does not exist for r*p produc- 
tion, i.e., in the 7=% state. Thus, in lowest order of 
recoil, one finds D;— sp; production, and it occurs 
only in the 7=} state—a very nice result. However, 
since the experimental non-charge exchange scattering 
amplitude is 1/100 of the perturbation value, it appears 
that this production term is quite negligible. It is true 
that the S-wave pair production vertex is not necessarily 
directly connected with the scattering vertex (see next 
section), but it would be surprising if they differed by 
a factor of 100. Thus we that the 


section for meson production near threshold (ss and sp 


conclude Cross 
states) due to direct interaction with the nucleon cgre 
is quite small, and inadequate to fit the observed rp 
results. 

We conclude this section with a discussion of the 
relative sign of the core and pion cloud contributions 
to Sy— sp, production in r+p—2°+nt-+n. The 
dominant diagrams are those of Fig. 17. Quantitatively, 
for the cor 


the Born approximation matrix element 


% A. Woodruff, Phys. Rev. 117, 113 (1960), 
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contribution is 


Moore 02(~) 
2M 


where the 


(A.4) 


a : 5) 
( 2, v2wp02wpo) twp, 


notation of (A.1) has been retained. The 
reduced matrix element, as defined by Eq. (4.1), is 


M pore= —V2 (41r) 


By comparison, Eq. (4.3), the cloud contribution to 
— sp; for this channel is 


M croud —Fv2(A.+RA;)O- py 


+3v2(—A,+kAp)o-po. (A.6) 


The core contribution only interferes with that cloud 
term which has the rt meson in the p wave. This will 
reduce the forward peaking of the w*, but it has no 
effect on the backward peaking of the m. However, 
the quantitative estimate of the core production (A.5) 
is uncertain due to the difficulty in evaluating the 
S-wave pair production vertices. This is discussed in 
the next section. 


Connection between S-Wave Pair Production 
and Scattering Vertices 


Assume that the S-wave scattering amplitude at low 
energies can be expanded in powers of w (neglecting 
the influence of the branch points, w=-+mu). Then we 
can write (u=1): 


(r*pifix'p 


a-+ O(@) we tT CW + wo") du\wo+ hadi 


(A.7) 


--+ Wo") da wot tae (A.8) 


wie p\f p 


a+b(wi—w_)+te(w2+w_?)—daiw_+---, (A.9) 
where (A.8) and (A.9) follow by “crossing” from (A.7). 

We see that (at least in principle) the coefficients a, 
b, 2c+d, etc., can be deduced from experimental 2-N 
scattering; but to predict the S-wave pair production 
vertex near threshold, the coefficients a, 2c—d, etc., are 
needed. Only the sum of 2c and d is determined by real 
scattering. 

On theoretical grounds one could invoke the principle 
that the coefficients of successively higher powers of 
w/u should decrease by factors of the order of u/M. 
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This is well known to be incompatible with the experi- 
mental data. 

It is not clear even what the sum of 2c and d actually 
is. Experimentally, (r*+,p|f,*,p) appears to be con- 
stant, but the size of the charge-exchange cross section 
shows that the odd coefficients (d,d, etc.) are large; 
therefore, so must be the even. 


APPENDIX B 


S-Wave x-= Scattering 


We take the matrix element of Hr=}\,(¢.4,)* 
between an initial state of two pions of quantum 
numbers (a,a), (b,8) and final state (c,y) and (d,6) 
These quantum numbers are summarized as a, 3), c, 
and d. Then 


Az 
W= (cd fev (d,0.)° ab) 
4 


[2n,/ (2wr)! (60365545. 
One can verify that 


re 
30080 75; 


(B.2) 
(B.3) 


(B.4) 


¥ (6a y0s8— 5, 03> 
1 25s S S ,. 5 . 
9 ( — 3008045 T 004035 T 02503 


are the projection operators for m-m scattering in the 
T=0, 1, and 2 states, respectively. Then 


M,= 


(B.5) 


The cross section for w-m scattering in an S 
lowest order in X, is 


Xe \° 8a L 
4dr WI ‘ 


where a; is the center-of-mass energy of each pion. 
From the condition that o, must 


state, to 


101 exceed Sir R?, we 
see that if (A,/47) is as large as of the order of unity, 
the cross section must, in fact, decrease faster than 
1/w* so that the effective S-wave z-r interaction cannot 
be well described by (A,/4)(¢.@,)*. Our fit of near 
threshold data gives (A 0.231<1 and so, in fact, 
does not violate this condition 
responds to 


Aor) 
This value of A, cor- 
ao= (sindy/ k) —0.290 u 
and 


(sinds k) —().116 uw 


and thus, (a; —O.174 yu 


From analysis of the r-decay spectrum, assuming 


— do) 


that all the asymmetry comes from the scattering ot 
pion pairs in .S Khuri and Treiman find 
(ay— a2)~—0.7 uw, while Sawyer and Wali find (ao— a2) 


Waves, 
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TABLE III. Charge amplitudes from S-wave pion-pion interaction. 


Process 49/? 


+++) 13/9 
74/9 
18/9 
13 

/9 


~—0.32 uw! “; the difference in the prediction reflects 
different approximations made in solution of the 
integral equation involved. However, large uncertainties 
probably should be assigned all of the above values 
due to the uncertainty in assumptions made, although 
it is reassuring that our analysis and the 7 decay both 
seem to require repulsive S-wave m-m scattering. 

In the notation of Eq. (3.40), the isotopic-spin 
operator occurring in the knock-on meson production 
via the S-wave 7-7 interaction is 
(B.7) 


SY I @)=03yTatOyaT3T Vast y- 


The isotopic spin dependence is determined by the 


result 


3y' 9'a)=10.7.!+25 27,3, (B.8) 


where 
and qalai=4ra'Ta 
are the projection operators for T=} and T=}, 
respec tively. 
The projection of index 8 into a T= state results in 


By '49'a)=¥ al aX(8’y! da 


(B.9) 


Of course, becat » symmetry of (By J\a), we 


have (py 19 , etc.) Corresponding to 
B.8), we find 
50 


alai+— ala’. (B.10) 


(B.7) and (B.9) 
ire given in Table ITI. 


The squared matrix elements of 


between individual charge states ; 


P-Wave --= Scattering 


We take the P-wave matrix element for the scattering 
of meson a and d into mesons 6 and ¢ to be equal to 


b—c), (B.11) 


a—d 


in the center-of- 


AND 
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TABLE IV. Charge amplitudes from P-wave pion-pion interaction. 


Process 





e +)— 2" +e FR 
—> 2" 3" +8 

> w+ 7+ Hn 

i +a +nr'+p 
+r +r tn 


The P-wave m-z cross section, to lowest order in 
is 
(B.12) 


Tp= 4 (Ap/ 4)? (8rkt/w,2)P; ] sin*é,, 


and it immediately follows that 


a,= (sind, k* (B.13) 


and our value (A,/4r)= —0.182 means a,;=0.122 u 
The isotopic-spin matrix element in the knock-on 
meson production from P-wave m-7 scattering is 


By 53 @ ba8T+— OayT3)s (B.14) 
The isotopic-spin dependen e of the meson pre duction 
depends on 


Lia’ 9 


By 


By By 9 lai t+8 ala. (B.15) 


Projection of meson @ into a 7 leads to 


(By 35 a (B.16) 


and 


athe®: (B37) 


3S la’! (24 
— a \3 J 
By 


The squared matrix elements of (B.14) and (B.17) 
between individual charge states are given in Table IV. 


APPENDIX C 
Solution of the Integral Equation 


The integral equation obeyed by a causal production 
amplitude is 


1 ° ImT (w’ 
T (w) T*?(w)- f dw’ ’ 
oa ,/ = (9 l€ 


7 uu Ww 


where the actual production amplitude is 7(w) multi- 
plied by appropriate factors of momentum, according 
to the orbital momenta of the production process. 
Taking all interactions to just first order, except for 
the final state interaction, one has 7=e" 7, where 6 
is the scattering phase shift of the final state interaction. 
We may write 


1 ImT? (w’ 
T? (w) { dw ; (2) 


s Ww 


where a<yu; therefore, 7%(w) is real in the physical 


region of the production process. 
may 


The integral equation (C.1 solved by the 
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V/D method.® We recall that the scattering amplitude 
for the final-state interaction can be written as f(w) 
= V(w)/D(w), where D(w) is analytic except for a cut 
starting from threshold, on which its phase is *6(w), 
the scattering phase shift, while .V(w) is analytic 
except perhaps below threshold (“left-hand cut”). 
Clearly,” 


1 a 
D(w)= exn| - -{ da’ 5(w’) (e'-a-ie)| 
T 


u 
(In our example the physical cuts of f(w) and T(w) run 
2.) Therefore, we can write down the 


irom yu to 
solution to (C.1) at sight, which has the correct 


analyticity properties. 


1 1 D(w’) ImT? (w’) 
T (w) =—— - f dw’ —————_—_———_-._ (C3) 


D(w) r F_s 


P . 
@ "a" te 


This can be transformed into a quite different looking 
form. We first observe 


1 D(o')T? (w’) 

—_ f day’ < “ — 7. (C.4) 
, , 
271 Tl =e 


where T; is the contour shown in Fig. 19. The cuts 
illustrated are those of the analytic function D(w)T*(w). 
We can now “expand” the contour into I's, and assume 
that the integral around ~ goes to zero (subtractions 
should be made as necessary if this is not true). Thus 


D(w')T 8 (w’) 
f dw’ 
1 ry iw 


Ss 


1 D(w')T (w’) 
D(w)T? (w)+- dw 
2m Yr w’—w 


1 7” ImD(w’)T? (w’) 
D(w)T?(w)—- - f du’ - : 


Ty 
where we made use of the fact that 72(w) is real for 
w>p. Now, since 
ImD (wa) 


~—kN(w) in the elastic approximation for f(w) 
(C.6) 


V(w) Im[1/f(@) ] 


for w>y, we can finally write 


1 1 ss TP (w’ [R’N (w’) 
T?()4+——— | des! 
D(w) rel, w’—w—le 


If V(w) has only a simple pole at w=0 (a reasonable 
approximation to the final state 7-.V interaction in the 


3 Rk. Omnes, Nuovo cimento 8, 316 (1958). 
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—_— 








u rr, 





r 





Fic. 19. Contour for integral equation. 


T=%, J=}3 state), then the solution given by (C.7) 
reduces to that of Eq. (3.20) of the text. The result of 
(C.7) is identical to that given by Omnes,” while that 
of (3.20) had been deduced directly by Chew and Low 
by consideration of the analytical properties of T(w).5 

The extension to the case of final and initial inter- 
actions is trivial. Now T=e*!+®)|T|, where 6; is the 
phase of the initial interaction and is the phase of the 
final interaction. For reactions where the cuts for the 
initial and final state are identical then a repetition of 
the above derivation leads to the solution 

1 1 


T (w)= T? (w)— - 
Dy(w Ds(w T 


ig T? (w') Im[_D;(w)’D2(w’) | 
xf do’ = 


u vo —w—Te 


(C.8) 
Im[D,(w)D2(w) J= —sin (6, D;(w) 
X | Do(w)|, 
w> pw 


(C.9) 


D(w)| = (C.10) 


and 
f(w)=e* sind (C.11) 
Therefore, 
1 
T(w)=T*?(w)+ 
D,(w)Do(w) x 


ky’ heo! TB (co") N (cw) No(w") sin (6:+82) 
x—— — , 


(C.12) 


w’—w—ie) sind; sind» 
Further approximations for V(w) may be made if 
desired. 

From (C.12), we notice that the production amplitude 
will have a pole whenever either D\(w)=0 or De(w)=0, 
i.€., at resonances of the initial- or final-state interaction. 
For a final state with three or more particles, a resonant 
final-state interaction of two of these particles should 
not imply a resonance as a function of the total center- 
of-mass energy since it does not give us a pole in the 
total energy plane. 


APPENDIX D 


Partial-Wave Amplitudes 


The projection into single partial-wave amplitudes 
is accomplished by elementary integration, projecting 
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out the partial-wave amplitudes of the final mesons, 
using the following projection operators. 


oP ."*= 1 for S-wave mesons, 


aP,t=oe-ae-a’ for Py mesons, (D.1) 


aP,/1=3a-a'—o-aa-a’ for py mesons. 


These operators are sufficient to allow us to project 
the angular momentum states of interest. For the 
on-the-energy-shell transitions, on the average, both 
p and g are considerably smaller than k; for these 
transitions we have expanded in powers of g/k and p/k 
and kept only the leading terms. This is the origin of 
the terms in (4.3). However, in the rescattering 
integral, we must consider the matrix element for 
large values of p. 

The D,; matrix element which originates from 
P-wave r-mr scattering is found to be proportional to 


[k-po-k—}e-p|K(k,0,p 
x lw == r 


(D.2) 


The kernel K(k,q,p), defined by (3.28) and (3.29), 
which occurs in the rescattering by both the S-wave 
and P-wave z-r interaction, requires some further 
discussion. 


The Kernel K(k,q,p) 


We first make the approximation of letting g— 0 in 
K (k,g,p). This means the neglect of ¢ against &* or °. 
This is not a bad approximation for our purposes, 
since g<<k* in the region of interest; and since the 
important contribution to the rescattering integral in 
(3.31) comes from the region p’~k, we can say g’<(p’)* 
also. Finally, although g is on the average not much 
smaller than p, they are both much smaller than &, so 
that (in the on-the-energy-shell matrix element) both 
g and p can be allowed to approach zero in K(k,q,p) 
without excessive error 

By elementary integratior 


— 1 su" 


K(k,0,p)=K(k,p)=3 -—— 


[Ley Skip? 
. (=) sus we 1 | 
+in{ — ————-—-—-], 
wn. / 132k p skp skpl) 


we =R+ p+? and 


(D. +) 
where 
RP+pr2kpt+y’, 


the following properties of A(k,p 
obtained: 


may be easily 


K(k,p 
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yoo] 








Xx—- @ 


Fic. 20. The kernel ¥ (x 


For the region of interest (u/k)*<1, then 


1 
K(k,p) ~—W(x 
| a 
with 


V(1I)=%; ¥/(1)=—lIno. 
These properties are illustrated in Fig. 20. Terms 
order (u/k)*, if included in ¥(x) would make W(a 
decrease more rapidly for small x, and less rapidly for 
large x. The properties illustrated above show that the 
factor K(k,g,p’)/K(k,g,p) is roughly the character of a 
cutoff at p’~k. 

We must consider the rescattering integral 


1 f p's K (k,p’ 
; dp’ ; 
we @ 2 (wy —Wp—te) K kp) 


Pp i 
X[w?+ p?— 204 p’ +2 
We will approximate 


K (k,p) 
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TABLE V. Cross section for higher angular momentum states (mb). 


etPp— a +e TR 


o (without o; (without 
PoP P— pp P — pp) 
0 0 0 0 
0.30 0.0050 0.51 
1.71 0.06 3.43 
5.16 0.30 11.4 


0.13 
0.59 


Then, 


S( k,q) 


where A is a cutoff of the order of the nucleon mass. 
This value found (D.11) is what one would obtain for a 
sharp cutoff at wp»=a,. The evaluation of the rescatter- 
ing integral for the S-wave m-m scattering is similar. 
These results justify Eqs. (3.31) and (3.3la) when 
K(k,p’)/K(k,p) is treated as a sharp cutoff. 


High Angular Momentum States 


In the body of this paper, we have discussed the 
contribution of the threshold amplitudes P;— ss, 
S;— sp;, and D;— sp;. In this section, we wish to 
make an estimate of the omitted angular momentum 
states, principally Pi— pp, Py— pp, and Py— sd). 
These amplitudes are, of course, quite small near 
threshold because of phase space considerations. As 
the available energy increases, these transitions may 
become important since they rise as Q*, where ( is the 
available energy. 

A calculation of these amplitudes is complicated by 
the fact that in P — pp, both of the final mesons may 


et 


0.010 


P; 
p= 


0 
0.001 
0.01 
0.05 
0.14 


have strong T= 3, p; interactions in addition to strong 
initial state interactions in the 7=}3, P, state. Using 
our calculated enhancements for D;— sp; as a guide, 
we do not expect these strong rescatterings to strongly 
modify an estimate of these transitions based on the 
knock-on matrix element alone. Of course, in addition, 
there are purely core transitions for P — pp, which 
have been estimated by the various static calculations,” 
which are of the same order of magnitude as the P > pp 
cloud terms in the 7=4 state, and a factor of 3-4 
larger than the P — pp cloud terms in the T= }$ state. 
We have estimated the matrix element for P — pp for 
the knock-on process. The contribution to the matrix 
element from P-wave 7-7 scattering is expected to be 
~w)2 larger than that of the S-wave z-m scattering, so 
we have only considered the P-wave part. Using the 
value of A, found in the text, we obtain the results of 
Table V. We see from Table V that the corrections of 
gp to the total cross sections is 10% or less in our 
energy region. For example, reference to Fig. 5 indicates 
that the addition of the corrections of Table V would 
not alter the agreement with experiment. The omission 
of a detailed discussion of the P — pp transitions thus 
appears to be justified. The only important correction 
to be noted is that the Py— pp, T=} transition, as 
estimated here, is an important fraction of the total 
T=4, P; transition above ~350 Mev. 

% L. Rodberg, Phys. Rev. 106, 1090 (1956), E. Kazes, ibid. 107, 
1131 (1957), and references therein. 
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The rate at which the energy of a blackbody radiation is converted into neutrinos by the pair annihilation 


process ¢ 


+e*—+y+p has been calculated. At T~6X10° °K the relaxation time for such conversion 


process is around 100 sec for pure radiation. Since neutrinos have a very long mean free path (>>stellar di 
mensions) they will escape, thus carrying away the energy. This process therefore will be of astrophysical 
importance. The rate of energy loss dU /dt is tabulated, as a function of temperature and density, together 
with the chemical potential, the pressure, and the electron-positron energy. This table should be useful 
for numerical integrations of stellar structure equations in the temperature range (0.5-10) 10° °K, and 


the density range 0-108 g/cm’, 


I. INTRODUCTION 


HE importance of neutrino production processes 
in stellar evolution has been discussed by a 
number of authors.'~° Here we shall only consider the 
annihilation process of neutrino production? whose 
energy loss rate has been shown to be larger than other 
hitherto known processes in the range of temperature 
in which one is usually interested (5 10° °K—10" °K), 
We shall derive the exact formula for the rate of energy 
loss due to the annihilation process. 


II, THEORY 


When &7~mc*, the rest energy of electrons, then 

T~5X 10° °K) electron-positron pairs will be created 
during collisions. Such pairs will annihilate later to 
form photons. Therefore pairs will exist in equilibrium 
with radiation. However, during the annihilation 
process there is a small possibility that a pair of neu- 
trinos may result: 


é y v+p; (1) 


this process is the annihilation process of neutrino 
production, assuming the basic coupling for this 
reaction to be the same for » decay. Because the mean 
free path of neutrinos is very long (>>stellar dimensions) 
they will escape, thus carrying away the energy. The 
cross section ¢ for process (1) is around 10~* cm?. The 
number of pairs per cm* in equilibrium with radiation at 
kT~mé is around n= m'c° k*= 10°. Therefore the rate 
of energy loss is around 


n-acmec- = 10" ergs cm*-sec. 


per gram of matter at 
erefore the relaxation 
p sec, where p is the density 
The relaxation time for 
process is around or less 


compared with the usual 


The thermal! ene gy content 
kT~mc is around 10" ergs g. TI 


time for cooling 1s around 


than one year 


v.59, 539 


1959). 


1941 


Translation 


‘G. Gamow and M. Schénberg, Phys. 
7B. M. Pontecorvo, JETP 36, 161 
Soviet Phys. JETP 9, 1148 (1959 
\. G. W. Cameron (to be publishe 
*H. Y. Chiu, Ann. PI 
> H. Y. Chiu and P. \ 


forrison, 


H. Y. Chiu and R. Stabler, Phys. Rev 


122, 1317 (1961). 


210° years). The 
has been brietly 


time scale for stellar evolution 
consequence of the effect 
discussed.*:® 


cooling 


(a) The Cross Section 
The cross section for (1) has been cal ulated.® It is 


o=o (Er?—1)/ |v! /c 


oo= G*m?/24e= 1.5X 10-* cm?, 

where v is the difference of velocities of the electron 
and the positron in the center-of-mass system (the 
system in which the sum of momenta of the electron 
and the positron is zero). Er is the total energy of the 
electron and the positron including their rest energy in 
the c.m. system, measured in units of mc*. G is the 
beta-coupling constant and numerically GM,?= (1.01 
+0.01)X10-*, where M, is the mass of the proton. 


(b) The Electron and Positron Densities 


The electron and positron densities have been treated 
in a number of literatures.’ Here we shall follow the 
approach of Landau and Lifshitz* and treat the equi- 
librium among photons and pairs as a chemical equi- 
librium : 


where y stands for one or more photons. In order to 
have equilibrium, the chemical potential for photon 
uy must be equal to the sum of those for electron and 


O.9 we 


positron ee TE Since yp, can write 


p= — w=. (4) 


The 


and 


In the limit T—0, pw is the Fermi 


distribution 


energy. 


functions m— and wz. for electrons 


7G. Wataghin, Phys. Rev. 66, 149 

8. D. Landau and E. M. Lifshitz istic 
lation by R. F. Peierls and E. Peierls (Perg 
London, 1958), p. 325. 

* The free energy F of a system of 
not fixed must be a minimum with to the number of 
particles N. Thus dF/aN=0. But d/ oN=n, the chemical 
potential. Therefore 4=0. For details, see for example, L. D 
Landau and E. M. Lifshitz, reference 8, p. 172 


1944 


particle number is 


respect 
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positrons are then 


2 Pps 
nx p,=— — ——, (5) 
® expl (Ex+y)/kT ]+1 

where Ex, is the electron or positron total energy 
(including the rest energy mc), and px is the corre- 
sponding momentum: E£,?— | p,/?=(mc?)?. The total 
number of electrons and positrons per unit volume is 


expl (E,+yu) kT )+1 


L 


dx 


mec 
h® Jo exp[B(vtu’)]+1 


, (6) 


where x= p; mc, y= E, mc?, B= mc/kT, and p’=yp/ me’. 
If there are .Vo electrons per unit volume present 
originally (i.e., No=m(z), the number 
density of heavy ions, (z) is their average charge in 
electronic charge units), then 


where m is 


N_—N += No, 


(7) 


Equation (7) yields a relation among .Vo, uw’, and T. 


(c) Rate of Energy Loss 


The rate of energy loss dl’/dt per unit volume per 
unit time is given as 


dU 
— : [ fre +E,)(ov)n,n_dp,d*p_, (8) 
dt wa. 


where (ov) must be transformed to a dynamical system 
in which the electron and the positron have energies 
F_ and E,, momenta p_ and p,. This transformation 
will be done in the following subsection. 

It is convenient to use dimensionless variables. We 
shall put m=c=h=1. The energy E is then measured 
in units mc?, momentum P in units of mc, v in units of 
c, mz in units of (m*c*, kh’), and U will be measured in 
units of Uo, where Uo= (aoc)mc?(mc/h)®. Thus 


1 dU 
_ ffi +E_)(ov)n,n_@p,dp_. (9) 
U dt “ 


On the right-hand side dimensionless variables are used. 
ov is measured in units of aoc. Henceforth we also drop 


the prime on uw which is measured in units of mec’. 


(d) Transformation of Dynamical Variables 


Since at kT ~mc electrons or positrons will attain 
velocities comparable to c, relativistic transformations 
have to be used. 

The following is a list of dynamical variables and 
their relations to each other: 
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Er: the total energy of the positron and electron in the 
center-of-mass system. 
the total momenta in the c.m. system (pr=0, by 
the definition of the c.m. system). 
the energy of the positron (or electron) in the 
laboratory system. (£, includes the rest energy.) 
the momentum of the positron (or electron) in 
the laboratory system. 
the velocity of the positron (the electron) in the 
the laboratory system. 
the difference of velocities of the positron and the 
electron in the c.m. system. 
v.: the velocity of the c.m. system with respect to 
the laboratory system. 


The above quantities are related by 
relations: 


the following 


E2—pZ=1, Er—pr=(E, +E 

0, we have 
E7?=2+2E,E_—2p,-p_, 
tiv) =[(4E7*)—1}!/ (Er), 


(E,.+-£ 


Since pz 


v.=(pit+p 


(e) Calculations 


The quantity ov has been given in the c.m. system 
and n,, n— have been given in the lab system. In order 
to calculate —dU /dt it is necessary to relate the two 
systems. 

Consider in the center-of-mass system two groups of 
particles of density mw, and m_ passing against each 
other with velocities v, and v_. The number of reactions 
per unit volume per unit time is given as 


'yi—v_i. 
The total number of reactions in the time interval dT 
and the volume dV is 


where o is the reaction cross-section and 7 


(11) 


ovn Nn dVaT. 


This expression is an invariant. This can be seen as 
follows: We put the system in a box of volume dV and 
attach to the box a clock. The number of reactions that 
occur inside the box in a time interval d¢ registered by 
this clock should be an invariant. 
invariant, so is ova yn 


Since dVdt is an 

Therefore, we need to express 74 in the c.m. system 
in terms of those in the lab system. We note that m, 
may be considered as the time component of the 4- 
vector (7,¥4,2,). Thus mx in the c.m. system (denoted 
by the superscript c.m.) is related to that in the lab 
system (denoted by the superscript 1) by Lorentz 
transformations: 


(12) 
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Equation (9) thus reduces to 


1d ¢ 
-—- -{ fete 
U» dt 


(1—v.-v.)(1—v,- v_) 
x— a = - 


1—r,2) 


C—I1) 


dp, d* p_ 


x 


exp[3(E.+u)]+1 exp[@(E_—n)]+1 


We have dropped the prime on uz. 
From Eqs. (10), we have 
(1—22)=1—[(P,+P_)?/(E,+£_)*] 
E,+E_)*], 
(14) 
P.+P_ P., 


E+E. £, 


=3E7/[Es(E,+E_)]. 


After substituting Eqs. (10) and (14) into Eq. 
(13), we find the integrand contains _p,!, p_|, and 
6= Z(p.,p_) as variables only. One can then integrate 
the rest of angular variables and obtain 


1 dU 


sae f ff E.+E_)[1+2E,E,—2P,P_ cos6] 


d cosé 
x[1+E,E_—P,P_ cost} 
2E,E 


PidP, P_*dP 
oe rns “pq 
exp[ 8(E,+ y) |+1 exp| 8(£_—y) |+1 
= { 323° 3 {8 E, E y 


+5N_(1/E, 


1+ P) "Pd P 


exp{s[(1+P*)t+y}}+1 


Vi=(E,°). (16) 
Thus dl’/dt may be expressed in terms of the expec- 
tation values of E, E*, 1/E of a Fermi gas. 


f) Tabulation of —dU/dt 
We have expressed —dU/dt as a polynomial in the 
expectation values of E, E*, 1/£, and V. However, no 
known series expansions exist for them other than the 
case u<1. Even for the case u<1, the series 


simple 


CHIU 


expansion is sufficiently complicated.” It is therefore 
convenient to have —dU’/dt tabulated. This is done in 
Table I. 

—dU/dt is an explicit function of uw and T. u is an 
implicit function of No and T. In astrophysical appli- 
cations it is more convenient to use Vo and 7 as 
variables. We therefore tabulate —dU/dt as a function 
of No and T. In the same table we also tabulate the 
pressure P due to all electrons and positrons, the total 
energy E of all electrons and positrons, and-y. 

The tabulated quantities are dimensionless. In order 
to obtain their values in suitable units (e.g., the cgs 
units), suitable constant multipliers carrying all 
dimensional units have to be used. Let the superscript 
a denote these quantities in cgs units, and let the 
superscript ¢ denote these quantities from our table. 
Then the a quantities are related to the ¢ quantities 
by the following relations: 

Number density 
No*= (84m? /h?) No! 
8rmic ‘h® = 1.76 10” particles cm’. 
Temperature T7*=7'X 10° °K. 
Density ’ 
p*= (8rm'c/h*)u.M ,N 


(8amic?/h®)M ,=2.94X 10° g/cm’. 


Rate of energy loss 


— (dU/dt)?=—-| 


(3227/3)aocemc*( mc, h)' 


32x? 3)aocme? (mc, h dU /dt)': 


1.88 & 10% 


ergs, cm’-sec. 


Pressure 
} 


P*= (8rm'c*/ 3h 


8armic® 3h? = 4.808 & 10° 
Energy density 


E°=(E 
8armic®/h®= 1.44 104 ergs/cm’*. 


at (FF. \¢= (8rmic®,h*)E'; 
Chemical! potential 

pt=p'me; mc=8.12K107 
On the other hand, P* is defined as 


L 4 


Y 6& 1 
p= f Z| ; 
E Lexp[8(£—»n) |+1 


exp[ 3( E+ 


(18 


In Fig. 1 we plot —dU’/dt as a function of temperature 
for different values of Vo. In Fig. 2 


as a function of .Vo for different values of 7. 


. - mr / ay 
we plo -d al 


10 See Appendix. 





TABLE I. Table of JogyNo, logio( 


Logio(N 


T=0.5 
— 5.00 
—4.50 
— 4.00 
— 3.50 
— 3.00 


—2.50 


— 2.00 
— 1.80 
— 1.60 
— 1.40 
—1.20 


— 1.00 
—().90 
—0.80 
— 0.70 
— 0.60 
—0.50 
— 0.40 
—0.30 
—0.20 
—0.10 


0.00 
0.05 
0.10 
0.15 
0.20 
0.25 


T=0.6 


— 5.00 
—4.50 
—4.00 
—3.50 
—3.00 
=~ 9 


—?2.00 
— 1.80 
—1.60 
— 1.40 
— 1.20 


— 1.00 
—0.90 

0.80 
—0.70 
— 0.60 
—0.50 
—0.40 
—0.30 

0.20 
—0.10 


0.00 
0.10 
0.20 
0.30 
0.40 
0.50 
0.600 


Lk 


PROC 


gio( —dl 


— 11.59223 
— 11.59228 
— 11.59253 
— 11.59335 
— 11.59594 
— 11.60412 


—11.62974 
— 11.65137 
— 11.68514 
— 11.73743 
— 11.81746 


— 11.93797 
— 12.01844 


~ 13.50354 


— 13.84120 
— 14.02675 
— 14.22408 
— 14.43365 
— 14.65597 

14.89153 


—9 58660 
—9 58661 
—9 58678 
—9 58736 

9.58922 
—Q 59511 


—9 61358 
— 62921 
-9 65367 
~9 69170 

1.75024 


&3908 
&98R3S 
97134 
05880 
16355 
28811 
43512 
60733 
8075 5 
03869 


30375 
60581 
94808 
33395 
76696 
3.25089 
3.78977 
38700 


10942 
10952 
109905 
11134 


“/dt 


ESS 


Logie(P 


— 5.59805 
— 5.09837 
— 4.59824 
— 4.09780 
— 3.59643 
— 3.09215 


— 2.57907 
— 2.36837 
— 2.15226 
— 1.92862 
— 1.69515 


— 1.44992 
— 1.32259 
— 1.19216 
— 1.05882 
— 0.92286 
— 0.78466 
— 0.64465 
— 0.50328 
— 0.36098 
—0.21816 


—0.07513 
— 0.00362 
0.06784 
0.13923 
0.21053 
0.28172 


— 5.47539 
— 5.01445 
— 4.51864 
— 4.01874 
—3.51778 


— 3.01466 


~2.50501 
— 2.29704 
— 2.08491 

1.86681 
— 1.64061 


1.40417 
— 1.28160 
— 1.15601 
— 1.02743 
— (0.89602 
— (0.76204 
— (0.62582 
— (0.48777 

0.34831 

0.20786 


— 0.06678 
0.07459 
0.21600 
0.35724 
0.49817 
0 63867 
0.77870 
0.91820 


4.84463 
4.43871 
3.95057 
3.45105 
2.94879 


OF 


NEUTRINO 
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Logio(E) 


— 4.94329 
— 4.44372 
— 3.94374 
— 3.44369 
— 2.94351 
— 2.44297 


— 1.94126 
— 1.73983 
— 1.53761 
— 1.33426 
— 1.12904 


— 0.92143 
— 0.81644 
—0.71052 
— 0.60356 
— 0.49546 
—0.38613 
—0.27550 
—0.16351 
—0.05015 

0.06462 


0.18078 
0.23937 
0.29830 
0.35757 
0.41716 
0.47708 


— 4.88837 
—4.42754 
— 3.93186 
— 3.43225 
— 2.93214 

2.43167 


1.93018 

— 1.72892 
52696 
32395 
11936 


—0.91251 
—0.80798 
— 0.70257 
—0.59615 
— 0.48863 
—().37988 
—0.26984 

0.15844 

0.04562 

0.06863 


0.18430 
0.30140 
0.41987 
0.53967 
0.66075 
0.78302 
0.90642 
1.03087 


— 4.31327 
— 3.90745 

3.41952 
- 2.92064 
— 2.42034 


0.31308 
0.40980 
0.50659 
0.60351 
0.70079 
0.79921 


9.90119 
0.94431 
0.98991 
1.03930 
1.09435 


1.15766 
1.19344 
1.23261 
1.27572 
1.32332 
1.37603 
1.43446 
1.49926 
1.57109 
1.65061 


1.99979 


0.15040 
0.26183 
0.37746 
0.49366 
0.61021 


0.72777 


0.84846 
0.89879 
0.95131 
1.00721 
1.06820 


1.13671 
1.17477 
2 1599 
26091 
31010 
36419 
42381 
48963 
56234 
64263 


ey st ee 


73121 
§2883 
.93623 
05422 
18363 
32534 
48028 
64945 


wViNN NN ee 


12310 
24494 
37886 
51454 
£65127 


Logio(No) 


T=0.7 
— 2.00 
— 1.80 
— 1.60 
— 1.50 
— 1.40 
—1.30 
—1.20 
—1,10 


— 1.00 
—0,.90 
—0.80 
—0.70 
—0.60 
—0.50 
—0.40 
—0.30 
—0.20 
—0.10 


0.00 
0.10 
0.20 
0.30 
0.40 
0.50 
0.60 
0.70 
0.80 
0.90 


1.00 
1.10 


1.20' 


8 
4.00 


3.50 
3.00 


2.50 


2.00 
80 
60 
50 
40 
30 
20 
10 


1.00 
0.90 
-0.80 
0.70 
0.60 
-0.50 
0.40 
0.30 
0.20 
0.10 


0.00 
0.10 
0.20 
0.30 
0.40 
0.50 
0.60 
0.70 
0.80 
0.90 


Logie 


— 8.12964 
— 8.14140 
—8.15985 
—8.17266 
— 8.18862 
— 8.20847 
- 8.23308 
—8.26351 


— 8.30097 
— 8.34688 
— 8.40284 
— 8.47067 
— 8.55236 
— 8.65004 
— 8.76600 
— 8.90264 
—9.06243 
—9.24794 


-9 46179 

— 9.70669 

— 9.98547 
— 10.30104 
— 10.65651 
—11.05512 
— 11.50037 
—11.99596 
— 12.54588 
— 13.15441 


— 13.82617 
14.56612 


— 15.37963 


6.96642 
6.96672 
- 6.96778 
— 6.97119 


6.98194 
6.99107 
7.00541 
7.01537 
-7.02781 
7.04330 
7.06255 
7.08639 


11583 
15203 
19632 
25022 
31541 
39376 
48725 
59800 
7.72820 
7.88014 


et Ret Reet Meet Bet ae ee | 


8.05619 
8.25876 
8.49039 
8.75367 
~9 05135 
—9 38631 
9.76164 
10.18060 
10.6467 1 
11.16372 


—dU /dt) 


IN 


os 


36083 
.24203 
12039 
99585 
80845 
73831 
.60568 
47088 
33430 
19632 


05733 
08231 


33493 
47219 
60904 


26086 
87638 
39161 
89137 


aw 


Nm Ww 


38569 
18082 
.97329 
86814 
76182 
65411 
54475 
43350 


tet et et et DD 


32009 
20428 
O8587 
.96473 
84078 
71407 
58475 
45304 
31926 
0.18376 


0.04693 
0.09089 
0.22935 
0.36817 
0.50712 
0.64603 
0.78475 
0.92320 
1.06133 
1.19908 


Pom 


RS 


Logio (i 


— 1.91903 
— 1.71792 
— 1.51618 
— 1.41498 
— 1.31349 
— 1.21164 
— 1.10927 

1.00658 


— 0.90317 
—0.79905 
0.69409 
0.58817 
—(.48119 
-0.37301 
— 0.26356 
—0.15274 
— (0.04050 
0.07320 


0.18836 
0.30498 
0.42302 
0.54243 
0.66315 
0.78511 
0.90824 
1.03245 
1.15766 
1.28378 


1.41074 
1.53845 
1.66684 


- 3.77620 
— 3.39188 
2.90760 
— 2. 40887 


-1,90786 
1.70687 
— 1.50532 
- 1.40424 
1.30290 
1.20123 
1.09917 
0.99664 


O.89355 
0.78978 
0.68522 
0.57976 
0.47328 
0.36564 
—0.25675 
0.14651 
0.03485 
0.07828 


0.19200 
0.30900 
0.42657 
0.54555 
0.66588 
0.78750 
0.91032 
1.03426 
1.15923 
1.28514 
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0.79081 
0.84845 
0.90806 
0.93892 
0.97071 
1.00364 
1.03797 
1.07401 


1.82086 
1.92891 
2.04748 
2.17741 
2.31959 
2.47497 
2.64454 
2.82937 
3.03062 


3.24951 
3.48739 
3.74568 


0.12651 
0.26195 
0.41463 
0.57034 


0.72879 
0.79382 
0.86064 
0.89500 
0.93021 
0.96646 

00399 
1.04308 


08408 
1.12738 
17343 
22275 
.27589 
33348 
39618 
46470 
53974 
62207 


71244 
1.81162 
92043 


—dU’/dt), logioP, logioE, and pw. The units of these quantities have been given in Eqs. (17) and (18). 





—6 
—o6 
—6 


—6 


— 0. 


—6 
—6 
—6 
on 
-—t 
— 


—6 
—6 
—O6 
—6, 
a 
6 
—6 
—6 
—6 
—6 


— 


me 


—§ 


=~ J 
—§ 
=— 
==» @ 


—10 
—10 
—11 
—11 
—12 


$9 


04887 
04965 


05233 


06085 
06810 
07949 
O87 42 
09733 
10969 
12507 


14416 


16779 
19691 
23264 
27629 
32929 
39325 
46992 
56117 
66898 
79541 


94259 
11274 
30813 
53113 


.78422 


O7001 
39124 
75086 
15201 
59807 


09265 
63966 
24331 
90814 
63904 
44131 


29073 


29118 


99375 


ae) ee) eel ee) 


ei ee eel ee ee eee 


30011 
30596 
31518 
32965 


35219 


38701 
$4012 
31973 
37270 
63645 
71264 
RO307 


90959 


03417 
17882 
34563 
53678 


75454 


? 


— 2.13220 
1.92609 
1.82189 
1.71671 
1.61034 
1 

1 


50259 
39319 


— 1.28191 
— 1.16850 
— 1.05273 
—~0,.93442 
—O 81344 
—(0).68976 
— 0.56342 
— 0.43458 
—().30348 
—0.17042 


—0.03574 
0.10020 
0.23707 
0.37455 
0.51239 
0.65038 
O.7RS35 
0.92619 

06381 
20115 


33819 
47492 
61133 
74743 
88325 
01879 


3.43919 
3.22990 


patent 
2.48/92 


29092 
O88 12 
88321 
67546 
46365 


24614 
02107 
78669 
66565 
54199 
41578 
28720 
15648 
02392 
().11014 
0.24537 
0.38146 
0.51814 


Log E) 


1.41192 
1.53947 
1.66772 


— 3.28744 
— 2.88416 
— 2.39636 


— 1.89659 
— 1.69578 
— 1.49440 
— 1.39344 


— 1.08885 
—0.98655 


— 0.88372 
—0.78027 
— 0.67608 
—0.57103 
— 0.46500 
—0.35787 
—0,24952 
—0,13984 
—0.02876 

0.08380 


0.19786 
0.31343 
0.43050 
0.54902 
0.66893 
0.79017 
0.91265 
1.03629 
1.16099 
1.28667 


1.41324 
1.54062 
1.66871 
1.79746 
1.92678 
2.05661 


— 3.02902 
81997 
37893 


88486 
68451 
-1.48342 
— 1.28150 
— 1.07845 


—0. 87376 
—().66672 
—).45645 
—().34979 
0.24194 
-~0.13281 
—().02228 
0.08970 


0.20320 
0.31823 
0.43477 
0.55281 
0.67227 


iM. Ss 


CHIU 


TABLE I (continued) 


3.24502 
3.48323 
3.74182 





0.15622 
0.31261 
0.48561 


0.66286 


0.80944 
0.84736 
0.88606 
0.92571 
0.96654 
1.00881 


1.05285 
1.09902 


70094 
80111 
91078 
03080 
16204 
30541 
46187 
63243 
81817 
3.02025 


NMNMN NN Nee 


hm be be Cn Cn Gn 


0.10454 
0.21580 
0.39827 


59346 
67335 
75478 
83854 

0.92587 


01859 
11934 
23168 
29358 
36017 
43214 
51026 
59528 


68803 
78931 
89997 
2.02087 
2.15290 


Logio(V 


T=10 
0.50 
0.60 
0.70 
0.80 
0.90 


1.00 
1.10 
1.20 
1.30 
1.40 
1.50 
1.60 
1.70 


1.2 


— 2.90 
— 2.50 


— 2.00 
=f 
—1.60 
— 1.40 
—1.20 


— 1.00 
—0.90 
—0.80 
—0.70 
—0.60 
—0.50 
—0.40 
—0.30 
—0.20 
—0.10 


0.00 
0.10 
0.20 


») Logio( —adU’, dt) 


— 7.00128 
—7.27951 
—7.59191 
— 7.94133 
—8.33083 


— 8.76368 
—9.24342 
—9.77385 
— 10.35908 
—11.00353 
—11.71198 
— 12.48957 
—13.34188 


— 4.09862 
— 4.09951 


— 4.10389 
—4.10783 
— 4.11410 
— 4.12399 
— 4.13948 


— 4.16354 
— 4.18008 
— 4.20051 
— 4.22566 
— 4.25648 
— 4.29404 
—4 33955 
— 4.39437 
— 4.45994 
—4.53781 


— 4.62964 
—4.73715 
—4 86213 
— 5.00646 
— 5.17209 
— 5.36107 


/ 81 
—8.51796 
—9 08602 
—9.71131 
— 10.39850 
—11.15261 

— 11.97906 


— 12.88370 
— 13.87284 
— 14,95330 


— 3.18950 


3.19188 
3.19445 
3.19876 
20572 
21675 


23402 


0.65515 


01960 
15477 


28973 


80738 
62864 


20368 
00766 
80657 
60196 
39375 


1.18008 
1.07243 
0.96214 
0.84989 
0.73549 


-0.61877 


0.49960 


0.37795 


—().25386 


0.12745 


0.00108 
0.13147 
0.26343 
0.39667 
0.53088 
0.66581 
0.80122 
0.93692 
1.07277 
1.20865 


34448 
48020 
61577 
75118 
88641 
02147 
15635 
29107 
42504 


56006 


MMM NN Re ee 


69436 
R2854 


tN hob 


96261 


2.31725 


O8140 
91763 
73202 
53497 


33137 


12267 


0.79311 
0.91522 
1.03853 

16295 


2R837 


— 


41472 
54189 
66982 
79841 
92760 
05732 


18750 


BO BRO RS ee et ee et 


16020 
S055 


05730 


85354 
75088 
64759 
54359 
43874 
3329) 
22601 
11788 
OO842 
10247 


21485 
32877 
44425 
56126 
67977 
79973 
92104 
04363 
16740 


1Q775 


$1809 
54482 
67235 
SOUGO 
92950 
OS5R805 
18891 
31932 
$5011 


538123 


NM N Nh 


tw 


71266 
84434 


2 97625 


Ytyw bo 


2 OOOTO 


1.77504 
1.61240 
12859 
23433 


03500 


83274 


2.29698 
2.45408 
2.62523 
2.81152 
3.01410 


C20 1 bm he be Ge Ge Go 


0.10824 
0.23151 


0.44711 
0.54068 
0.63641 
0.73447 


0.83573 


0.94171 
0.99717 
1.05474 
1.11487 
1.17807 
24490 
31601 
39209 
47391 
56224 


65793 
76182 
87480 
99777 
13166 
27741 
436002 
60855 
79610 
99984 


22103 
46103 
72128 
00334 
30890 
63979 
99796 
38554 
S0483 
25830 


DD ee be de es Gs 


74863 
27871 


S5168 


11895 


30353 
40285 
50938 
62042 
0.73531 


0.85476 





PROCESS OF NEUTRINO PRODUCTION [IN SF 


TABLE I (continued) 


Logio(No) Logio( —dU' d Logio(\ Logio 


| 
} 
accra | 


Tats T=16 


—0.80 — 3.26074 — 0.90850 — 0.62802 0.98060 2.00 — 8.39449 2.69645 2.7 2 6.73308 
—0.60 — 3.30153 — 0.68763 — (0.42048 1.11570 2.10 -9 10064 2.83033 ; 3 7.26431 
—0.50 —3.32910 —0.57421 —0.31542 1.18793 2.20 —9 87484 2.96414 777 7.83834 
—0.40 —3.36270  —0.45859 — 0.20934 1.26406 2.30 —10.72263 3.09790 3.10961 8.45856 
—0.30 — 3.40342 —0.34066 —0.10212 1.34478 2.40 -11.64998 3.23161 3.24170 9.12862 
—0.20 —3.45246 —0.22035 0.00636 1.43083 2.50 -12.66335 3.36527 3.37397 9.85248 
—0.10 —3.51111 —().09771 0.11621 1.52301 2.60 — 13.76969 3.49889 3.50638 10.63441 
2.70 -14.97651 ; 3.63893 11.47900 

0.00 — 3.58079 0.02718 0.22752 
0.10 — 3.66298 0.15414 0.34036 
0.20 — 3.75925 0.28295 0.45476 
0.30 3.87124 0.41334 0.57072 
0.40 00067 0.54503 0.68823 
0.50 14934 0.67777 0.80725 
0.60 31915 0.81130 0.92769 
0.70 51210 0.94541 1.04948 
0.80 .73029 1.07991 1.17253 
0.90 97601 1.21466 1.29674 


.62215 
72914 | T=1.8 
84490 | 
97035 | 
10645 
25421 
41464 
58881 
77786 
98298 


—2.00 -1.85720 303 — 1.37303 0.12037 
— 1.50 — 1.86081 433 19534 0.32733 


87749 - 2 —0.78137 0.65782 
89240 _ 3 58494 0.80816 
91567 38 —().38200 0.96756 
.93162 2 -0.27875 1.05138 
95126 38183 17441 1.13856 
97531 - 26953 -0 06894 1.22969 
00460 55 03773 1.32544 
04006 O3848 14568 1.42658 


—1,00 
-O.80 
—().60 
—0.50 
-0.40 
20544 —0.30 
44660 —0.20 
70792 0.10 
99097 

20745 0.00 
62919 0.10 
OR814 0.20 
37645 0.30 
79641 paid 
25050 0.50 


NMMNMNN NR Ree 


1.00 5.25165 1.34954 1.42200 
1.10 — 5.55982 48447 54822 
1.20 5.90328 61938 67531 
1.30 —6.28503 75423 80317 
1.40 -6.70828 88899 93171 
1.50 17650 02366 06087 
1.60 69340 15821 19057 
1.70 26302 29265 32075 
1.80 8. 88968 42698 45134 
1.90 57805 56121 58230 


BO BRD ee et ee pe et 


08271 08035 25501 1.53395 
13369 20137 36579 1.64842 
19420 32449 A811 1.77095 
26554 44954 59200 1.90252 
34909 57635 70748 2.04414 
44630 70469 82453 2.19688 

0.60 55870 83432 94312 2.36182 
71357 74140 0.70 68792 96503 06318 2.54010 
2 


NMR NR Re ee 
MMMM NR eee 
SUT ee ee be Co Gn Ga Gu 


-> 


2.00 33316 
2.10 16045 
2.20 06577 
2.30 05543 
2.40 13624 


2.50 31556 


69533 
82937 
96332 
09720 
23101 

36476 


> 
NNN Nh DO bo be bo 


84513 7.27202 0.80 83567 09659 18463 .73288 
97693 7.84549 0.90 3.00379 22881 30738 94141 
89. 8.46518 

Dan 013474 1.00 — 3.19422 
37347 «9.85815 1.10 3.40902 
1.20 3.65043 

30 — 3.92082 
40 — 4.22274 
50 — 4.55894 
60 — 493235 
70 34616 
80 80376 
30884 


43133 3.16700 
35638 3.41104 
68242 3.67502 
80935 3.96052 
93708 4.26926 
06553 4.60309 
19460 4.96398 
32423 . 

45434 5 


aff 
58489 9.231. 


361 54 
49465 
62801 
761 56 
89522? 
Q2895 
16272 
29649 
43025 
56400 


) 
? 
) 

3 
2 

3 
> 

3 


WwW WW bo to 


T=1.6 
—2.30 
— 2.00 
= 
— 1.20 


46133 94389 1.67321 0.10107 
46221 87362 1.60342 0.19060 
40854 95232 1.28499 0.44085 
47921 27064 1.00754 0.62716 


Nh NO bo 


5 
5 


NM NN DO bo = i ee 


NS DO DO DO fO 


ee ee 


1.00 
—0.80 
—0.60 
—0.50 
—0.40 
—0,30 
—0.20 
—0.10 


49189 — 1.06832 0.80997 0.75929 
51171 —(0.85891 — (0.60762 0.89795 
54223 —().64287 0.40171 1.04526 
56300 53212 - 0.29742 1.12321 
58844 41936 0.19214 20475 
61943 30446 0.08578 29052 
65698 18733 0.02179 38125 
70218 0.06792 0.13068 47772 


71581 
84705 
O7R58 
11036 
24235 
37453 
50687 10.62845 
63934 11.47349 


69772 
83140 
96506 
Q9S69 
23228 


86534 
47752 
3.14996 
8.88761 
69580 
58027 
54721 
60331 


NN hd hh he 


36585 
49939 
63290 


NN NM NN to bt 
an Ow We bo bo 


a 


oe es Gs Gs Gans BO NO FN 


o>) 


0.00 
0.10 
0.20 
0.30 
0.40 
0.50 
0.60 
0.70 
0.80 
0.90 


75622 0.05, 0.24097 
82041 0. 0.35276 
89611 0 0.46610 
98479 43107 0.58102 
O&797 56028 0.69751 
20727 69080 0.81555 
34439 322 0.93508 
50110 05003 
67932 17830 
88105 30180 


58078 
.69132 
81026 
938590 : 34162 34985 13546 0.10039 
. 34341 27049 05703 0.23719 


Wr rd hd bh 


35484 — (0.94846 73985 0.55479 
30603 - 76134 55084 0.71348 
38393 55855 30016 0.88377 
39635 $5315 -0.25873 0.97329 
41172 34548 15577 1.06612 
43066 23566 0.05144 1.16274 
$5384 12369 0.05420 1.26375 
48207 —().009057 0.16118 1.36984 


— 


56599 
75679 


96350 


a" 


ee ee ee ee ee 


wn WW Ww 
MMM NNN Re ee 


1.00 
1.10 
1.20 
1.30 
1.40 
1.50 
1.60 
1.70 
1.80 
1.90 


10845 
36381 
64959 
96845 
32322 
71696 
15295 
63474 
16613 
75124 


18743 
42993 
69250 
97670 
28424 —1.51621 10674 0.26953 1.48183 
61695 55726 22523 0.37933 1.60057 
19247 97682 ? 60628 34584 0.49065 1.72703 
32238 36596 ; .66442 46849 0.60353 1.86218 
45275 5.78670 | 73292 59301 0.71801 2.00707 
58352 5 81311 0.71923 0.83408 2.16277 


42643 
55209 
.67867 
80609 
93425 
06307 


89193 
02615 
16033 


DUTT ee be be oe 





i 
CN be be be Gn Ge Gn Go 


-> 
hI IN NS ee ee 
wn t . 


NRNNNRNR Re ee 


“I~ 


| 
| 
| 





Hq. ¥:. CHEV 


TABLE I (continued) 





Logio(E) | Logio(No) Logio( —dl” 
T =2.5 
— 1.90637 0.84693 0.95172 x 2.70 — 7.18755 3.63476 3.64116 11.44907 
- 2.01420 0.97590 1.07088 d 2.80 — 7.97594 3.76799 3.77350 12.36353 


2.13817 10593 1.19148 ; 3 2.90 — 8.83892 3.90123 3.90598 13.35085 
2.27994 23682 1.31345 7 


— pee 


3.00 —9,7825: 03449 4.03858 14.41686 
43668 ; 7 3.10 313. 16777 4.17128  15.56784 
56108 3.20 —11.93848 30105 4.30407 16.81058 
68653 3.65548 
81294 3.94244 T=3.0 
94021 4.25252 —1.20 0.48400 —0.39505 —0.26385 0.12820 
06824 4.58759 — 1,00 0.48324 —0.37637 0.24555 0.20064 
19696 4.94963 —0.80 0.48144 —0.33517 0.20516 0.30884 
32627 5.34079 —0.60 0.47750 25556 0.12718 0.46107 
AS5611 5.763358 —0.50 0.47421 19774 —0.07061 (0.55416 
58641 21992 ~0.40 0.46970 12796 —0,00242 0.65761 
tn i -0.30 0.46368 —0.04753 0.07602 0.77027 
71713 71308 —0.20 0.45582 0.04168 0.16283 0.89100 
84819 24579 —0.10 0.44575 0.13780 ~=—-0.25609 01899 
97956 82120 
11120 8.44268 0.00 0.43305 23029 = -0,35423 
24308 11392 0.10 0.41724 34497 0.45605 
37515 9.83886 0.20 0.39775 45405 0.56076 
50740 = -10.62180 0.30 0.37393 56601 0.66784 
63337 63980 11.467 32 0.40 0.34505 68049 0.77699 
76680 77233 -12.38043 0.50 0.31031 79725 0.88804 
90021 3.90497 ——13.36051 0.60 0.26879 91610 00088 

0.7 21953 03686 5 

04322 03362 4.03771 14.43136 0:80 0.16144 15937 23166 
5.36955 -16702 4.17054 15.58127 0.90 0.09337 28344 34948 
81398 30040 4.30343 16.82301 


44131 


2 36838 
— 2.62415 
? 


50049 
63299 
76581 
89884 
03204 
16535 
29874 
43217 
56564 


83051 
— 3.06254 
— 3.32258 
— 3.61310 
— 3.93679 
— 4.29653 
— 4.69539 


— 5.13671 


he N NNN ee ee 


ees ee se ee 


5.62406 
».16129 
75254 
7.40228 
11531 
89682 
75241 
68808 
71034 


82620 


69912 
83260 
96609 
09956 
23303 
36649 
49994 


_ 


Ww wh dw te 


15378 
29534 
44397 
.60028 
.76506 
.93930 
12408 
32061 
53016 
.75410 


Ce en Ge Ge Ge 
Www wwwwrers bo 


to ho DO RO i 


.00 0.01408 
10 —0.07776 
20 —0.18358 
30 —0.30491 
40 — 0.44337 
50 — 0.60073 
60 0.77883 
70 —().97969 
80 — 1.20544 
90 — 1.45838 


40890 46883 
53558 58963 
66331 71178 
79195 83518 
92135 1.95973 
05139 2.08532 
18198 2.21186 
31302 2.33925 
44445 


57615 


99384 
25090 
52686 
82342 
14236 
48561 
85521 
25336 
68243 
14495 


31169 80644 0.64102 0.11380 


31538 70203 0.53839 0.33288 
32024 59218 0.43057 0.48157 
32924 43775 0.27948 0.66138 
33591 34775 0.19176 0.76045 
34445 25163 0.09838 0.86463 
35522 ~ 0.15079 0.00081 0.97357 
36869 0.04622 0.09989 1.08726 
38536 0.06142 0.20305 1.20595 


bho NS NO oe ee et ee 
Cr be oe GH Ws GW DO 


1 
1 
1. 
1 
1 
1. 
1 
Be 
1. 
1 


NM bho 


oe 


00 — 1.74097 
— 2.05583 
— 2.40581 
— 2.79394 
— 3.22348 
— 3.69796 
89749 -~4.22113 
06181 — 4.79709 63645 ; 42676 
23733 ‘ — 5.43019 76944 3.7 2 34287 
42527 —6.12515 3.90248 3.9072 33172 
62689 
84350 — 6.88706 4.03556 4.03963 14.39914 
— 7.72139 4.16868 4.17218 15.55143 
07651 ; ~ 8.63403 4 30183 4.30485 79538 
57440 32736 
69826 59760 
82323 3.88888 : 73 0.06726 0.03914 0.130908 
949?1 4.20295 3405 0.05284 0.05326 0.20564 
07609 4.54170 : 324. 0.02008 0.08533 0.31881 
.20379 4.90714 13095 0.00793 0.11274 0.39361 
33220 3.30145 87 0.04648 0.15046 (0.48198 
46126 5.72695 f 0.09709 0.19995 0.58414 
59087 6.18618 ' 3 0.16021 0.26162 0.69959 
3 0.23510 0.33470 0.82723 


70814 » 72: 64366 
$4034 2 18151 
97272 85 76166 
10526 3 7 8.38755 
23791 3.2 9 06286 
37008 337922 79159 
50353 45 57800 


40584 0.17173 0.30825 
—(),43082 0.28450 0.41525 
— 0.46109 0.39956 0.52394 

0.49749 0.51682 0.63429 
- 0.54100 0.63616 0.74629 
0.59265 0.75746 0.85993 
0.65356 0.88057 0.97520 
- 0.72493 00532 09207 
0.80806 13151 21050 
0.90433 25897 33042 


33015 
46053 
59791 
74323 


aw wh ho ho 


IM IN NN be le be bt 
a 


* 


”~ 


he Nh NN ee 


-) 


01519 1 38750 
14223 51694 
28711 1.64713 
1.45162 77794 
1.63768 90924 
1.84733 04095 
08275 17298 
34631 2.30527 
2.64051 43777 


2.96806 ? 57045 


45175 


on ee 


Nh BO BD ee ee ee 


3.33186 70322 72098 6.68184 

85152 7.21687 7 0.32018 0.41758 0.96580 
98244 7.79441 75 0.41349 0.50830 1.11413 
11368 8.41787 0.51325 0.60502 1.27150 
24521 9.09094 1.06890 0.61798 0.70631 1.43763 
37699 9.81758 1.04921 0.72662 0.81109 1.61268 
50898 10.60209 1.02516 0.83844 0.91868 1.79717 


3.73503 » 83612 
4.18092 2.96910 
4.67315 10214 
5.21558 23524 
5.81240 36838 


6.46811 3.50156 


nm wwwretrds rw 





PROCESS OF NEUTRINO PRODUCTION IN STARS 
TABLE I (continued) 


Logio(No) Logio( —dU /dt) Logio(P) Logio(E) Logio(No) Logio( —dU /dt) Logo ( 
T =3.5 

0.60 0.99601 0.95297 1.02862 1.99193 

0.70 0.96098 1.06982 1.14062 2.19798 


0.80 0.91917 1.18873 1.25452 2.41651 
0.90 0.86961 1.30951 1.37018 2.64884 


59271 0.64555 0.70820 0.13255 
59229 0.65282 0.71532 0.20915 
59128 0.67016 0.73232 0.32797 
58887 0.70897 0.77036 0.50720 
58355 0.78568 0.84554 0.76347 
57291 0.91210 0.96940 1.10202 
56466 0.99325 1.04884 1.29970 
55390 1.08410 1.13770 1.51414 
54017 18263 1.23398 1.74399 
52297 .28705 1.33592 98852 
50173 39598 1.44215 24761 


1.00 0.81126 1.43194 1.48750 2.89639 
1.10 0.74295 1.55586 1.60639 3.16069 
1.20 0.66347 1.68110 1.72676 3.44336 
30 0.57148 1.80749 1.84852 3.74611 
40 0.46556 1.93489 1.97155 4.07079 
50 0.34418 2.06316 2.09576 4.41935 
60 0.20570 2.19218 2.22104 4.79386 
1.70 0.04839 32185 2.34730 5.19655 | j 2.47579 
1.80 —0.12964 452 2.47443 5.62982 | ‘ 2.44445 
1.90 — 0.33037 582 2.60234 6.09623 | 2.40689 
2.73004 6.59854 : —— 
&.4d -“ on7W 

2.86016 7.13972 | ‘5 pt 
.97694 2.98992 7.72296 ; 2.17522 
10888 3.12015 8.35171 | 2 09134 
24103 3.25080 9.02967 | 'g 1.99450 
2.50 37336 3.38182 9.70084 | 188324 
2.60 3.50583 3.51315 10.54954 | +e 

2.70 — 3.04631 3.63843 3.64475 11.40040 | 1.75600 
2.80  —3.56905 3.77114 3.77659 -12.31846 | 161110 
2.90 — 4.14451 3.90394 3.90864 13.30911 | 1.44675 


3.00  —4,77700 4.03681 4.04086 1437820 | ae 
3.10 —5.47149 4.16976 4.17325 15.53204 US160 bOLO1 7. L0LL9 : 
3.20 —6.23279 30276 30576 77742 aoiowe —— 2 
- si 4.00276 £50516 16.1774 0.55431 51465 10.43787 
T=40 0.26103 3.64603 3.65219 — 11.29699 
- : " , 8 - 0.06546 3.77769 3.78302 
~0.95 1.68691 0.20302 0.29097 0.10321 a0 apd 4 < 
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0.60 59625 0.99184 1.05923 1.84328 
0.70 57082 1.10428 1.16792 2.05899 
0.80 54008 1.21940 1.27905 2.28700 

50321 1.33682 1.39232 2.52843 


0.99139 1.03816 0.10915 
0.99812 1.04477 0.21693 


ww 


1.01117 1.05758 0.34117 

1.02322 1.06942 0.42641 
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31792 1.06724 1.11268 0.65761 
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29895 28773 1.32933 1.41324 
28934 37295 1.41303 1.66156 
27691 46728 1.50564 1.93020 


1.45933 1.45622 1.50749 2.78462 
1.40743 1.57740 1.62441 3.05703 
1.34646 1.70013 1.74295 3.34728 
1.27524 1.82425 1.86301 3.65710 
1.19253 1.94960 1.98447 3.98833 
1.09696 2.07604 2.10723 4.34297 
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0.86138 2.33163 2.35625 5.13103 
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85579 2.64284 5.74100 
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— 4.39970 4.30382 4.30681 16.75670 . 1.64041 3.65240 3.65842 11.20779 
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TABLE I (continued) 
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is plotted against 7 for different values 
di is measured in ergs/cm*-sec and T is measured 
K. Numbers attached to curves are values of 
=() corresponds to a density of 3X 10° uw, g/cm’. 


Fic. 1. Log dl’ /dt 
of logyoN dl 
in units of 109 
logioN». Logi NV 


III. DISCUSSION 


We have based our calculations on the following 
assumptions: 


(1) The process e~+e*t — v+? is a first-order weak 
process. We remark that this is the case if one assumes 
the validity of, for example, Feynman and Gell-Mann’s 
theory. 

(2) The electron (or positron gas isa perfect Fermi 
gas. 


3) All radiative corrections are neglected. 


That the process e~+e+—v+% is a_ first-order 
process has never been subjected to experimental tests. 
Thus the consequences of this process in stellar evolu- 
tion may be used as a confirmation of the existence of 
direct electron-neutrino interaction, although at present 
it is not possible to determine the coupling constant 
accurately in this way. The justification for treating 
electron and positron as perfect Fermi gas has been 
given by a number of authors.'! The Coulomb inter- 
action has been demonstrated to be small when the 
density is high.* Plasma effect is expected to affect 
the equilibrium among pair production and annihilation 
only when the energy involved in such plasma is 
comparable to the total energy of the electron gas. 
This is not likely to be true. 

Radiative correction is expected to be of the order 
(137) '~10~ in the temperature regime we consider 


'D, F. DuBois, Ann. Phys. 8, 24 (1959), 
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2. Logio(—dl’/dt) is plotted against login» for different 
values of JT. T is measured in units of 109 °K. 


(T<10" °K = 2mc?). Formation of positronium will 
be suppressed by high density. 

Finally, other competing processes like y+y — y+ 
+i may be quite important. y+y—v+i may not 
occur if Fermi interaction is strictly local.” 
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APPENDIX 


The function 


f (E™p'dp/expl3(E+p) |+1) 


Fn . (B,u) (19) 


? See, for example, M 
(1961). 


Gell-Mann, Phys. Rev. Letters 6, 70 
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(where ?= 1+ p*) possesses series expansions in K,,(Z) 
only in limits of u. A,(Z) is defined as 


x 


K,(Z) f exp(—Z cosh) coshnédé, (20) 


and is the modified Bessel function of the second kind. 
Analytical properties of A,(Z) may be found in 
existing literature." 

It is easily verified that 


x 


f exp(—SE) pPdp= K2(8)/8. (21) 


By differentiating Eq. (21) with respect to (—8) m 


times, one obtains 


, 0 ™ K.(g) 
f E™ exp(—BE pap-|- ,| 7 (() 
O(—p) if 


Equation (22) may be further simplified by using the 
well-known recurrence relations for KA,(Z). Useful 
recurrence relations are 


ZK, =—nK,—ZK,1=nK,—ZKy41, (23) 


a= Kayi—K,_1. (24) 


K,'=—K,. For 0<m<2, we have 


= f\*E™ exp(—8E) pp]: 


? 


3 
fs)=| |x.(a)+ K,(g). 
- Bp os 


3G. Watson, Theory of “Be The Macmillan 
Company, New York, 1948) 


el Functions” 


CHIU 
The case m= —1 may be worked out as follows: 


K2(8) 
f-1(8)= - fas fo(8)= -f . dg 
8 


m 


=} f (xr+Koda=3 f (KI Koyd3 


(26) 


The constant of integration is zero since f_;, Ke, Ko all 
tend to zero when B—> ~. 
When Z — ~, the behavior of K,,(Z) is 


Zn 


K,(Z) — (r 2Z)' exp(—Z). 


Thus, by using the series expansion for 1/(1+.) 
=),0°(—)"x", we may write, for u<1, 


x 


Fa(3u)= f Em > (-)" 


=E(- 


expL—n8(E+yu) |pdp 


exp(+ By) fm(ng). (28) 


For the case w<1, the above expansion for F,,* is still 
absolutely convergent while that for F,,~ is divergent. 
Unfortunately no series expansions of any virtue are 
known for F,,~. Chandrasekhar" worked out 
asymptotic expansions for functions of the same type as 
F,,-. Their expansion are accurate to the order 
exp(—S8u), when Bu>>1. Physically, interesting cases 
occur at around u8~1. This corresponds to the region 
around the dashed curve in Fig. 2. The evolution of a 
dashed curve closely, 


has 


perfect gas sphere follows this 
when the initial conditions are 
red giant model!® (pp=5X10* g/cm’, T 
is the density) and the law of evolution is p/p 


taken from the latest 
2X10° °K, p 
(T/T>)*.4 


the Sindy 
1957), p. 389 


4S. Chandrasekhar, An I/ntroduction 1 
Structure (Dover Publications, New York 


18 M. Schwarzschild, private communication (to be published 
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Note on Rearrangement Collisions* 
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The conventional Born approximation formula for rearrangement collisions is used extensively in both 
atomic and nuclear physics. This formula contains a direct contribution from the heavy-particle or “core” 
interaction. A straightforward demonstration shows that for the usual case of a massive core this contribu 
tion does not appear, so that the only effect of this interaction is to distort the incident and outgoing waves. 
Such problems as the “post-prior” discrepancy are clarified. 


1. INTRODUCTION 


HE conventional Born approximation formula for 

rearrangement collisions is used extensively in 
both atomic and nuclear physics.' This approximation 
contains a direct contribution from the heavy-particle 
or “core” interaction about which there has been much 
controversy.” We shall show, by a simple application 
of the two-potential approach of Gell-Mann and Gold- 
berger,’ that the offending term vanishes identically 
when the core (usually the nucleus in atomic problems 
or the closed shell nucleons in nuclear problems) is 
infinitely heavy. The “post-prior” discrepancy, which 
arises when this term is evaluated using approximate 
wave functions, is thereby completely eliminated. Pre- 
vious work on this problem has not sufficiently em- 
phasized the vanishing of the core contribution, so that 
Born approximation calculations which include it con- 
tinue to appear.! 


° Supported ir 
U.S 


part by the Atomic Energy Commission, the 
\ir Force, and the National Science Foundation. 

+ Present address: U.S. Disarmament Administration, Depart 
ment of State, Washington 25, D. C. 

'L. IT. Schiff, Quantum Mechanics (McGraw-Hill Book Com 
pany, Inc., New York, 1955), 2nd edition, Chap. IX; N. F. Mott 
and H. S. W. Massey, The Theory of Atomic Collisions (Oxford 
University Press, London, 1949), Chap. VIII; H. S. W. Massey, 
Revs. Modern Phys. 28, 199 (1956) and references therein; J. D. 
Jackson and H. Schiff, Phys. Rev. 89, 359 (1953); D. R. Bates 
and A. Dalgarno, Proc. Phys. Soc. (London) A65, 919 (1952 
and A66, 972 (1953); M. R. C. McDowell and G. Peach, Prox 
Phys. Soc. (London) A74, 463 (1959); G. E. Owen and L. Ma 
dansky, Phys. Rev. 105, 1766 (1957 

?—. R. Bates, A. Fundaminsky, J. W. Leech, and H. S. W. 
Massey, Trans. Rov. Soc. (London) A243, 117 (1960); S. Alt 
schuler, Phys. Rev. 92, 1157 (1953); B. A. Lippman, ibid. 102, 
264 (1956); R. H. Bassel and E. Gerjuoy, ibid. 117, 749 (1960). 

3M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398 
(1953). 

‘A recent example is that of R. A. Mann and M. E. Rose, 
Phys. Rev. 121, 293 (1961). These authors consider the depolariza 
tion of w mesons during their capture by atoms (carbon) and the 
subsequent de-excitation of the mesic atoms. Thus, the first part 
of the paper is devoted to a calculation of the relative capture 
probabilities of the meson into various atomic states with the 
ejection of an atomic electron. For this, the usual Born approxi 
mation to Eq. (10) is used; consequently, incorrect results are 
obtained. In particular, the results expressed in their Fig. 2 (in 
which it appears that the muon is preferentially captured into a 
low orbit, m~8) are in error. The results of Fig. 2 arise from the 
tendency of the core term to ignore the requirement of maximum 
overlap of initial free meson and bound electron wave functions 
demanded by the muon-electron interaction term. It is essentially 
this overlap which forces the meson into the electron’s orbit 
(i.e, m~15), as has been demonstrated for pion capture in 
hydrogen by direct calculation using Eq. (13) [G. A. Baker, Jr., 
Phys. Rev. 117, 1130 (1960) ] 


The exact result for the transition amplitude, given 
by Eq. (11) of the following section, lends itself directly 
to numerical calculations in which the distorting effects 
of the core interactions in both the initial and final 
states may be included. These calculations may be 
readily performed using modern computing techniques, 
so that great improvements in the older calculations 
are now possible. 


2. THE TRANSITION AMPLITUDE 


As a simple example of the distorted-wave approach, 
let us consider an exchange or knock-out process in 
which a projectile a is incident upon a target composed 
of a particle 8 bound to a core c which we suppose to be 
infinitely heavy. In the final state we suppose that a is 
bound to ¢ while 6 is free. Then we have the reaction 


a+ (b,c) — 6+ (a,c). (R) 


The following discussion will emphasize this process, 
but pickup or stripping reactions may be discussed in 
a quite similar way. 
The transition amplitude for process R may be 
written in either the “post” or the “prior” form*®: 
M r= <nadn| Vs yi) (1a) 
Vy Vi bans). (1b) 


V, is the sum of the interaction between 6 and the core, 
denoted by U, and the interaction between a and 8, 
denoted by V4»; V; is similarly defined. Thus, 


V;=U5t+Var 
V=U.tV 


(2a) 
(2b) 


¢. and @¢», are plane-wave functions describing the mo- 
tion of a and 6 while n, and 7, are the bound-state wave 
functions for the initial and final states. They are 
solutions of 


(—€s.—Ka—Ua)na=D, (3a) 


(—e,—K,—U>)m=0, (3b) 
where, for instance, A, is the kinetic energy operator 
for particle a and e, is the binding energy of the target. 
Finally y¥ is the outgoing-wave solution for the total 


5B. Lippmann and J. Schwinger, Phys. Rev. 79, 469 
E. Gerjuoy, Ann. Phys. 5, 58 5 


1950) ; 


’ 


1958 
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Hamiltonian and is given by Using Eqs. (3b) and (5), one finds 


1 
Vii =damet+ —(U.+Vawi. (4) ities otal 2 area 
E-—K,—K,—U>,+1e E-—K,—K»-— 


¥,"— is defined in an analogous manner. =X_+9y+ 

We shall use the “post” form Eq. (la) although t— Ke— Ky—Ua—U— Vantie 
exactly the same results are obtained if the “prior” , 
form is used [note the symmetry of Eq. (11)]. If XVasXa‘* ms. (8b) 
scattering by the core represents a solvable problem, 
it.is advantageous to use the two-potential formula of 
Gell-Mann and Goldberger to express Eq. (la) in terms Mp=(nads! UstV an! yi + 
of the solutions of this problem. The outgoing wave 
solution for the scattering of a by the core is = (nado Us pit) + (aXe Van Wi 


If Eq. (6) is inserted into Mr, we obtain 


ver , Cada, ‘ ~( nas ; E,—K,—Us,+1e 
E,.—K,—U. +i = ' 
Since U, commutes with A,+U,, we can use Eq. (3a) 
gr igh ai toner nS Meee: - ; : to replace the Green’s function in the last term by 
larly, ne iIngoing wav e somution describing scattering (E—K,—K,—U,—U>+ie)—. The'resulting term may 
of 6 in the final state is given by then be combined with the first term of Eq. (9) using 
Eq. (8a), so that we obtain 


where E, is the kinetic energy of a: E,=E+e,. Simi- 


Por— : ¥ U who. M r= (nods U,|X, No) (NaX V yi t+») (10) 
k,—K,—U ,—ie 

Since nq and X, ‘+? are eigenfunctions of K,+U, having 
The total wave function y,"+) may be expressed in different eigenvalues, they are orthogonal, and the first 
terms of X,‘*? if one introduces into Eq. (43 the identity term vanishes identically. It is reasonable on physical 
with K=K,+K;) grounds that the ejection of particle & cannot proceed 
unless its interaction with the incident projectile is 
included: This interaction is present only in the second 

term of Eq. (10). Thus, our final result is®? 


M r= (nai V anv). (11 


The symmetry of this result may be seen by intro- 
ducing Eq. (8b) to give 


1 
= ; : V ab Ao ' mn). 
k- K,- K,—-—U,-U,- Vaot iT: 


The quantity in the bracket is just the effective approximations, Eq. (11) becomes 


; 


interaction, or ¢ matrix, representing scattering of a 


P : = , 7? . a ”: ) 
by b in the presence ol the core. If the second Mr abr Vari bam). (14 


term is neglected, one obtains the so-called distorted- 6 If the core is not infinitely massive, the derivation of Eq. (10 
breaks down. Center-of-mass motion, corresponding to the fact 
that particle b may be shaken off by the recoil of the core under 
WBA , , the impact of a, prevents the division of the total kinetic energy 
MR?" aX Vi pM] (13) anata into oh K, and Ky which commute with U, and Ug, 
respectively. Equation (11) may still be used if U’, in Eq. (5) is 
replaced by a potential l’; which is so chosen that it depends on 
while the interactions with the core in both the initial _ the distance to the center of mass of the target rather than to the 
position of the core. This can be done, for instance, by defining 
: é 4 : U’; as the average of V; over the internal coordinates of the bound 
functions x * and x may be found using standard state wave function m. Uy in Eq. (6) can be similarly chosen. If Va 
methods. In problems that are more general than the — in Eq. (8) is replaced by V;—U,, while V.», appearing explicitly 
in Eq. (11) is replaced by V,;—U’;, then Eq. (11) applies to all 
a > rearrangement collisions. 
the effect of the core may be represented by a single- 7We would like to emphasize that this result is essentially 
particle potential. contained in earlier work, e.g., R. H. Bassel and E. Gerjuoy, 
; ; Phys. Rev. 117, 749 (1960) and references contained therein. 
7 : . However, its general validity does not seem to be very widely 
scattering functions are replaced by their lowest Born __ recognized. 


wave Born approximation : 


The interaction between a and } is treated to first order, 


and final states are treated exa tly. The distorted wave 


example treated here, Eq. (13) may be used whenever 


If all distorting effects are neglected, so that the 





NOTE ON 
This differs from the usual expression, which includes 
the core interaction (nad»| Us! dan») as well. This usual 
result is obtained if, in the first term of Eq. (10) (which 
we know to be identically zero), we replace X,‘* by its 
Born approximation @¢,. In this approximation, this 
term is no longer zero, since nq and ¢, are eigenfunctions 
of different Hamiltonians. The result is just the extra 
term found by perturbation techniques. It is clear that 
this term should mot be present, and that only the 
inadequacies of the perturbation approach have led to 
its appearance. Some of the virtues of an approach in 
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which the exact expression is obtained before approxi- 
mations are made can be seen from this example. 

We may also observe that the so-called ‘“‘post-prior” 
discrepancy has evaporated. This discrepancy arises 
when the ordinary (but incorrect) perturbation result 
is used, since then either U, or U, may enter the ex- 
pression for Mp?4. While formally they give identical 
results, that is (nebo! Ua! dann) =<(nab» | Ur! dane); when 
approximate bound-state wave functions are introduced 
into these matrix elements, the equality no longer holds. 
We now see that this term should not be present at all 
and that no problem exists. 
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Asymptotic Behavior and Subtractions in the Mandelstam Representation* 


MARCEL FRoissartt 
Department of Physics, University of California, Berkeley, California 


(Received March 27, 1961) 


It is proved that a two-body reaction amplitude involving scalar particles and satisfying Mandelstam’s 
representation is bounded by expressions of the form Cs In’s at the forward and backward angles, and 


ir 


Cs* In}s at any other fixed angle in the physical region, C being a constant, s being the total squared c.m. 
energy. This corresponds to cross sections increasing at most like In*s. These restrictions limit the freedom 
of choice of the subtraction terms to six arbitrary single spectral functions and one subtraction constant. 


I. INTRODUCTION 


‘INCE the time Mandelstam! discovered his repre- 

sentation for two-body reaction amplitudes, there 

has been in general a little confusion about the question 

of asymptotic behavior of the different quantities as 
the energy variables go to infinity. 

We shall point out in this paper a number of facts, 
which, we hope, will help to clarify these questions. 

In Sec. II, we derive, from the Mandelstam repre- 
sentation and from a very weakened form of the uni- 
tarity condition, an upper bound on the asymptotic 
behavior of the amplitude in the physical regions. 

In Sec. III, we show that these results cannot give 
us any indication on the behavior of the double spectral 
function. 

In Sec. IV, we write down a general form for the sub- 
tracted double dispersion relation, which will prove 
convenient for the following. 

In Sec. V, we investigate the question whether the 
subtraction constants and the single spectral functions 
can be determined from the asymptotic conditions 
which we derived in Sec. II. 


* This work was supported by the U. S. Air Force under con- 
tract and monitored by the Air Force Office of Scientific Research 
of the Air Research and Development Command. 

t On leave of absence from C, E. N. Saclay, B. P.2 Gifs/Yvette, 
(Seine et Oise), France. 

S. Mandelstam, Phys. Rev. 112, 1344 (1958). 


II. ASYMPTOTIC PROPERTIES OF THE AMPLITUDE 
IN THE PHYSICAL REGION 


We consider a reaction of the type a+b—c+d 
among scalar particles. We denote by p1, p2, — ps, — ps 
the momenta of the particles a, 6, c, and d, respectively. 
We introduce the notations s= (p1+ p2)*; t= (pot ps)*; 
u (pst pi)’. Then 
We shall assume that all masses are equal to the unit 
of mass as we deal only with asymptotic properties, 


sti+u 


where the difference between the masses is negligible. 
Then: s+/+a=4. We call channel s the above reaction 
a+b—c+d, channel ¢ the reaction b+é— d+d and 
channel « the reaction a+é@—> 6+d. In the channel s, 
the momentum of one particle in the c.m. system is 
given by q2=(s—4)/4 and the reaction angle will be 
defined by cos#,=1+(¢/2g.2). The physical region for 
channel s will be given by 

q2>0, s>4, 1<0, u<0. 


|cos6,| <1; or 


We define the notations in the other channels by a 
circular permutation among (s,/,2). 

In order that the double dispersion integrals make 
sense, we have to require that the double spectral func- 
tions be tempered distributions, and similarly, we re- 
quire that the single spectral functions be also tempered 
distributions. 
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Then the amplitude in the s channel is a distribution 
in s, analytic in ¢ in a domain including the physical 
region. In order to simplify the language, we adopt the 
following convention: We shall say that a distribution 
T behaves at most like a function f at infinity if 7) f 
is bounded in the sense of distributions, or equivalently,’ 
if every regularized of 7 is bounded by some multiple 
of f in modulus. According to this convention, a tem- 
pered distribution is a distribution which behaves at 
most like some polynomial at infinity. 

To get an intuitive idea why the amplitude is bounded 
in the physical region, let us consider a classical prob- 
lem: Two particles interact by means of an absorptive 
Yukawa potential ge~*" r. If a is the impact parameter, 
the total interaction seen by a particle for large @ is 
likely to be approximately ge~**. If this is small com- 
pared to one, there will be practically no scattering. If 

ge~** is large compared to one, there will be practi- 
cally complete scattering, so that the cross section will 


be essentially determined by the value a=(1/x) In g 
« =1. It is o& 


assume that g is a function of the energy, and increases 


where ge mx) In? g. If we now 
like a power of the energy, then a will vary at most like 
the squared logarithm of the energy. 

In the Mandelstam representation the modulus of the 
spectral function is somehow equivalent to some 
strength of potential, and it varies at most like some 
power of the energy. Thus it is natural to expect that 
this behavior of the total cross section will be also an 
upper limit for the reactions which satisfy the double 
a dis- 


dispersion relation. To prove it, let us consider 


persion relation at fixed s. 


sx)dx 
¥-T> ( os } 


1 N-1 
> pp Cos”6,. 


wT p= 


p(s,x), p’(s,x) are the absorptive parts in the crossed 
channels, for values of ¢ 


2¢° » being the 


or “)=29?(1+-x). Accordingly 


XY} 1+ | 


threshold of the absorptive 
1 hk. 2¢? 


ae 
We put x 


=min(x},22) and 
“ where K 


/ 
‘ 
part in the ¢ channel, and x, , Mw being the 


threshold in the u channel. 


write xo= 1+ (x?/2¢ is a given constant. This 


equation has in general to be understood as regularized 


over a small interval of values of s, as p(s,x) and 


p'(s,x) are distributions. Let us compute the partial 


2 1.. Schwartz, Théorie des dist 


1951), Vol. II, Théortme XX\ 


ibution 


, 
2’. p 57, case p= =x 


Hermann & Cie, Paris, 
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wave amplitudes: 


/$ 2 ' 
A(s, cos@,)=- >. a,(s)(2] +-1)P,(cosé,), 
Wd; 0 


™q vi 
ay(s)= A(s, cos6,) Pi (cos@,)d(cosé }. 
2y so ..3 


1 


q . 
f d cosé P,(cosé ) 
<-\V AY 1 
*cos*Of p(s,x) — gq’ (s,x) 
x | f + dx 
r() x* Lx—cosé r+cos# 


=; Pp ( os". 


If we interchange the order of integration, which is 
permissible if .V is large enough, we find, for />.\: 


We want to find here again the exponential decrease 
of a, for large values of /. To do that, we use a little 
trick in order to get rid of the Legendre function of the 
second kind ();. 

We use the generating function of the ( 


> 3'O,(x) 
ee | 


l 


From this, we can deduce 


r tz 
Dd 2'Q:(x)= vf (i= 23 


We have thus, from (1): 


r q x x 
>, as'= * f dxf d¢ 
\ vV/ 5 r rs t 1) 


X[o(s,x) + (—1)'p"(s,a 


We can interchange the order of integration, and we 


ref = , e 
de| a(s.C)+(—1)'a' (5,0) 


(2) 

3E. T. Whittaker and G. N. Watson, Modern Analysis (Cam 

bridge University Press, New York, 1952), p. 321. The (2?—1)* in 

this reference has a determination such that (s?—1)!/s — —1 as 
z — ». We have taken the other one as being more natural 
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t+ a 


5 5 GX 
a(s,0)= [ p(s,x) ReeGe 
|S (1—2¢v +e)! 


ri 


we see that it behaves at most like a polynomial 
infinity, just like p(s,x). 
Now, it is easy to calculate a; from (2) for />N¥: 


q défa(s.¢6)+(—1)!e’(s,¢) J 
a; f _ —. (3) 
\ S¥ ryt (ry? 1)3 


ide 
This allows us to put a bound on the behavior of a7; 
a(s.¢) can be written? as 


1 o™ 
a(s,¢)= tN+Mo(t)B(s), 
20¢™ 


where g(s,¢) is a function bounded by unity, and M a 
sufficiently large fixed integer. o’(s,¢) can have a similar 
expression, and finally: 


gB(s) ov 4 
al < f MH @(¢) de 
\ s ro+(zx0 j le Vu ch 


a gB(s) | 1 |‘ N 
< (4) 
~ a/s(I—N Law (x 21)4] 
This is the exponential behavior we are looking for, 
and B(s) is the analog of the g of the classical model. 
Now everything becomes straightforward: To calcu- 
late an upper bound on the forward amplitude, we 
write 


> a,(s)(2/+1). 


A(s,1) 


wd 


Let us call La value of / for which the upper bound (4) 
is less than unity. Then, for /</, a; is bounded by 
one, a; being an element of a unitary matrix, and for 


1>L, we can use the upper bound (4). Consequently 


5 L-1 


> (2/+1) 


\ 
A(s,1)| < 


s»  qB(s) 1 
é. 
—— 


Ti) s I=Ly s(lL—N) xo t (xo°—-1 )3 
The last series is bounded term by term by 
s 1 iia 1 
“1 | 
it | xo (xe—1)!] 1—xo+(xe?—1)! 


then 
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L can be chosen as {InB(s)/In[xo+ (a? — 1)? ]}+-V. 


> D 9 


Kk - 
xot (xP —1)'=14+—+ (1+ )-1 
2¢ 2¢ 


K 1 
”re +0(-). 
q g 


A(s,1)| < (g?/x*) In? B(s). 


so that we finally get 


B(s) behaves at most like a polynomial in s, because all 
functions involved do so, and we get the following 
result: At forward or backward angles, the modulus of 
the amplitude behaves at most like s In’s, as s goes to 
infinity. We can use the optical theorem to derive that 
the total cross sections behave at most like In’s, as s 
goes to infinity. At nonforward angles, we may proceed 
along similar lines, but, in this case, the Legendre 
polynomial P;(cos@) behaves like f(@)///. Using our 
upper bound, we find that at angles different from 0 
or m, the amplitude behaves at most like s? Ins, as s 
goes to infinity. 


III. ASYMPTOTIC BEHAVIOR OF THE DOUBLE 
SPECTRAL FUNCTIONS 


We want to emphasize in this section that there is 
little hope that the preceding results could give any 
hint on the asymptotic behavior of the double spectral 
functions. Let a function f(s) of one complex variable 
s be analytic in a plane cut from 0 to + «. Is there a 
relationship between the asymptotic behavior of the 
jump over the cut (the spectral function) and the 
asymptotic behavior of the function on the negative 
real axis? A simple counterexample will show that it 
is not the case: 

Consider the function z* exp — (—:s)! ]. This function 
goes to zero faster than any power of 1/z, in any direc- 
tion not parallel to the positive real axis. Nevertheless 
the dispersion relation requires .V subtractions, as the 
spectral function is «* sin(yx). Another example will 
show that in general, the asymptotic behavior in dif- 
ferent directions of the complex plane may be different. 
Consider the function f/=exp(iIn*s). If we go to in- 
finity along a line s=pe'*, a@ fixed, the modulus of f is 
p °*; the asymptotic behavior depends upon the direc- 
tion a. 

Let us remark that this phenomenon can only occur 
if the spectral function undergoes an infinite number of 
oscillations,‘ as in both examples above. 

In the case of several variables, examples of this 
kind are even easier to find, e.g., (to—f)*, where a(s) 
is a function analytic in the s plane cut from so to 
infinity. If a(s)<0 for values of — * <s<0, and takes 
a finite range of values, this function satisfies a Mandel- 
stam representation with a number of subtractions 
determined by the value of max Rea, although it stays 


‘This was proved by S. Weinberg (private communication). 
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bounded at infinity in every physical region. Of course 
it again oscillates an infinite number of times. This 
example seems to have some connection with the prob- 
lem of potential scattering, and this may indicate the 
plausibility of such a phenomenon even in the rela- 
tivistic problem. 


IV. GENERAL SUBTRACTED FORM 


We want here to write down an explicit formula for 
the subtracted double dispersion relation, allowing any 
number of subtractions, in a way suitable for the analy- 
sis of the next section. 

Given an amplitude A (s,t,«), behaving at most like 
some polynomial in |s| and ¢, at infinity, its double 
spectral functions are determined by 


, 


p(s ,f 


, 


ane a9 
a{A(s 


, ea ’ , 
te, U +ie, u — 21) 


2ie) 


+A'(s'—1te, i —te, uw + 


—A(s'’+ic, '—ie, u’)—A(s’—ie, t' +ie, u’)} 


in the limit e—+0, and by the circular permutations 
among (5,/,1). 

Once the double spectral functions are known, we 
choose .V large enough to ensure the convergence of 


yt 
pP\S, 


P.., denotes the two terms which are deduced from the 
first by two circular permutations among s, ¢, and wu. 
Then A (s,t,4)—f(s,t,u) has a vanishing double spectral 
function. The jump over the s cut, say, is an entire 
function in ¢, and is thus a polynomial, due to the 
limitations to the increase of A at infinity. 

We can then write down explicitly the single spectral 
functions, which are the coefficients of this polynomial, 
in terms of the jump of A—/f. We subtract the single 
dispersion terms from 4A—/, and we get an entire func- 
again a polynomial; so that we 


tion in s and ¢ which is 


finally get 
1 
oNYN 
, IN GIN 
T- S f 


1! dy! 
TS di 
P 
atu 


A(s,t,u)= 
s’—s)(t/—1) 


I 


+> tstp,,.. (5) 
p,.g=0 


Remember that P,,,, means the two terms deduced by 
a circular permutation among (s,t,u), from the term 
standing just before it. It is clear that any amplitude 
satisfying Mandelstam’s conditions can be represented 
in this form by taking .V, M, L sufficiently large, and 
even a finite number of amplitudes can have the same 

V,M,L) set, provided that each N, M, and L 
sufficiently large. 


is 


F 
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V. LIMITATIONS ON THE NUMBER OF ARBITRARY 
SUBTRACTION TERMS 


We will assume that the double spectral functions 
are given. Suppose that one amplitude derived from 
them satisfies the asymptotic requirements found in 
Sec. II. We want to look for the possible changes in 
the subtraction terms which do not contradict these 
asymptotic requirements. That to say that we 
have two different amplitudes A“ and A®, both 
satisfying our asymptotic conditions and admitting the 
same double spectral functions. Then, the difference 
A“ —A™ satisfies also the asymptotic conditions, and 
by virtue of the representation (5), we can write 


Mu 1 Ap», ( 
s-S ote f 


, , 
pO (S$ —S)S 


1S 


AW— 4AM= 


+P... PS Ap,» 7° 


Assume, as is usually done, that all spectral functions 
are real. Then, in the physical region of the s channel: 


Vv 


ImAA = >> /?Ap,,.(s). 


Consider M+1 fixed angles 6; 
=1—2,, then t= (4—s)A,, 


all different, put cosé; 


Vu 


ImAA (0;)=>> (4—5)?\,? Ap 


h term, 


One can solve for ea as the determinant 
this system is 
TTi<ji—A,) 40 

and we find that (4—s)’Ap,,.(s) behaves at most like 
ImA4A (@;), that is, at most like s' In!s, according to the 
results of Sec. 2. This can be repeated in each channel, 
and allows us undo the which are 
present in the expression (6), except for p=0, by 
dropping the factors of s“/s’” and changing the values 
of the coefficients Ap,,, of the residual polynomial. One 
can still go farther than that in order to exhibit more 
clearly the asymptotic behavior of the terms in the 
expression (6); namely, for p> 2, 


— 
7 (s’—s) 


to subtractions 
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It is easily deduced from Eq. (7) that this last term 
behaves at most like s?-? In}s at infinity. We make the 
same manipulation on each term of (6) and get 


WU p-2 [{P 
AA=), > Apa App, s?l4 
) gat », q=0 


+other terms. 


Consider again this expression at a number of fixed 
angles 6,, = (4—s)A,, u= (4—5)(1—A,). We first notice 
that all the terms which we did not write behave at 
most like s? In‘s, so that we have written explicitly all 
the leading terms in the asymptotic expansion, down to 
terms linear in s. Proceeding downwards from 2L or 
M, whichever is greater, we will prove that all terms 
of a given degree m vanish, by taking a number of 
values of \ and solving, just as above. We have only to 
make sure that, at each step, the determinant is non- 
zero. The coefficients for the terms of degree m are \,?, 
(1—A,)?/A,;%*!, and 1/(1—A,)**!, where m+1<p<M, 
p=m-+q+1, for the A,,, terms, and \,?, O0<q<m for 
the Ap»,, terms, so that we have in general 3M —2m-+1 
terms and 3M—2m+1 values of \. The determinant 
never vanishes, being equal to 


A=JI (.\-A,) JI (1-4. 


This was the case for L >m, M>~m. For any other case, 
the determinant is a subdeterminant of this one, and 
thus one can pick up a set of A; for which it does not 
vanish. We thus find that all 4 ,,, vanish, as well as all 
terms of the residual polynomial, except Apoo. We can 
write (6) as 


1 t? PApy,.(s’)s’? ds’ 
Py es f oy 
5 


—_ } , 


Tp sr = § 
If we keep s fixed at some negative value, and let ¢ go 


to infinity, 6, goes to w and the only terms which will 
violate the conditions of Sec. II at backward angle are 


ue {P Apy,«(s’)s’? ds’ 
} ® 
p=2 sP-l s—s 


Thus for each negative value of s this polynomial in / 
vanishes identically, and 


1 pApy,.(s’)s’? lds’ 
f 0 for 
gP—! s'—s5 


This analytic function vanishes for an interval of 
therefore it everywhere and 


p>2. 


values of s, vanishes 
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, 


App,s(S')= 


s pApoy,.(s’)ds’ 
AA: f PP ve 
mJ = s'(s’—s) 


0 for p> 2. We get our final result, which is 


spectral functions, moreover, are bound to 
‘In?s for 


The single 
behave at most like s?In!s for Ap 
Ap,,1, and similarly by circular permutation. 

One could summarize the preceding results by saying 
that, given a double spectral function, the s- and p-wave 
subtractions only are free. 


) and S 


VI. CONCLUSIONS 

The net result of this work is the obtaining of a 
limit upon the growth at infinity of an amplitude satis- 
fying Mandelstam’s hypothesis, and the consequence 
that a relatively small number of subtractions are free. 
However, we would like to stress a number of points 
which may be interesting for applications. First, if one 
believes that there is no reason why there should be 
such a large forward or backward peak in inelastic re- 
actions, and if one arbitrarily sets a limit like s'~* on 
the forward behavior of the amplitude, it is then 
possible to reduce further the number of subtractions, 
by suppressing the freedom of choice of some p-wave 
subtractions. 

Second, we would like to emphasize that the problem 
of finding an amplitude having the right asymptotic 
behavior from a given double spectral function is not a 
simple one. In general it has no solution, but if it has 
one, it would be possible to find it by following the 
lines of thought of our proof. However, this involves at 
a point an analytic continuation, which appears in our 
proof when we deduce that Ap,,,=0 from the fact that 
S App,«(s’)ds’/ (s'—s)=0; it would be very difficult in 
general. 

Finally, we would like to remark that, although we 
only considered here the case of scalar particles, it 
does not seem that any essential difficulty could arise 
in applying our method to the case of particles with 
spin. However, a general study for particles with arbi- 
trary spins seems to be difficult, as, to the knowledge 
of the author, there does not exist any systematical 
way of specifying the invariant amplitudes which 
satisfy the Mandelstam representation. 
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Experiments have shown that partial waves with />1 appear in r+) 


>A+K°® at the YA thresholds. 


This necessitates a reconsideration of the criteria sufficient to determine the YA parity P(ZA) by the method 
of cusps. In this paper we start from the usual assumption that contributions which show a cusp in either 
the differential cross section or the polarization may be ignored beyond some optimal power in cos@. On this 
sole basis, previously stated criteria are rendered inadequate due to the occurrence of Minami and other 
ambiguities. It is shown that under suitable circumstances there exist unambiguous correlations between 


} 


certain properties of cross-section cusps and of polarization cusps. These correlations could possibly be of 
use to determine P(A) and give information as to which states contribute significantly to the AK production 
at ~900 Mev. The finite separation between =°A° and S~A* thresholds is taken into account. The results 


are summarized in a table of cusp properties. 


I. INTRODUCTION 


T was first observed by Wigner’ that scattering and 

reaction may show cusps at the 
threshold energies for competing channels. In the past 
few years the importance of cusps for particle physics 
has come to be increasingly realized.** These days, the 
attention mainly centers on the cusps in the reaction 
x +p—A+K° at the thresholds for SA production. 
The discussion of the present paper will be given with 
these reactions as terms of reference, although the argu- 


cross sections 


ments to be presented are quite general. 

Experimental studies of the cusp in the AA reaction 
are now in progress and preliminary results have been 
published.*~* There are good indications that the cusp 
phenomenon actually occurs. However, at the time of 
writing it has not yet been found possible to reach the 
principal goal of these experiments: the determination 
of the relative SA parity, P(ZA). A main stumbling 
block lies in the fact, established by both the Berkeley 
and the Columbia groups, that in the cusp region the 
differential cross section for AK production contains 
x=cosé to powers higher than the second (@ is the c.m. 
angle of production). Hence at these energies an analysis 
in terms of S and P waves only is inadequate. 

In order to see the questions of interpretation which 
arise, let us return for a moment to the assumption, 
now shown to be fictitious, that we deal with a problem 
in which the only contributing partial waves are S;, P:, 
and P;. Then by the well-known argument of Baz’ and 


E. P. Wigner, Phys. Rev. 73, 1002 (1948 
7R. K. Adair, Phys. Rev. 111, 632 (1958 
A. N. Baz’ and L. B. Okun’, J. Exptl. Theoret. Phys. 
U.S. S. R.) 35, 757, 1958. [Translation: Soviet Phys.—JETP 8, 
526 (1959) }]. A. N. Baz’, Phil. Mag. Suppl. (Advances of Physics) 
8, 349 (1959). Roger G. Newton, Phys. Rev. 114, 1611 (1959). 
Luciano Fonda, ‘‘Inelastic collisions and threshold effects,” Insti- 
tute for Advanced Study, 1961. This is a review article which 
contains an up-to-date list of references 
‘M. Alston, J. Anderson, P. Burke, D. Carmony, F. Crawford, 
N. Schmitz, and S. Wolf, Proceedings of the 1960 Annual Inter 
national Conference on High-Energy Physics at Rochester (Inter 
science Publishers, New York, 1960), p. 378 
M. Schwartz, reference 4, p. 689 
*M. Schwartz, Revs. Modern Phys. (to be published 
F. Crawford, Revs. Modern Phys. (to be published 


Okun’? P(ZA) is odd if the terms 2, x, and 2 in 
do/dQ show cusps; if only 2° and 2! cusps the 
parity is even. It should be noted that this assumption 
about contributing states is a particular case where, for 
given maximum J (namely 3), there occurs only a 
specific one of the two possible corresponding / values 
(namely, 1 and not 2). Whenever this assumption can 
be shown to be valid, the Baz’-Okun’ argument is 
sufficient to determine P(2A), whatever J is. 
example, a cusp in «* means odd P(A 
of F waves. | 

In the absence of further information it was certainly 
natural to assume the presence of S and P waves only. 


show 


[ For 
in the absence 


The actual occurrence of higher partial waves compli- 
cates the situation in a nontrivial way. Naturally, we 
need to know which powers of cos@ are significant. But 
furthermore, as has been emphasized by Schwartz,° this 
knowledge in itself is insufficient to determine P(ZA). 
The reason for this insufficiency is essentially the 
Minami ambiguity® which was originally uncovered in 
m-nucleon scattering, but which of course applies as well 
to AK production. In the present context, the Minami 
transformation implies that if we only know which 
powers of cos@ in the cross section and polarization do 
and which do not show a cusp, there exist alternative 
sets of states which explain this limited information 
equally well. One set would correspond to even, the other 
to odd P(ZA). In Sec. IT. (A) we present 
formalism which is particularly suited to deal with this 
ambiguity and its role in the ?(2A) question. There we 
also discuss another potential source of ambiguity noted 
by Schwartz,® which arises when we compare a given 
scattering amplitude with its complex conjugate. 
Detailed information on the amplitudes of these states 


a compact 


which actually participate at the energy in question 
would remove all ambiguities. Hence, a way out of these 


complications would present itself if by other dynamical 
arguments one could determine for which J and / values 


’S. Minami, Progr. Theoret. Phys. (Kyoto) 11, 213 (1954 
S. Hayakawa, M. Kawaguchi, and S. Minami, ibid. 11, 332 (1954 
12, 355 (1954); H. Bethe and F. de Hoffmanr ind Fieid 
(Row, Peterson and Company, New Yor! 955 yl. 2 75 
and 80 
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TABLE I. Cusp properties. 


P(ZA) even 
Second 
corr, 


First 
corr. 


None 


iD 
[(/+1)/1]Jo 
None 

None 


E 


None 
None 
None 


Sad Uke wr — 


iD 

[d+1)/O & 
[(/+1)/1jo 
None 


Gap 
Gap 
Gap 


E 
C(+1)/lJo 


tN 


the corresponding partial amplitudes contribute signifi- 
cantly to AA production at ~ 900 Mev. Thus it has been 
surmised that the presence of higher partial waves in 
the AA reaction can be linked to the properties of the 
so-called third resonance in z-nucleon scattering which 
occurs at practically the same energy as do the LA 
thresholds. A study of the reactive effects of this reso- 
nance on the AA reaction may therefore produce the 
desired information. Of course, it remains to be seen if 
such an analysis is sufficiently free from theoretical 
ambiguity to be decisive for the parity question. 

In the face of these dilemmas we were led to reconsider 
the question as to the amount of information that can be 
extracted from a cusp experiment without recourse to 
extraneous dynamical information. We have found that 
not only a knowledge of the powers of x in which cusps 
occur and do not occur in the differential cross section 
and in the polarization constitutes useful information. In 
addition, it turns out that in many instances there 
exist correlations between the type and magnitude of 
the cusp term in a certain power of x in the cross section 
on the one hand, and the type and magnitude of a 
corresponding term for the polarization on the other. 

Figure 1 shows the four types of cusps, denoted by 
C, to Cy, which may in principle occur either in the 
differential cross section do dQ or in the polarization 
P(do/dQ). 
shall see that, depending on the nature of the contribut- 
ing states, there may exist very characteristic correla- 


In the discussion given in Sec. II. (C) we 


tions which one may call allowed cusp pairs: To a given 
cusp type in do dQ there may occur only one particular 
cusp type in P(do dQ). Moreover, whenever this is the 


eS 





ie] 
nN 
A paceccce 


3 c, 


Fic. 1. The four types of cusps for a single threshold 


[1/(’—1)]Jo 


jo 
[l/(l—1)]Oo 
[l (l—1) JO 


P(ZA) odd 
First Second 
corr. corr. 


Only nonvanishing amplitudes 
for the example /=2 


O O x Dy Dh Fy 2 
O None x dD; Py P; 
i O x Dy Fy. 24 
O Gap x D D; Py 
O O x? Dy D, 

None None D, Py 
O None «x dD, 

O Gap x Dy P 
O O Ds 

O Gaps x Dy Dy 

None None dD; 

O , Ds 


case, the magnitude of the respective numerical co- 
efficients in these pairs of cusps satisfy very simple 
relations. The results summarized in Table I. 
Section IT. C contains a self-contained set of definitions 
of all the symbols which occur in the table. In Sec. II. B 
it is noted that these results are independent of the 
parity of the A’ relative to the hyperon-nucleon system. 


are 


The main idea of the paper is the following. We shall 
start from the one assumption that the cusp in the 
differential cross section and in the polarization can be 
represented by a finite polynomial in cos@. In this way 
we do not commit ourselves on what the participating 
states are. We shall then inquire whether specific cusp 
correlations could tell us what P(2A) is. It will turn out 
that there exist a considerable number of cases in which 
not only P(ZA) can be determined by means of cusp 
correlations, but where in addition the cusp experiment 
itself may serve to reveal to a large extent the character- 
istics of the states which contribute significantly to the 
AK production at the energy under consideration, 

A further comment concerning our assumption is in 
order. It is of course physically inconceivable that the 
cos@ series for the cusp in the differential cross section 
rigorously terminates at some optimal power. All one 
can hope for is a sharp drop beyond a certain power. 
In Sec. II. C we shall show by example how one may 
correct the answers correspondingly. 

While in Sec. II we treat the case of a single cusp, 
Sec. III deals with the more realistic problem where the 
finite separation between the =°A° and =~ A* thresholds 
is taken into account. In the 72-in. bubble chamber 
experiment this separation has already been effected 
clearly.’ It is pointed out that Table I applies also to 
the double cusp. 


II. SINGLE CUSP 


A. Pseudoscalar K° 


Let M ps denote the transition amplitude of z~-+p— 
A+K° in the center-of-mass system for pseudoscalar 
K° (the A-nucleon parity is even, by convention). We 





1060 M. 


write M ps as? 

M ps= {+g a-k’)(e-k). (1) 
Note that in this representation (/+gx) and —7(1—a*)!g 
correspond to the conventional non-spin-flip and spin- 
flip amplitudes, respectively ; «=k’-k, where k and k’ 
are unit vectors along the incident and final momenta, 
respectively. The amplitudes f and g are given by 
\(dP, dx), (2) 


(dP; dx), (3) 


sre 


— LL. 


3 fT #-.— f 
where are the transition amplitudes for orbital 
angular momentum / with total angular momentum 
j=l+}," and P; are the Legendre polynomials. The 
differential cross sections and the polarization are then 
given by 


do dQ 


fj) 2+ 


g|?-+2x Re(/*g), 4) 


P (do /dQ)=2(1—a*)! Im(f*g), 5) 
& 


Pn is the polarization vector and 


kx k’. 


where P 
(1—a*)?n 


The Minami ambiguity amounts to the statement 
that if for a given J we interchange the amplitudes for 
l= J+}3 and /=J—}, that is, 

and f * (0) 
then the differential cross section remains unchanged 
while the polarization changes sign. This can be easily 
verified by noticing that as a consequence of the Minami 
transformation we have 


f—g and 
This simple and useful form of the Minami transforma- 
tion is the main reason for choosing the representation 
for M given in Eq. (1). 

We that the 


conjugation, 


note transformation of < omplex 


(s 


« 


affects do/dQ2 and (P do/d®) in the same way as does 
the Minami transformation, namely, do/dQ is again 
unchanged upon application of Eq. (8) while (P da/dQ) 
again changes sign. Hence, the product of a Minami 
transformation and a complex conjugation: 


fl+ _. f * fl— _ tok 


or, correspondingly, 
(10) 


leaves both da/dQ and P(do unchanged. 


1 See, e.g.. G. Chew, M ol g ow, and Y. Nambu. 
Phys. Rev. 106, 1337 (1957 

1 The amplitudes / ts of the unitary 
= of the in 


the elen 


S matrix by f'*=S ik, where & is the magnitude 
ient momentun 
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It will be one of our main tasks to study the influence 
of the transformation (6) and (8) on the question of 
what one may hope to learn from cusps. In that context 
one must be careful to state what complex conjugation 
means, as we shall presently see. 

Consider now the AA production in the region close 
toa ZA threshold; for definiteness we take =°A". Denote 
all AA® production amplitudes at the ="A° threshold 
with the subscript ¢. From unitarity and the threshold 
analytic properties of the s matrix, we have 


P(A) even: 
P(A) odd: 


where g is the c.m. momentum in the L°K° channel 
above threshold, and a is equal to the product of the 
transition amplitudes of m+p—2°+K° and of 
~°+K°— A°+K° at the 2°A° threshold. The notation 
(a) will always mean that the equation refers to the 
small region above threshold where an expression up to 
terms linear in g is adequate. Similarly, (b) shall refer 
to the region just below threshold, where Eqs. (11) and 
(12) have to be subjected to the well-known analytic 
continuation,® 


tor 


All amplitudes other than those 
or (12) are to be replac ed by their thr 
Define 


and denote by p, (po) and 6, (69) the cusp part of the 


differential cross section and polariz 


tion, re S} eK tively, 
from 5 


Eas. (2 1O (3) 


for even (odd) SA parity. Then 
and (11) and (12) we see that 


p- q Im[ a* 


—'qg Im[a* 
g Im[La*(g.4 
-_ ie Rela Per xi 
q Ref a* f; | 
Im/ a* f; ’ b). (19 


All information about cusps is contained in p and 6. 
We now examine how these quantities behave under the 
transformations (6) and (8 (9). In 
particular, we must ask the following question. Suppose 
that P(ZA) is even and that among all and f- a 
specific set of amplitudes participates. Now apply either 
the transformation (6) or (8 This transforms 


ir product 


), Or both. 
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the set into another set. Is this new set with P(ZA) odd 

distinguishable from the old set with P(ZA) even? 
First consider the Minami transformation. According 

to Eqs. (7) and (16)-(19) we have 

(20) 


Pe — Poy Po Pu (a) and (db); 


5.— —6,, 6,— —6., (a) and (6). (21) 
Next, we apply complex conjugation Eq. (8) above 

threshold and tind 

pola) — pola); (22) 


p-(a) — p-(a), 


5.(a) > —6,(a), 6,(a) > —6,(a). (23) 
Hence, above threshold the product transformation 
(9) merely interchanges p, and p,, and also 6, and 6,. 
Thus we have proved the following: It is impossible to 
determine P(SA) from cusp information above threshold 
alone, unless we have additional information on the 
participating set of states. 

Consider now the situation belqw threshold. It is here 
that we must be cautious with the transformation (8). 
It is instructive to do it first the wrong way. Take for 
example Eq. (11) and its analytic continuation 

+ iat (a); : tt —1q|a (bd), (24) 
in accordance with Eq. (13). The complex conjugate of 
these expressions is 

rm $000" (a); J ‘— q a® (6b). (25) 
If we should use Eq. (25) below threshold we would 
obtain results similar to Eqs. (22) and (23), with cor- 
responding consequences. However, Eq. (25) is the 


incorrect analytic continuation, namely, q— —7.q . 
The correct procedure is clearly the following. We 
must first apply Eq. (8) to f’* above threshold and 
thereupon analytically continue it. Instead of Eq. (25) 


we then get 


*—iga* (a); f*t— f re g a® (b). (26) 


Applying Eq. (26) to Eqs. (16)-(19), we get 


p-(b) — —p,(b), p (b) — —p,(b), (27) 


6,(b) — 6. (6), 6,(b) — 6,(6). (28) 
Below threshold, the product transformation (9) now 
interchanges p, with —p, and also 6, with —6,. Equa- 
tions (23) and (27) imply that for either P(2A) the 
absolute signs of (a) and of p(6) are irrelevant, always 
in the absence of extraneous information. Note, how- 
ever, that for either P(ZA) the ratios 

p(a)/6(b) and p(b)/6(a) (29) 
do not change under the properly defined complex con 


jugation so that these two ratios are meaningful even 
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in the face of the ambiguities implied by Eq. (8). Here 
we are precisely at the root of the physical results we 
shall obtain. We shall show that upon expansion in « of p 
and of 6 the ratios of their leading terms p(a)/6(6) 
and p(b)/6(a) exhibit characteristic differences for the 
two parity choices. These differences are precisely due 
to the fact that the ratios mentioned in Eq. (29) do 
change sign when we compare even with odd P(A), 
as follows from Eqs. (20) and (21). 

We now discuss these expansions. Substituting Eqs. 
(2)-(3) in Eqs. (16)—(19), we obtain 


g Ima* 
q 
—|q| Rea 


= Rea* em =. 
> (2/4 1 Fe — iis , thy |P1 1s 
— |q| Ima*) 


(31) 


(4 Ima* 


pPo= } ; re LU+1) ff, +-] f, D+] P,, 
iss q Rea | 


g Rea* 
fl 


| Sart) 


| | q| Ima* 


XCAiet+ fe + —hyyo|P). 


Here 


and the summation goes over /’=/, /+2, --- 

At this point it may be instructive to recall the trend 
of the Baz’-Okun’ argument.’ Let us suppose that the 
only states which contribute are S;, P:, and P3. Keeping 
only the highest power in x we have, according to 
Eqs. (2) and (3): f~x, g~1, hence p,~x, 6.~1, while 
pow x", 6.~a%. Because a prescribed set of states is¥in- 
volved which is not invariant under the transformation 
(6), the determination of P(A) is therefore free of 
Minami ambiguity. Had we also included D,; this would 
no longer have been true. Thus, in general, the sole 
knowledge of the highest power of x in p or 6 does not 
constitute sufficient information for the determination 
of P(A). 

We now start the more general discussion, which is 
exclusively based on the assumption that we may neglect 
cusp effects in p beyond some fixed optimal power. As 
we shall presently see, 
to putting 


our assumption is equivalent 


0 for all /’>1, 
where / is now the optimal power in question. It may 
directly be noted that this includes both alternatives of 
Minami invariant situations [ / 
that f 


0, provided further 

‘(0 ] and of noninvariant ones (f'+0). 
Writing out the series in Eqs. (30)-(33) in decreasing 

order of the Legendre polynomials we obtain, starting 
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with the highest /, 


{4 Ima* 


C+1)f:++1f¢-JPl 


Pa™ * 
= q Rea* | 
+[1f, t+ (I—1)f, ; IP, l 
“ey Rea* 
(2I+1) Cf: 
—\|q Ima* |] 
2/—3)f f, 


tf © 


«pe ( 
+(2/—5)[ f, 
T Lit 


q Ima* 
— q Rea 
+[fi 


q R ca ws 


fai+n) P+ (2-1) f+ PL 


qg Ima* 


+ (2-3) t—f-JPpst::: 


LJ é Fe se aw 


B. Scalar K° 


Our foregoing discussion for pseudoscalar A” is also 
valid for scalar A° provided we interpret the value of / in 
the transition amplitudes /'* as the orbital angular 
momentum of the final AA® state. The corresponding 
initial #.V state has orbital angular momentum /’=/+1 
while both states, of course, have the same total angular 
momentum J/=/+ } =|'F}. To prove this assertion we 
note that the transition amplitude for scalar K° can 
be written in the form 


Ms=Mps(e-k), (38) 


where M ps is the transition amplitude for pseudoscalar 
K°® given in Eq. (1). The operator (#-k) is rotationally 
invariant and of odd parity. Substituting Eq. (1) in 


Eq. (28), we obtain 


Ms=f(e-k)+g(e-k’). 


(39) 


Since (@-k) operating on an initial state changes only 
its orbital parity, f and g are still expressed in the form 
given by Eqs. (2)-(3), but now the superscript / in f' 
refers to the orbital angular momentum of the final 
state only, as we stated earlier. The angular distribution 
and the polarization obtained from Mx as well as the 
dependence on g of f** and f'~ near the S°K° threshold 
for P(ZA) even and odd, respectively, are the same as 
for pseudoscalar A” [see Eqs. (4)—(12) ]. It follows that 
the remaining discussion and equations in Sec. II.A also 


1 An alternatively simple form is given by M =(o@-k’)Mpg 
=¢(o-k)+f(o-k’). In this case the / value in f'* refers to the 
orbital angular momentum in the initial NV state. The expressions 
for the cross section and the polarization obtained from Msg are 

| given by Eqs. (4) and (5) except for an additional minus 
sign in the polarization Fiq. (5 
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apply equally well for scalar A°.” In particular, the 
implications of Eqs. (34)-(37) hold true for either 
K°-parity. 


C. The Table of Cusp Properties 


In order to distinguish the various possibilities to 
which Eqs. (34)—(37) give rise, it is necessary to focus 
attention first of all on which of the four quantities 
fi, fO-, fi", and fi. vanish and which do 
not. This is indicated in the first four columns where a 
zero means that the quantity in question vanishes; 
otherwise the /’s are supposed to be nonzero and for 
the rest, arbitrary. Of course f+ and f‘~ cannot 
simultaneously be zero. 

The columns marked “‘first correlation” refer to the 
relation between the cusp in the leading power of x in p 
and the cusp in the leading power of x in 6. Similarly, 
the columns marked “second correlation” refer to the 
relation between the cusp of the next-to-leading power 
of x in p and the cusp in the next-to-leading power of 
x in 6. 

In order to explain in some detail the meaning of the 
first and second correlations, we first define the following 
four symbols: 


C1(8,7 )= 
C2(B,y) 
C3(B,y) 
C4(B,7 ) (—p q 


(Go q YY 9 
(o q 
=(—8 gq 


where 8, y>0. These symbols describe the four corre- 
sponding pictures in Fig. 1, with one added specification : 
The first (second) argument of C, denotes the slope of 
the cusp below (above) threshold. Next we define the 
16 correlation symbols 
(C,,C,) 

where the first C in the bracket 
the second C to 6. The symbols ~ and O which appear in 
the table each denote four possible choices of correlation 


always refers to p and 


symbols, namely 


E=either (C1,C3), (C2,C1), (C (40) 


0 either (C;,C2), (Ce,C4), (C3: 1 (41) 


Example: If / enters under “first correlation,” then 
(C,,C3) means that if the highest power of x in p has a 
cusp C,(8,y), then the highest power in 6 has a cusp 
C3(8,y). 

It is characteristic for each correlation symbol which 
appears in £ or O that the ratio of the magnitude of the 
slope in p above (below) the threshold and the magni- 
tude of the slope in 6 below (above) the threshold is 
equal to unity. The factor (/+1)// or 1/(l—1) which 
multiplies O at certain places in the table means that 


2In order to distinguish scalar and pseudoscalar A in this 


reaction, it is necessary to use polarized targets 
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these ratios should instead be (/+1)/l or /(1—1), 
respectively. 

An entry “none” means that under the stated con- 
ditions on the f’s there is no prescribed correlation (of 
the first and/or the second kind). 

An entry “gap” under “second correlation” means 
that the power of x which is one less than the leading 
one is missing in both p and 6. 

The entries in the column ‘“‘¢?/c’’ mean the following. 
If the leading term in p is ~x™ and the leading power in 
(do/dQ), is x", then the entry is 2°"~"". 

In the last column we have written out for the ex- 
ample /=2 the states for which the amplitudes are in 
general nonvanishing. As we go down the table, more 
and more gaps develop in the set of states until in the 
last two cases rather peculiar combinations occur. We 
would not have bothered with cases 11 and 12, for 
example, if it were not for the fact that the significant 
occurrence of partial waves with />1 in AK production 
is in itself a somewhat peculiar phenomenon at the 
relatively low lab energy of 900 Mev. Thus it may 
actually be true that some gaps do exist of a kind found 
in the table. It should further be noted that in principle 
there may be further correlations, provided that the 
set of nonvanishing amplitudes shows even wider gaps. 
It seems to us to be reasonable to ignore such possibilities 
for the present. 

Next we make the following comments on what one 
may hope to learn from experiment with the help of this 
table. 


(1) The bothersome are those which have 


‘‘none”’ entries for both the first and the second correla- 


Cases 


tions. The reason is, of course, that a ‘‘none”’ case in a 
given column may by accident fake the result in another 
place in the same column which has a prescribed correla- 
tion. It should be noted, though, that a ‘double ac- 
cident” is necessary for this to happen. Indeed, the real 
and the imaginary parts, separately, of certain linear 
combinations of at least two scattering amplitudes must 
have just the right values before a fake result can take 
place which satisfies all the specifications mentioned 
above. Thus, if any particular correlation prescribed by 
the table is actually found we cannot say with certainty 
that P(ZA) has been determined, but it seems fair to us 
to say that such an experimental finding would carry a 
strong presumption. 

(2) The cases “none” both in the first and second 
value equal to 1. If 
‘“‘p?/o”’ can be found experimentally, it is therefore only 
possible to have a fake result for cases with “p?/o’’=1. 


‘ 


correlation always have a “‘p’/o” 


(3) The case ‘none’? both in the first and second 
correlation occurs for even as well as for odd P(A). 
However, for odd P(A) there must be characteristic 
gaps in the set of contributing states if this case is to 
obtain. 

(4) Only case 2 is fully Minami invariant. For this 
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case, the first correlation is sufficient to resolve all 
ambiguities. 

(5) The sets of correlation symbols in / and O are 
disjoint. Thus, barring the above-mentioned accidents, 
which can occur only when “‘p?/a”= 1, the table contains 
14 mutually exclusive instances of prescribed correla- 
tions which could possibly fix P(2A). Only the cases 
(O,0,x*) (O, none, x) and (O, gap, 4°) each occur more 
than once, but always for odd P(2A) only. 

(6) If experiment should tell us that we are nol in 
any of the cases with prescribed correlations, then we 
are necessarily in the none-none situation. In that case 
the table tells us what is sufficient additional informa- 
tion to determine P(ZA); namely, we have to know if 
there are gaps in the set of states. 

(7) As a general rule, if the leading power in p is x”, 
then the leading power in 6 is x"~!. The only exception 
can come about by a fortuitous cancelation for those 
cases where the first correlation is of the “none” type. 

(8) In practice, one will compare the cross-section 
cusp with the polarization cusp at energies above and 
below threshold for which g= g 

(9) It has been customary to ask the question: Given 
the participating states, what are the cusp properties? 
The table shows that circumstances may arise where 
(always barring the double accidents mentioned above) 
it may be possible to turn the problem around and derive 
information about contributing states from the correla- 
tions between cusps in p and 6. 


Finally, we would like to show by one example the 
effects of corrections due to the fact that an “absent” 
state is never truly absent but has a relatively small 
amplitude. Take the case of even P(2A), Dy; present, 
D, absent. The first correlation is then of type F. 
Now introduce a Ds; amplitude which is small compared 
to D;: 


reie f2)— <1, O0<p<2r. 


Denote by p(a) (p()) the coefficient of P2 in p above 
(below) threshold for this case, and introduce likewise 
6(a) (6()). We have 
p(a) = AL1+$8r cosd |4+ BX 3r sing 

ee, 


5(b) —A[1—3r cosd |+ BX $r sing 


for r— 0, 


p(b) —BL1+8r cosd |+A X Sr sing 


>+] 


6(a) —BL1—38r cosd |—A Xr sing 


for r-0 


, 


Im[a*f?-], B=Re[a*f? 

The limit values of these two ratios are just equivalent 
to the statement that for D; absent we are in class F. 
Consider some numerical values as examples. For ¢=0, 
r=j'5, we get deviations from the r=0 values which 
are ~0.25 in magnitude. As another limiting case take 
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= 7/2. Now the corrections depend as well on the rela- 
tive magnitudes of A and B. For A ~ B we get practically 
the same numerical results as were quoted just before. 
If A and B differ considerably in magnitude, the correc- 
tions get much smaller for one, much larger for the 
other ratio. Thus for 1>>B the value of p°?/6 stays 
quite close to the limit value —1, while the other ratio 
may undergo drastic changes. For increasing r we move 
toward the cases D;, Dy, which have ‘“‘none”’ as 
first correlation. Our example for even P(ZA) was 
actually a less favorable one; it is readily verified that 
there is relatively less disturbance for odd P(A). These 
orienting remarks may at least suffice until detailed 
experimental information becomes available. 


III. DOUBLE CUSP 


In this section we discuss the problem of the finite 
separation of the =°A° and =~ A* thresholds due to the 
observed "=~ and A°A* mass differences.’ We confine 
ourselves to the case of even relative (A*K°) parity” 
and retain those relations between transition amplitudes 
obtained from charge independence, neglecting mass 
differences. Furthermore, we assume that these thresh- 
olds are sufficiently close so that the approximation of 
keeping only terms linear in momentum in either of the 
YA channels is valid in an interval containing both 
thresholds. In this case we obtain, by a simple extension 
of the single cusp arguments,*"4 


P(=A) even: f*t=f2++iLgot+2q: la, (43) 


P(ZA (44) 


odd: a Jt +i[ got 29, la, 


where go and g, are the respective c.m. momenta in the 
~"K° and =~A* channels, to be replaced by 7 go} and 
| Q+ below their respective thresholds. a@ is the pre duct 
of the transition amplitudes r+V—-=2+K and 
~+K — A+K for total isotopic spin }. The factor 2 in 
Eqs. (29) and (30) is the relative probability of =~ A* to 
=°K° in a 2K state of isotopic spin 4. The amplitudes 
f* and f; are constants, but unlike the single cusp 
case these do not correspond to threshold amplitudes. 
Instead, we have to satisfy the following relations for 
the amplitudes fto’* (fto') and fe,°* (fe,'~) at the [°K 


(subscript fo) and =~A* (subscript ¢,) thresholds: 


P(A) even: (45) 
P(S<A) odd: (46) 


Jey jt iqgea. 


8 Dr. Frank Crawford has pointed out that a direct way of 


obtaining P(K*,K°) is to measure the cross section for the process 
+p—2°+K° near the 2~A* threshold. Since the =°K® and 
>-K* thresholds are very close, one expects only S waves in the 
°K°® channel at the Z~A* threshold, and therefore the presence 
absence) of a cusp indicates P(K*,K®) even (odd). In the AK°® 
channel this cusp is a “cusp within a cusp” which is a nonlinear 
etlect 
4]. Sucher, G. A 


' Snow, and T 
1961) 


B. Day, Phys. Rev. 122, 1645 
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If we substitute Eqs. (43) and (44) in Eqs. (4) and (5) 
we obtain again Eqs. (16)—(19), where now g and |4g| 
are given by 

(a), 
(d), 


q= got 2g, = 
| ! | l (47) 
lq| = | go| +2) 9, 

and where the notation (a) and (6) now means 
(a)=above both 2°K° and =~K* 


(b)=below both 2°K° and =-K* 


threshold, 
(48) 
threshold. 
For practical evaluations of Eqs. (16)—(19) the relations 
(45) and (46) should be used with the understanding 
that terms of higher order than the first in go and/or 
g+ should be dropped, consistent with the linear 
approximation to these quantities which we have used 
throughout. 

In addition, however, there exists now, also, a third 
region which we denote by (ad): 


(ab)=above >°K° but below =+A* threshold, 


where 


| go| ReLa* (fet-xg:) ]4+2¢, Im[a*(f:+-xg;) J, - 
eo ale (49) 
go Im[a*g, |—2q, Re[ a*g; |, 

— | go| Re[a*(gt+xf.) ]+29, Im[La*(gi+xf,) ], 


riers (SO) 
= 10 Im[a* f; |+ 29, Ref a* f; |. 


Substituting in Eqs. (49)—(50) the expansions of /; and 
g: in angular momentum amplitudes Eqs. (2)-(3) and 
assuming as before that f’'*=0 for all /’>/, we obtain 


q0 Rea*+ 2q, Ima*}[ (2-+1) fe?* +1 fi! Pi 


+f +-0-O f° Pest---, GD 


Ima*— 2q, Rea*} 

« (=A) frt-— ft] 
+ (2/—3)[ fe ?-— 
+ (21-5) fe 


a. £8 


Rea*+ 2q 4 Ima ey 


x (+1 ) ft }Pus1 +[U fe , 
+ [fi + (I-D fi 


Po={— qo 


Ima*+ 294 Rea*} 
« [(2/+1) fe Pit L(2/- 1) 
+ (U3) [fe2++ fr— fr Pr 


{|} 9 
(54) 


It is clear that above and below both 2A thresholds 
our discussion of the single cusp case applies here as well, 
provided we identify g in terms of qo, by the 
expressions given in Eq. (47). In particular, the table 


and q+ 


of cusp properties can be used without further modifica- 
tions. As in the single cusp, one will again compare the 
cross-section cusp at an energy in the region a (or 6) 
with the polarization cusp in at an energy in the region 
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b (or a), where the two energies are chosen to satisfy 
q q|- 

The region (ab) has, of course, no parallel in the 
single-cusp problem and has been included here only 
for the sake of completeness. No simple cusp correlation 
properties in this region have been found. 

The finite separation of the two ZA thresholds, is, of 
course, an effect which violates charge independence. 
It may therefore be asked if it is justified to assign the 
above value 2 to the 2~AK+/2°K° ratio. Small deviations 
from the value 2 can be easily incorporated in our con- 
siderations ; however, large departures from 2 (including 
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the possiblity of complex numbers) would lead to a 


much more intricate situation. 
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Broken Symmetries and Bare Coupling Constants* 
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There are known cases of symmetry laws valid for one kind of interaction but broken by another. Each 
symmetry is then supposed to be exact for bare masses and coupling constants but only approximate for the 
renormalized quantities, like neutron and proton masses. We ask how the equality of unrenormalized con- 
stants can be rephrased as a statement about measurable quantities. This question is particularly important 
in connection with proposed strong-interaction symmetries that are supposed to be badly broken. The 
answer appears to involve the limits of ratios of experimental quantities at very high momenta. We discuss 
first the connection between wave-function renormalizations and weak and electromagnetic form factors. 
Then we take up the measurement of strong-interaction vertex renormalization factors by the study of scat- 
tering amplitudes at energies and momentum transfers large compared to all masses. The last part of the 
work is based in part on indications from the perturbation development of pseudoscalar meson theory, but 
we hope it will point the way to similar results in a better theory 


I. INTRODUCTION 


HERE is no question that broken symmetries are 

of the highest importance in particle physics. We 
are familiar with the conservation of the isotopic spin 
current, which is violated by electromagnetism, and the 
conservation of the strangeness or hypercharge current, 
which is violated by the weak interactions. In both of 
these cases, the violations are small. 

Recently it has been suggested that there may 
be other conservation laws that are badly broken 
but nevertheless correct in some limit. Some examples 
of proposed ‘‘partially-conserved currents” are the 
following: 

(a) The axial vector currents in the weak inter- 
actions.’ Here, the conservation law is broken by the 
masses of some particles if by nothing else. 
Atomic 


* Research supported in part by the U. S. Energy 


Commission and the Alfred P. Sloan Foundation. 

'M. Gell-Mann and M. Lévy, Nuovo cimento 16, 705 (1960) 

2M. Gell-Mann, Proceedings of the 1960 Annual International 
Conference on High-Energy Physics at Rochester (Interscience 
Publishers, Inc., New York, 1960). 

3 J. Bernstein, S. Fubini, M. Gell-Mann, and W. Thirring, 
Nuovo cimento 17, 757 (1960). 


(b) Strangeness-changing vector currents.‘~® Partial 
conservation has been suggested in this case not only 
for the weak interactions, but also as a manifestation 
of a symmetry of the strong interactions higher than 
charge independence. The violation takes place through 
the mass differences of the various baryons and of the 
various mesons and perhaps through some strong inter- 
actions as well. (In the global symmetry scheme, the 
culprit was supposed to be the A-meson coupling.) 

Such proposals of partially-conserved currents are 
incomplete without some statement of how, in principle, 
the limit of exact conservation can be explored experi- 
mentally. The same is true, really, of the conservation 
of isotopic spin and strangeness, although in those cases 
the smallness of the violation makes it clear that there 
is some sense to the conservation law, even without a 
precise statement of the limit in which the conservation 
is exact. 

The conservation of isotopic spin is usually stated 
as follows: The bare masses of neutron and proton, say, 


*M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 
' J. Schwinger, Ann. Phys. 2, 407 (1957). 
6M. Gell-Mann (to be published). 
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are equal. The bare coupling constants of m and p to 
rw”, say, are equal and opposite. Under the influence of 
electromagnetic interactions, however, the physical 
masses m, and m, and the renormalized (squared) 
coupling constants g;(m) and g;*(p) are slightly dif- 
ferent. It would be desirable to be able to check experi- 
mentally the equality of mp, and mo, and of go?(m) and 
gu°(p). If these quantities are meaningless, as sometimes 
claimed, then a new statement of the principle of charge 
independence is required. 

In the case of badly broken symmetries, a statement 
of where we must look to find the symmetry in pure 
form is not only desirable, but absolutely necessary, 
since otherwise we have no way of testing whether the 
partial conservation law has any meaning or not. 

The clues we have at present all point in the same 
direction, namely toward the realm of high frequencies. 
Suppose the correct statement of a symmetry or uni- 
versality principle involves bare quantities. We know 
that in our present field theories there is a close con- 
nection between bare quantities and the behavior of 
certain renormalized quantities at high energies or 
momentum transfers. We might expect, then, that the 
equality of two bare quantities could be restated in 
terms of the limit of the ratio of two renormalized 
quantities approaching unity at high frequencies. 


In the case of the 


axial vector AS=O current P,, it 


has been shown’ that if the matrix elements of 0,.P. 
the vacuum and states of mass M approach 


that would provide an 


between 
zero rather rapidly as M— x, 
explanation of the Goldberger-Treiman formula for the 
rate of charged pion decay. Thus it is conjectured that 
+ at high frequency; in other words, 
the limit of 


in a sense 0 Y 2 


the axial vector current is conserved in 
high frequencies. 

In general, if it is supposed that certain conservation 
laws are broken by masses or mass differences, then it 
should be possible to find cases of exact conservation in 
the limit where all relevant energies are large compared 
to all 


masses. Our argument about bare quantities 


indicates that even when the conservation laws are 
broken by interactions, it may be possible to find high- 
energy limits in which universality becomes exact. 

In this article we shall discuss some examples of ways 
in which ratios of bare coupling constants may.be ex- 
plored experimentally in the high-energy limit. We shall 
make use of existing, probably wrong, field theories and 
we shall be guided in some cases by the probably mis- 
leading perturbation expansions of those theories, but 
we believe that some of the results may be valuable in 
pointing the way toward the study of exact universality 


in the high-energy domain. 


rs 4, 380 (1960 
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II. RENORMALIZATION CONSTANTS 
AND FORM FACTORS 


As an example of a renormalizable field theory with 
strong interactions, let us consider nucleons and pions 
with pseudoscalar coupling. We shall consider electro- 
magnetic and weak interactions in first order only; in 
other words, we shall be concerned only with matrix 
elements of the various currents within the strong inter- 
action theory. In our approximation, isotopic spin 
conservation, for example, is exact. 

The bare coupling constant gy for the Yukawa coup- 
ling is given by the relation 


£o= 212122 \Z3 A (2.1) 


where g; is the renormalized coupling constant, Z,~' is 
the vertex renormalization factor, and Z» and Z; are 
the renormalization factors for the nucleon and pion 
propagators, respectively. In this section, we shall dis- 
cuss the physical significance of Z2, Z;, and some related 
quantities, leaving Z, for the next section. 

In the perturbation expansion of the field theory, the 
Z’s are power series in g;°/ 4m with coefficients depend- 
ing logarithmically on a cutoff A, taken large compared 
to all masses. We have for each Z a function Z(A? m*) 
of the cutoff. (Dependence on g,’/ 49 and on the various 
mass-ratios is not explicitly indicated.) 

We know, however, that the same asymptotic func- 
tions Z occur also in the expressions for renormalized 
quantities.* For the 
propagator is® 


Ari(R*) 


instance, renormalized meson 


=[d(k?/m*) k’+m,? |, 
and asymptotically” 


d(k?/m?) = Z3"(k?/m?*), (2.3 
where the function Z; now has a momentum instead of 


a cutoff as its argument. Similarly, 


Spi(k)=[s(k2/m?)+ (R/m)e(k?/m?)/—k+m], (2.4 


where asymptotically 
s(k?/m?) = Zo» 


and ¢ is negligible. 

While we have related the functions Z to asymptoti 
forms of renormalized quantities, we have not yet 
connected them with quantities that are directly 
measurable. 

Let us now consider the matrix elements of the 
electric current j,. The matrix element between physical 
nucleon states has an electric term 


Yul P15 (R?/m?)+F 1" (k2/m?)7, |, 


95, 1300 


» 


(2.6 


1954 


2 . 
p - 1s posi 


Rev 
YPf=p.p.= 
The Dirac matrices are 
and we use the short 


8 M. Gell-Mann and F. Low, Phys 

*We adopt the following notation 
tive for a spacelike four-vector p, 
defined so that y, and y; are all Hermitian, 
hand p= —tyyPy. 

” Note that for &? large and timelike (i. 
ment of Z;~' is negative and Z 


, negative) the argu 


is a complex function 
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where /',5(k?) is the electric isoscalar form factor and 
FF," (k*) is the electric isovector form factor for the 
nucleon. 

Now just as the asymptotic propagators are related 
to the renormalization factors Z, and Z3, so the asymp- 
totic form factors are related to vertex renormalization 
constants. Here we have an electric vertex, however, so 
it is the electric vertex renormalizations that enter. Let 
the renormalization factor for y, be Zgs~'(A?/m?) and 
that for y,rz be Zey—!(A*/ m*). Then asymptotically" 


FyS(R Zus(k?/m?), 
FY (R? LZ ny (R?/m?). 


m?) = 
m”) 


But for the electric vertex there is the famous Ward 
identity connecting Z¢ with Z». It holds separately for 
the isoscalar and isovector form factors and identically 
in the cutoff for A?>>m?. Thus 


Zius(A?/ m*) = Z py (A?) m?) 2.8) 


Z2(A?/m?), ( 


and so we have connected the asymptotic form factors 


with Zo: 


FS (R?/m? PF \*(R?/m?) = Zo(k?/m?*). 


(2.9) 


In exactly the same way, we can relate Z; to the 
form factor F, of the charged pion, which is directly 
measurable in m—e scattering at very high energies 
and indirectly measurable in a number of ways using 
‘“polology.”’ We have 


F(R? /m?) =Z3(k?/m?). (2.10) 


We can draw some interesting conclusions from the 
asymptotic equalities we have discussed. We recall that 
Z;, is the asymptotic form of d~'(k?/m?) and make use 
of the parametric representation® '' of d: 

d(k?/m*) = 1+ (PR? 


m,”) 


x flare o(M2)/k2+M2—iel, (2.11) 


where p is real and positive. For positive (i.e., spacelike) 
k*, the function is positive and increasing. If d—> ~ as 
k?/m? — x, then we say that Z;=lim,:.,,Z3(A?/m?) is 
zero. If not, then Z, is positive and less than one. If 
field theory is inconsistent with itself, suffering from 
the pathology called “ghosts” by Kallén and Pauli? and 
“zeroness of the charge” by Landau and collaborators, ' 
then a calculation of d will reveal a physically impossible 
behavior, viz.: rising to +2 at some positive value of 
k® and then coming up from — above that value. 
Landau and his associates! claim that field theory 


'G. Killén, Helv. Phys. Acta, 25, 417 (1952). G. Killén, in 
Handbuch der Physik, edited by S. Fliigge (Springer-Verlag, 
Serlin, 1958), Vol. 5, Part 1, pp. 358-363. See also, Appendix A. 

2G. Kallén and W. Pauli, Kgl. 
Mat.-fvs. Medd. 30, No. 7 (1955). 

‘LL. D. Landau, A. Abrikosov, and I. 
\kad. Nauk U.S.S.R. 95, 773 (1954). 


Khalatnikov, Doklad 


Danske Videnskab. Selskab, 
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actually exhibits this pathology. Landau" states, how- 
ever, that perhaps if we use dispersion relations to 
define theory and stick to measurable quantities, then 
the ghosts will not trouble us. 

We do not agree. We do not know if field theory is 
pathological, but if d(k?/m?) does have an unphysical 
behavior, then the theory is wrong no matter how it is 
F,(R?/m’*) 
and is measurable. We shall, in what follows, assume 
that there are no ghosts. We can then write a dispersion 
relation for d 


expressed, since asymptotically d(k?®/ m?) 


' as follows’: 


d—'(k?/m*) = 1— (k?-+m,?) 


dM? 
xf 
k++ M?—ie 


Thus F,~Z;~d"' is asymptotic form fac- 
tor with uniformly negative weight function p(M?*) 
xX d(—M?/m*) ~. This is an interesting result, since 
we do not otherwise know anything about the sign of 
the weight function in the dispersion relation for the 
form factor. If Z;=0, then fF, 0 at © and the form 
factor obeys a dispersion relation with no subtractions. 


p(M?) 
d(— M? m7?) 


to a 


The same argument holds for the nucleon form factors 
FS and F,'. They are asymptotically equal and obey 
a dispersion relation with asymptotically negative 
weight function. If Z 


In the conserved current theory of the vector inter- 
\ 


0, they tend to zero at infinity. 


form factor of the vector 
weak current also. We may define in this case too a 
vertex renormalization Zy~', which by Ward’s identity 
equals Z)~!. The renormalization factor Gy/G relating 
the Fermi constant Gy in 8 decay to the unrenormalized 
constant G (which presumably equals the Fermi con- 
stant G, in w decay) is then 


action in B decay, Fy" is the 


(Gy /G)= (Z2/Zy) 


lim [FY (2m? 


+s 


as is well known. 

For the axial vector current, which is not conserved 
(although 
we can obtain a less trivial result.'® We define a vertex 
renormalization Z4~' and a form factor F.4(k?/m?) for 
the axial vector current. Then the renormalization fac- 


it may be conserved at high frequencies), 


tor —G,/G (we assume the same G as for the vector 
case) is given by the relation 


(—G, G) (Z a) 


lim [F* (e? (2.14) 


x 


m?) | F 4 (k®/m?) }. 


4... D. Landau, lecture at the Ninth Annual International 
Conference on High-Energy Physics, Kiev, 1959 (unpublished). 

6G. Kallén, reference 10, and P. Redmond, Phys. Rev. 112, 
1404 (1958) 


16K. Symanzik, Nuovo cimento 11, 269 (1959), 
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Fic. 1. General form 
of the Feynman graphs 
included in the un 
crossed single integral 
terms for zN scattering. 


Here the form factor F, can be studied experimentally 
in the reaction +p — e++n at high energies. It will 
be very interesting to see whether the ratio FF,’ /F.4 
approaches 1.25 at some attainable energy. 

The ratio F,"/F,5, which must approach unity at 
large k*, is actually close to unity at small & (i.e., the 
charge form factor of the neutron is very small). It 
will be useful here too to know how the ratio behaves 
experimentally at larger k°. We need to have some re- 
liable information on how large a value of k?/m? is 
needed for the asymptotic relations to become valid in 
practice (assuming, of course, that they are correct). 


9 


In the next section, we shall extend our work to 
include the vertex renormalization factor Z, for the 
Yukawa interaction. Assume for the moment that 
Z,(k?/ m*) is measurable too. Then we can say something 
about the problem of universality for the strong 
interactions. 

A principle of higher symmetry for the strong inter- 
actions may state that go for nucleons equals go for 
= particles. The renormalized coupling constants g; will 
not be exa tly equal because of the =—.V mass difference 
and possibly some interactions that break the higher 
symmetry. We want a statement of the universality 


] 


principle in terms of the limit of measurable quantities. 


16F,Fowyw 


T is the amplitude for scattering a meson with charge 
yj, from a nucleon with 4+-momen- 
tum p; into the corresponding final state. The functions 
A+ and B* are scalar functions of the two independent 
variables describing the scattering, which may conveni- 
ently be chosen to be s and f, — (pitqi)* is 
the square of energy, and 
t=—(pi-—p2)? is the momentum transfer. 
It is also useful to define a ‘“‘crossed momentum transfer”’ 
u= —(pi—g2)*; we then have s+/+-u=2m?+2y2, when 


og, and 4+-momentum g; 


where 5 
the total center-of-mass 


invariant 


m and uw are the nucleon and meson masses, respectively. 
We shall be h high energies in what 
follows; that is to say with large values of s, ¢, and wu. 
Because of the kinematical factor (Jit q2) 2 in Eq. 
3.1) the B term will dominate the elastic cross section 
in the limit of large s,¢,« provided that ¢ A* 
<su B+ *. Perturbation theory indicates that this in- 


equality is true, } 


concerned wit 


and we shall henceforth assume it. 
SEE, however, the objections below to the behavior 
of perturbation theory. 

It is interesting to remark that dominance of the B 
term corresponds to helicity 


conservation at high 


energies. 
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Referring to Eq. (2.1), we see that the statement is 
g | 


Fy (Rk?) m?) Z,=(k?/m?*) 


Sin ; 
—= lim 7 
giz ke Fyz(k?/m*) Z,n(R?/m?*) 


where F; is either F,5 or Fy’. 

We have supposed that the pion is a fundamental 
particle and that the principle of higher symmetry is 
stated in terms of ifs bare couplings. It may be, how- 
ever, that the pion is composite and that the true 
Yukawa particles are vector mesons.*:'’ 

Unfortunately, the present theory of vector mesons 
(at least those with isotopic spin greater than zero) is 
in an unsatisfactory state and seems to show un- 
renormalizable divergences. Thus we are unable, at 
the moment, to generalize our results in a convincing 
way to vector mesons. Improving the theory of vector 
particles is now a major challenge to theoreticians. 


III. PION-NUCLEON SCATTERING. 
SINGLE INTEGRAL TERMS 

In order to investigate experimental procedures for 
the determination of the vertex renormalization Z, of 
the pion-nucleon interaction, we turn our attention next 
to pion-nucleon scattering. Although we shall confine 
our detailed discussions to this specific process, it will 
be evident that the same type of argument is applicable 
to many others. 

The pion-nucleon scattering amplitude is conven- 
tionally decomposed into four scalar amplitudes 4* and 
B* by the expression 


The B amplitudes, on which we may now concen- 
trate, satisfy the Mandelstam representation" 
gi 


s—m- uUu—m 


1 b,+(s’ 1 b, u’ 
+ f ds’ f 
ry s'—s rt u'—U 
‘ 


> , 
1 B yf) 
' ‘ > +p 
. dasa 
° , Pe 
T- (Sf —S$){ meg 


, 


1 By,*(u’,t’) 
= 
ae Per 
r (t'’—t)(u’—u) 
1 B u's’ 
+ f du'ds’. 
T (u’—u)(s'—s 


1949); E. Teller 
n High-l-ner 
York, 1956), 


‘7 Fermi and Yang, Phys. Rev. 76, 1739 
Proceedings of the Sixth Annual Rochester Conference 
Physics, 1956 (Interscience Publishers, Inc., N 
J. J. Sakurai, Ann. Phys. 11, 1 (1960 

18S. Mandelstam, Phys. Rev. 112, 1344 


1958 
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The choice of subtractions here—namely none—is made 
on the basis of indications from perturbation theory. 
It seems unlikely, however, that this number of sub- 
tractions is sufficient to allow the diffraction type be- 
havior in the limit of large s, with a constant total 
cross section and a diffraction peak depending only on 
the momentum transfer ¢. Such a behavior requires 
ImB(s,t)— function only of ¢ (as s— © for fixed 
small negative ¢). While the experimental total 7.\ 
cross section seems to be very closely constant at high 
energies, it is conceivable that it actually decreases 
slowly to zero; in such a case (3.2) would be consistent 
as it stands. In any case, we shall assume (3.2) in 
accord with the philosophy that we are only looking 
for indications as to what properties might be true in 
the high-energy limit of a real theory, and do not pre- 
tend that the conventional ys; meson theory is correct. 

Since there are no subtractions in (3.2), it is clear 
that the Feynman graphs encompassed by the single 
integral terms are all of the general form shown in 
Fig. 1, and conversely. The double integrals contain 
only graphs with singularities in both independent 
variables, and in the absence of subtractions there is no 
ambiguity allowing pieces of a single Feynman graph to 
appear both in the single and in the double integrals. 
The pole and single integral terms may therefore be 
written in terms of the renormalized vertex function 
and the renormalized propagator: 


60201 
s'—s 


qit+qe | gy: 7s 
-— ds 


2 | s—m 


gi" 1 b; (s’) [re2,701 || 

} i. | 
” , 

si" s—S 2 | 


- grTi(s)ysto2aS ri(s)T 1 (s)y5r01. Ca 


Let us use the high-energy behavior known for the 
propagator and vertex—namely, that as s— 2,8 


—Spri(s)s [Zs 1( — ¢/m?) 5 |\(pitqu) 


and 
li(s)4 


Z\(—s/m?). 


A sketch proof of the second limit is given in Appendix 
A; otherwise see Kiallén.") It follows that 


gi" 1 b, (s’) 
. + J ds’ 
s—m wr s'—s 


g2Z 32 (—s/m)Zo(—s/m?)(1/s) 


as s— > %, Similarly for the crossed terms, 


gr 1 eb\+(u’) 
+ i) du’ 
rd u'—uU 


e~Z 2 (—u/m)Z 7 (—u/m?) (1/u 
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First let « have a fixed (negative) value. Then let s 
(and therefore also —?¢ since /=2m?+2y?—u—s) ap- 
proach infinity. Since any unsubtracted dispersion in- 
tegral of the form f[f(s’)ds’/(s’—s)] always vanishes 
as s— ©, the limit s, —t—> » (wu fixed) removes all the 
double integrals and the single integral in s. Next, let 
—u get large; this produces the asymptotic form of the 
single integral in uw. Thus we get,” for large u and 
infinite s, 


B+(s,t)~¢?Z.7(—u/m)Z2(—u/m?)(1/u). (3.6) 


It may be worth discussing this limiting procedure a 
bit further. In the c.m. system, for large s, w= — (s/2) 
X (1+), where x is the cosine of the c.m. scattering 
angle. Hence, if s — © for fixed u, x= —1—2u/s — —1, 
and the first stage of the limiting procedure is therefore 
to approach backward angles more and more closely at 
ever increasing total energies. The parameter « con- 
trols the rapidity with which the backward direction 
is approached with increasing s, so the second stage 
(namely wu large) of the limit requires looking at situa- 
tions where «= —1 is approached more and more slowly 
as s grows. To summarize, then, one measures the dif- 
ferential cross section at an energy s and an angle with 
cosine equal to —1—2w/s, for very large s, for fixed 
u<0. One does this for larger and larger values of the 
parameter “; for sufficiently large u, the asymptotic 
region is reached and the amplitude is given by (3.6). 

Equation (3.6) may be used as a means of measuring 
Z,. In order to determine whether a particular sym- 
metry exists, then, one forms the “bare coupling con- 
stant” function 


gy(—u/m?) = 9)Z,(—u/m)Z.' (—u/m)Z373(—u/m?), 


and compares this function for different processes in 
the limit of large —u, as mentioned in Sec. II. 

All the main features which have been discussed for 
m.\ scattering are also true of, for example, VN scatter- 
ing. There is again an “‘unrenormalized pole,” one in ¢ 
and one in « this time, so the limiting procedure which 
picks it out is now s, —u— » and —? large or equally 
well s, —{— «© and —u large. The limit now involves 
gvZy(t/m)Z5"'(t/m?*). 


IV. DOUBLE INTEGRAL TERMS. THE 
“RENORMALIZATION GROUP”™* 


Let us now see what can be said about the double 
integral terms in B from an inspection of the perturba- 
tion series. Let us ignore, for the time being, all virtual 
m-m scattering and forget other virtual particles, such 
as K mesons, etc. 


19 Note that in the physical region u is negative, and the Z’s 
in Eq. (3.6) are therefore real. 

2% The following remarks are the extension of the work of Gell- 
Mann and Low (reference 8) to scattering processes, and are 
based on the same criterion, namely that if m is set equal to zero 
in the unrenormalized perturbation series, no infrared divergences 
appear. 
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Fic. 2. A diagram de- 
stroying the symmetry be- 
tween xN and z= scatter- 
ing, which contributes to 
the double integral terms 
in r= scattering. The wavy 
line represents a neutral 
meson. 











The renormalization theory tells us we can write the 
“uncrossed amplitude,”’ that is, the sum of all uncrossed 
Feynman graphs, in the form 


we suppress the dependence on the ratio of pion and 

nucleon masses), by summing the unrenormalized 
perturbation series. The perturbation series indicates 
that in the limit s, —t—> ~ no infrared divergence re- 
sults from setting the masses m?=0 in the function F. 
Furthermore, we know that if gy in Eq. (3.7) is replaced 
by go(A?/ m?,g,), the left-hand side is independent of A’. 
Hence A* may be replaced by —s on the right-hand side. 
Thus 


1 /s)Zo(—s/m?)Z3(—s/m?) 
X F(t/s, —1, 0, go(—s 


where we remark that what we have denoted all along by 
Zo3(—s —s/m*, g;)). 


Exat the crossed 


is the same as Z, (—s/m?*, g 


tly the same is, of course, true of 


amplitude with s replaced by wu. 


Equation (3.8) shows that in the high energy limit 
the entire ene rgy dept ndence of the s¢ attering ampli- 
tude appears through the renormalization quantities 
Z,, Z3, and go. Aside from the dependence on s through 
these, Buncrossed IS a function of angle alone. Further- 
more, Z, and Z; appear only as explicit multiplying 
factors of the entire amplitude, the remainder involving 
only go. If we expand F in a series in go, the first term 
is just g»*, and we again obtain Eq. (3.4). 

These general features can be explicitly verified 
through 4th-order perturbation theory, as is outlined 
in Appendix B. It seems that in the high energy limit, 
the entire perturbation series approaches the sum of 
only the “skeleton” Feynman graphs with g replaced 
by go(—s/ m? accordingly as the skeleton 
graph is uncrossed or crossed, and with the uncrossed 
series multiplied with Z,(—s/m)Z 
one with Z.(—u/m*)Z;(—m’). Furthermore, accord- 
ing to the above, each skeleton graph, aside from the go, 
Is a function only of angle. 


OF go(—u, m* 


(—s/m?), the crossed 


It is no doubt the case that in every amplitude, there 
is a factor Z! for each external particle, where the argu- 
ment of the Z depends on the energy of the process. 

Since we have shown that the entire amplitude for 


AND F 


ZACHARIASEN 


large s, t, and u involves only go”, (apart from the func- 
tions Z2 and Z;) it might seem that in studying broken 
symmetries there is no need to take the limit s, t,“—> « 
in such a way as to isolate the single integral terms. As 
an example, let us take a symmetry between the nucleon 
and the = particle, as mentioned in Sec. IT. Ignoring 
experimental feasibility, one might look at the limit 
of the ratio of the w.V and z= scattering cross sections. 
If the broken symmetry really exists, and if we correct 
for the different Z.’s of the nucleon and =, we would 
expect the symmetry to show up for large s, ¢, « re- 
gardless of how the limit is taken. 

Such may, in fact, be the case if the symmetry is 
somehow broken by mass difference terms and not by 
interactions. However, if there are symmetry-violating 
couplings (analogous to the electromagnetic interactions 
that violate charge independence), then the double in- 
tegral terms present an extra complication and it is 
desirable to eliminate them by taking the special limit. 

To illustrate the complication, suppose there 
neutral meson coupled to = but not to .V. Then in r—= 
scattering, among the double integral terms there is a 
contribution from the diagram in Fig. 2, which has no 
counterpart for w.V scattering. Therefore, the symmetry- 
violating interaction affects the form of the double 
integral terms otherwise than simply through the 2’s. 
The single integral terms, however, continue to involve 
nothing but Z’s and the effect of the neutral meson is 
just to make the Z, for the = particle different from that 
of the nucleon. But the ratio of Z.’s is measurable from 
the ratio of the charge form factors (we continue to 
choose our examples without regard to ease of measure- 


is a 


ment) and thus the single integral term permits a check 
on the broken symmetry even when it is violated by 
an interaction. 


APPENDIX A 


It was mentioned in the text that the vertex function 
l'i(s) ~Z,(—s/m*) as s— &. a fairly well- 
known statement!!; nevertheless for 
should like to give a brief pseudo-proof of it. The re- 
normalized vertex operator I; satisfies a dispersion 
relation of the form 


I, (s) 1+ (s—p nfl 5" 5’ - 1 5 S ds’. (A.1) 


If we compare the unrenormalized perturbation series 
for the unrenormalized vertex function I'(s,A*/m?*,go) 
with the renormalized series we infer also that 


p(s’,A £0) A* 
1+-f ds’, 
a s’—s5 


A? is a cutoff; we know a cutoff is needed on the un- 
subtracted dispersion integral, hence the factor A° 


This is 
convenience we 


I'(s,A?/m?,go) = (A.2) 
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(s‘+A’). The standard definition of Z, is that 


Z(A?/m? go) 1 =T (u?,A?2/m?,g0) 


The renormalization theory assures us that 
Ty (s)=Z,(A?/m?,go(A?/m?,g)) 


XI(s,A2/m?,go(A?2/m?,g)), (A.4) 


and T;(s) is independent of the cutoff A® for large A’. 
Using this relation, and comparing (A.1) with (A.2) 


gives 


p(s’) = p(s’, A?/m?,go(A?/m?,g))Z 1 (A2/m?)A2/ (s’+-A?) 
—> p(s’ ,A?/m?,go(A2/m?,g))Z1(A2/m?) 


as A?—> . Since the left side is independent of A*, we 
may set A?= —s on the right side. Then the asymptotic 
form of [';(s) is 


1 ds’ Ss 
Ci(s) 1+ f 
Tv s'—p? s’—s 


X p(s’, —s/m?, go(—s/m?,g))Z1(—s/m?) 


4 


Z\(—s/m*), (A.5) 


according to (A.3). 


APPENDIX B 


In fourth-order perturbation theory the relevant 
Feynman graphs for w.V scattering are shown in Fig. 3. 
We wish to compute their contribution to the J scat- 
tering amplitude in the limit s, ¢,«— x. In order to 
do this, it is necessary to compute only the asymptotic 
form of the spectral functions in the Mandelstam repre- 
sentation, provided that the order of the limits s, ¢, 
u—» « cannot be interchanged with the dispersion in- 
tegral. This is certainly the case for the #.V problem in 
the usual ys theory. The asymptotic form of the spectral 
functions is most easily computed using the techniques 
of Cutkosky”'; the method is straightforward and the 
results are: 

1 gy" 1 
b, E(s)a ; 
2167 s 


B, (s,t) + ; 
165+ 


71 R. E. Cutkosky, Phys. Rev. Letters 4, 624 (1960). 
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Fic. 3. Feynman graphs for fourth-order 7N scattering. 
Only uncrossed graphs are shown 


There is no contribution to By,.*(u,s) to 4th order. 
Next, the asymptotic forms of B* 
(B.1) are 


which follow from 


1 In(—s/m 1 In(—u/m?) 


u 


s) In?(t/m) 
. (B.3) 


j 


t+u 
These results are in complete conformity with the 
statement made in Sec. IIT, since we may recall that 
the expressions for Z, and Z», through fourth order, are 


Hence the single integral terms do combine to give 
i 5 


grZ"(—s/m)Z'(- (1/s)+crossed term. 
Furthermore, the double integral terms, corresponding 
to the skeleton graph of Fig. 3(a), are functions only 
of angle, aside from the over-all dimensional factor 1/s. 
Finally, the limit as s, t,u— ©, u/s, u/t— 
just the crossed single integral term. 


>0 clearly is 
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In this paper the analytic properties of a matrix element of a general operator between a bound state and a 
scattering state are studied in the framework of Schrédinger theory. It is shown that the singularities of such 
a matrix element are easily inferred from those of the Born approximation. Finally, using the fact that the 
possible singularities which are not contained in the Born approximation are located far apart from those 
included in the lowest approximation, a simple formula is derived which allows one to obtain the rescattering 


correction to the Born approximation using the phase shifts explicitly. 


I. INTRODUCTION 


HE purpose of this paper is to point out some 

properties of the transition matrix elements in 
Schrédinger theory. These properties, which are the 
consequence of the analyticity of the matrix element in 
the energy variable of the final particles, may be 
interesting in different respects. For example, from these 
properties, relations can be deduced which display the 
close connection between the matrix element for the 
photodisintegration of a nucleus and the scattering of 
the resulting particles. These relations also exhibit to 
high degree the analogy between similar phenomena in 
wave mechanics and in field theory. For example, the 
equations for the photodisintegration of nuclei are 
structurally very similar to the Chew-Low equations for 
pion photoproduction. It is well known that the photo- 
production amplitude has two branch cuts; one on the 
real positive axis which is connected with the scattering, 
and one on the negative axis which is connected to the 
crossing symmetry. Analogously, the photodisintegra- 
tion amplitude has similar cuts; but the cut due to the 
crossing symmetry has to be replaced by cuts located in 
other regions and due to the anomalous thresholds. 

The locations of these singularities and their connec- 
tions with the anomalous thresholds have been recently 
studied for the model of the photodisintegration of a 
scalar deuteron.! We shall see that for every matrix 
element of two-body disintegration, the singularities 
due to final-state interaction can easily be factored out 
and the remaining singularities can be foreseen by 
simple inspection of the Born approximation. Of course, 
the type of such singularities, if they exist, depends upon 
the particular matrix elements in question, but, and 
this is a very important point, they consist in isolated 
singularities contained in the Born approximation and 
in lines of singularities of the same structure whose 
threshold is beyond the isclated singularities by a 
distance which is the inverse of the range of the nuclear 
force. In the nuclear phenomena such a distance is 


* Supported in part by the United States Air Force through the 

Air Force Office of Scientific Research. 
+ Permanent address: Istituto di Fisica dell’ Universita, Torino, 
aly. 
V. De Alfaro and C 


Rossetti, Nuovo cimento 18, 783 (1960). 


n 


generally very large, and the lines of singularity dis- 
cussed above are therefore usually far apart from the 
region of interest; so one is led to the approximation 
in which these singularities are neglected. In this ap- 
proximation an integral equation can be obtained for 
the matrix element in terms of the scattering ef final 
particles. 

We further notice that in the case in which one is not 
allowed to make such an approximation, also, the ap- 
proach from the point of view of the dispersion relations 
is very useful, since better approximations can be sug- 
gested, as we shall discuss later. 


II. DEFINITIONS AND GENERAL REMARKS 


In this section we state the definition of the matrix 
element with which we have to deal, and some observa- 
tions from which our statement that the singularities 
due to the final-state interaction factorized out will 
follow at once. The matrix element we will consider is 
defined as? 


M ,'(q)= (Wa(r), OCR) Vo" (9,7) ), (1) 


where V 3(r) is a bound-state wave function; O(&,r) is a 
general operator; and W,"*(g,r) is a two-body wave 
function belonging to the continuum spectrum defined 
by the asymptotic behavior 


: 
W "(gr)~ 


ur 


where 6, is the scattering phase shift of the final particles 
in the /th angular momentum state. 

In definition (1) we have explicitly indicated the de- 
pendence of & like a parameter since in the following we 
will be interested in the g dependence only. The main 
point to be noticed is that rv °"*(g,r) can be written as a 
ratio of two functions which exhibit very simple analytic 
properties? : 


rv "*(g,r) =[q'/ fi(—q) ]eil¢’r), 


= fy. pr), Ok \Wrelr)rdr 


different way, i.e., Wy! ( / 
Math. Phys. 1, 319 (1960 


3R. Newton, J 
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where ¢,(q’,r) is for every value of r an entire function of 
g’=F,‘ and f:(q) has the following properties*:>: 


(a) It is a regular analytic function when Img <0. 

(b) The only zeros it has are on the imaginary nega- 
tive axis and correspond to the bound states. 

(c) As g approaches infinity on the lower half plane 
and on the real axis, f:(q) approaches one. 


From Eq. (3) and the properties of g; and f; we can 
immediately see that if we write 


R'(k,q) 
M,"(q)= . (4) 
fil =) 


all the singularities which are due to the final-state 
interactions (for example, poles due to bound states in 
the final-state system) are completely included in f;(—q) 
since the function ¢; which determines R'(k,g) is an 
entire function. We wish, however, to emphasize that by 
no means can one assert that the function R‘'(k,g) is an 
analytic function of g* in the complete plane ; the point is 
that if R'(k,g) has singularities, they come from phe- 
nomena which are different from the final-state inter- 
action. We also will notice that very weak assumptions 
are needed on the potential in order that the functions 
¢. and f,(qg) with the stated properties exist.6 We will 
see in the next section that we have a direct method of 
analyzing the function R'(’,g) only if we restrict our- 
selves to a particular class of potentials. Finally, there 
is a very important remark to be made. Usually R'(k,q) 
is real, since, as we shall see in the next section, ¢;is real, 
and also O(&,r) is generally real. On the other hand,’ 


filg)=|\fi(g) expisi(q). 
From (4) and (5) it follows that 


M, '(q) p(kyg)e e. (0) 
where p(&,qg) is a real function of the two variables k 
and g’. Equation (6) is still valid under the more general 
condition that the operator O(%,r) is only invariant 
under time reversal. The proof is given in Appendix A. 
Equation (6) is the expression for the matrix element 
M,'(q) of the so-called ‘final state theorem”. 

It is worthwhile to observe that in Schrédinger theory 
this is a rigorous statement, while in second quantization 
due to the possibility of creation of new particles, its 
validity is limited to the energies for which such a 
creation is impossible. 


‘Our system of units is such that A= VM =1. 

®R. Jost and W. Kohn, Kgl. Danske Videnskab. Selskab, Mat.- 
fys. Medd. 27, 9 (1953) 

® See for example reference 3. Indeed, the weakest assumption 
one can make for such existence is that the first and second 
moments of the potential exist. 

7 See for example reference 3, 
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III. SINGULARITIES OF R,(k,q) 
In this section we analyze what kind of singularities, 
if any, are associated with the functions R,(k,g). We 
recall that from (1) and (3) R; is defined: 


x 


R,(k,q") ef rdr V p(r)O(k,r) ¢i(q,r). (7) 


It is also very important at this point to express ¢1(q’,r) 
by means of the Jost functions*: 
¢i(g’,r) 


Chi—a)filgr)—(—) filgfil—q,n)], (8) 
where /;(+g, 7) are solutions of the Schrédinger equa- 
tions defined by the boundary conditions: 

lime'?" fi(q,7)=1', (9) 
rx 
and ; 
filqr) 
fi(q)=lim(qr)! 
gt (2i—1)!! 


We are therefore led to study the analytic properties of 
the function 


x 


F i(k; q)- f rdr Ya(r)O(R; r) filg,r), 


(10) 
since from (7) and (8) we have 


Ri(k,q") T fi(—q)F i(k; q) 


—(—)'filg)F i(k, —q) ] (11) 
It is possible to analyze /',(k; g) if we limit ourselves to 
the case in which the potential which generates the 
scattering is a continuous superposition of exponential 
functions: 

r 


V(r) f p(a)je“"da, pla)=0, a<y. (12) 


In such a case, which is a very important one from the 
physical point of view, a method which was first de- 
scribed by Martin* for the continuum spectrum, and for 
the bound states by Bertocchi et a/.° can be usefully 
applied. For the sake of completeness we recall here 
briefly the Martin method and its extension to the 
bound-state wave function. For simplicity we limit 
ourselves to the S wave. 

Let us consider the function /o(g,7); it is a solution of 
the scattering equation 


fo’ (gr) +97, f0(g,7) = V(r) fo(q,r), (13) 
and satisfies the boundary condition 


(14) 


lime*?” fo(g,r) = 1. 
ror 


8 A. Martin, Nuovo cimento 14, 403 (1959), 
§L. Bertocchi, C. Ceolin, and M, Tonin, Nuovo cimento 18, 770 
(1960), 
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Let us write 


( (q,%) : A(qg,ne 


Then (14) implies: 


lima (q, 


“x 


From the ansatz (15) one gets for A(q,r): 


” 


A’’(g,r) — 2igA’ (9,7) = V (r)A(q,r), (17) 


where V(r) now has expression (12). 
We now try to find a solution of (17) of the form: 


(18) 


By substitution of (18) into (17) and after identification 
of the terms, we get 


da £\g,a)p\o—aQ@), (19 


f g(qy,a)p a—a)da, (20 


the constant which multiplies the 6 function having been 
determined by the boundary condition (16). We will not 


discuss such a solution in further detail; what is im- 
portant to notice is that the support of the function g 
is the point g=0 and the continuum o2yu. The bound 
state can be handled in a similar way. Let us suppose it 
is an S bound state; then r¥za(r) is a solution of the 
Schrédinger equation: 

(rva(r 


}’-x*Lrve Vir)[rvalr)], 21 


where x? is the binding en rgy of the bound state. 


suppose that the potential is again given by (12). 
we attempt a solution of the form 


pls -{ G ne "dn, 


we get for G(n) the equation 


Gin 


1 at 
V6(n—x)+ | d3G(B8)p(n—B). (23 
Om j 


Again we note that the support of the function G(n) is 
the point n= x and the continuum n> x-+u. This brief 
analysis is sufficient for discussing the analytic properties 


of the function Fo(k; g). From Eq. (10) we see that if we 


We wish to remark here that there is neither obligation nor 
bound state be the 
which generates the scattering. The only reason we 
same potential in both phenomena is for more 


need that the potential which ge 
same as that 


choose the 


nerates the 


nplic ity 


BOSCO 


define 


x 


ANas@)= f expl — (a+ig)r JO(R; r)dr, (24) 


it follows from Eqs. (10), (19), and (23) 


x 


Fulks = NAM +N f g(g;n)A*(n; g)dn 


Xts 


x 
+f G(n)A*(n; g)dn 
x+H 
x 
+f da cto) f g(qn)A*(n+o; q)dn. (25) 
xv 


This equation contains all we need in order to locate the 
singularities of Fy(k; g). Fo(k; g) will contain two kinds 
of singularities: those which are in the spectral functions 
g and G, and those which came from A *(a@; q). Since the 
integrals involving G start at x+y, from (23) we see 
that there are no singularities coming from this spectral 
function. Equation (20) tells us that g has a cut which 
starts at g=iu/2 and goes to ix. This is a well-known 
singularity of the function /o(g,r). As far as the singu- 
larities of A*(a;qg) are concerned, we can deduce from 
(25) the following rules (a) to explicitly 
A*(a;q), that is, Fo(k,g), using the zero-range ap- 
proximation for the bound-state wave function and the 
Born approximation for the continuum wave function 
fo(g,r), and (b) to analyze the possible singularities of 
A*(a; q). 


Suppose 4 *(a; g) has ” singular points. Since A’ 


( ompute 


\@,q) 
is a function of only the two arguments a+iq and &, 


these singular points g, will be given by the » relations: 


(26) 


at 1g, rT (R 


Then Eq. (25) tells us that Fo(R;g) will have, in addi- 
tion, lines of the same singularities which are given by 
the equations: 


(a+ &)+ 


° , 
s iq Ty\R), (26 ) 


with € running from up to ~. 

We wish to remark here that the singularities due to 
the spectral function g and G are of quite different origin 
from those which are contained in A*(a;q), since the 
latter depends explicitly on the form of the operator 
O(k,r). Going back to Eq. (11) we see that Ro(k;q) is 
defined by means of a function which is regular and 
analytic in the whole plane (¢; is an entire function). 
Therefore, the singularities due to the spectral function 
cannot be present in Ro(k; g). Therefore we can say that 
the singularities in the Born approximation determine 
completely the singularities of the exact matrix element. 
Furthermore, we see from (11) that, given the singu- 
larities of the type discussed above, similar ones exist 
which can be obtained from Eqs. (26) and (26’) by 
changing g to —gqg. We proved our results only in the 
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case of S waves. However, these results can be gener- 
alized to any angular momentum." 


IV. DISPERSION RELATION FOR THE 
MATRIX ELEMENT 


The results derived in the previous section enable us 
to write down immediately the dispersion relation, 
using the Cauchy theorem. Let us call B,'(qg) the Born 
approximation, i.e., limg+.M,'(q). The function M ,'(q) 
— B,'(q) will be regular and analytic in the upper half 
plane if we exclude the points on the imaginary axis for 
which fo(—ia,)=0 and we cut the plane along the lines 
i_[x+£—7,] with € running from » to ~. The points for 
which fo(—ia,)=0 represent the poles due to bound 
states of the final particles. We can therefore apply the 
Cauchy theorem to the path of Fig. 1 and we obtain 


M, (g)— By'(q) 


1 M,'(q')dq’ 
Eg 
2mi ° inten G—@ 


1 M ..'(q')— By '(q’) 
»» 


dq’ 
q~-q 


*M,.'(q')—By'(q’) 
f dq’, 
2ri q’—q—ie 


x 


(27) 


since B,'(q’) has no poles due to the final-particle bound 
states and therefore does not contribute to the first 
integral in the right-hand side. Furthermore, B,'(q) is 
real, and for g real we also have 


M ,!*(—q)=Mi"(q)(—)!. 


co M ,.'(q')dq’ 
2... 
iad ce G8 


wt ie TM (q’)— By (q’) Ida’ 
=f [ q q') \dq | 
q’-4 


1 ¢* ImM,'(q')dq” 
ay | 
To q’—q—ie 


If / is odd, one gets a similar equation, the only change 
being that in the last integral dg” has to be changed to 
lgdq’. In this equation g,=iL[x—7,(k)] and [M,'(q’) 
— B,'(q’) | means the discontinuity of M4!(q!)— By'(q’) 
across the line of integration. The contour integrals 
around the poles can be expressed by means of the 
bound-state wave functions of the final system. This 
will be shown in Appendix B. Relation (29) as it stands 
may be of very little use since we have no way of 
knowing the discontinuity of M,.'(q). However, it may 


(28) 
If / is even, 


M,'(q)=By'(q)+Im 


+-Im 


det te 


(29) 


'' It is only necessary to use the more complicated presentation 
derived in (1) for higher angular momenta, 
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lic. 1. Path for application of Cauchy theorem. 


be used in an approximate way as we will see in the next 
section. 


V. RESCATTERING CORRECTIONS TO 
THE BORN APPROXIMATION 


The results obtained so far may be useful for practical 
purposes. Indeed, we have learned that if singularities 
of the matrix element exist, they consist of the points 
g*=+i[x—7,(k)] and of the lines g,++7& with & 
running from u to © where yw, we recall, is the inverse of 
the range of the force which generates the scattering. In 
many problems such a range is very short, and so the 
lines of singularities start far from the singular points. 
In these cases we are naturally led to the approximation 
of neglecting such lines of singularities as far apart from 
the physical region of interest. In such an approximation 
Eq. (29) becomes an integral equation for the matrix 
element. Indeed, the discontinuity across the positive 
real axis can be evaluated using the property stated by 
Eq. (6). One finds: 


ImM ,!(g)=p!(q,k) sind = M ,.'(qg)hi* (q), (30) 
where 


hi(q) = exp[i61(q) ] sind; (q), 
and therefore one obtains for M,'(g) the singular 
integral equation (we limit ourselves to / even and no 
final bound state; obvious changes are needed if / is odd; 
if bound states are present, one has to add the pole 
terms to the Born term). 


1 ~M, '(q' )h*(q')dq” 
M,'(q)=Bx'(qg)+ J . tsi) 
ry q’—g—ie 
whose solution reads”: 
| 1 
M .!(E)= } By (EE) cosé:()+—-e! 


. 


* Bu!(E’) sind (E’)e-® dF ) 
x f | 
; E'-E 


E P 


Xexplis,(/) J, 


1958). 


(32) 


2R. Omnes, Nuovo cimento 8, 316 
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where E=@’, 


1 * §,(E’) 
p(E) pf ——-dE’. 
x % E’-E 


( 


The meaning of this solution is evident. It takes into 
account the rescattering of the particles emerging in the 
disintegration. The validity of such a formula is of 
course limited to those processes for which the un- 
physical cuts are not very important. 


VI. CONCLUSIONS 


We have studied the analytic properties of the transi- 
tion matrix elements between a bound state and the 
continuum for a general operator, and from these 
analytic properties we have derived an expression for 
the rescattering corrections to Born approximations. In 
order to derive such an expression we were obliged to 
neglect certain cuts on which we were unable to de- 
termine the discontinuity of the matrix element. For- 
tunately, we found that the cuts we neglect start at a 
distance » from the nearest singularities, u being the 
inverse of the range of the force which generates the 
scattering, and so in the problems involving nuclear 
forces they start quite apart from the physical region. 
We wish to point out, however, that also in the case in 
which one cannot neglect the unphysical cuts, Eq. (29) 
may be very useful in suggesting other kinds of ap- 
proximations: For example, one can introduce some 
phenomenological constants in the problem, repre- 
senting the cuts by means of one or more poles. Finally, 
it is worthwhile to illustrate what kinds of phenomena 
the unphysical cuts represent. It is clear that such a 
specific aspect can only be reached through specific 
examples. The particular model of a scalar two-body 
photodisintegration was studied in some detail from 
such a point of view.' The result is that the unphysical 
cuts are connected with the anomalous thresholds. Since 
the argument used in this investigation can be applied 
to any operator representing a physical interaction, we 
can conclude that the connection between unphysical 
cuts in the transition matrix element and anomalous 
thresholds is quite general. 
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APPENDIX A 
We will give here the proof that in the case the 
operator O(&,r) is invariant under time reversal, the 
function R,(k,g) defined by Eq. (7) is a real function. In 
fact, recalling that by definition (8) ¢; is only a function 
of g’, we have 
Re(eg)=af rdr W2*(r)O*(k,r) 91*(¢,7). 


0 
Now if U is a unitary transformation such that'*: 


UO*(k,r)U=O(8,r), 
then 
R,* (kg) = Rilk,q), 
since 
¢1(q,r), 


Uy g*(r) = yer’ (r) = y B (r). 


Ue.*(¢,7)= ¢f* (¢,r) = 


APPENDIX B 


We wish to outline briefly here how to express the 
circular integrals around poles due to bound states of the 
final particles as expectation values of the operator 
O(k,r) between the initial and final bound-state wave 
functions. 

Let us recall that 


Ri(k,q) fy ( i 


M;'(q) = [oam,o@nve ay q,r)rdr 


(B.1) 


Since R;(k,q) is regular in the point g=ix, with x, real 
and positive in which a bound state exists, we have: 


1 7 2Ri(k,ix,) 1 
ri q’—4 ixe—q fi(—ix,) 


in which use has been made of the relation 


(B.2) 


fi(—ix,)=9, 


and of the notation: 


d fi(q) 
fi(—ix,) | 
dq q iX, 


We use now the well-known relation": 
filtxy) fi(—tx,) tN, 2, 
where 


a 
f fP(—ix,, r)dr. 
0 


From Eqs. (7), (8), and (B.3) it follows that 
Ri(k,ix,) 
fil—tx,) 

13See, for example, J. Blatt and V. Weisskopf, Theoretical 

Nuclear Physics (John Wiley & Sons, New York, 1952), p. : 


525 
4 This relation can be obtained, for example, using Eqs. (4.20) 
and (4.21) of reference 3. 


Ni, 2= 


=}(- Van f Yl), OCR by, (n)rdr. 
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